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Editor’s Preface 


A large number of mathematical books begin as lecture notes; but, 
since mathematicians are busy, and since the labor required to bring lec- 
ture notes up to the level of perfection which authors and the public de- 
mand of formally published books is very considerable, it follows that an 
even larger number of lecture notes make the transition to book form only 
after great delay or not at all. The present lecture note series aims to fill 
the resulting gap. It will consist of reprinted lecture notes, edited at least 
to a satisfactory level of completeness and intelligibility, though not ne- 
cessarily to the perfection which is expected of a book. In addition to lec- 
ture notes, the series will include volumes of collected reprints of journal 
articles as current developments indicate, and mixed volumes including 
both notes and reprints. 

JACOB T. SCHWARTZ 
MAuvRrIcE LEvy 


METHODIST COLLEGE LIBRARY 47144 


Fayetievilie, N. C. 


Preface 


The theory of semi-simple Lie groups, the triumphant accomplishment 
of Lie and Killing, of E.Cartan and Weyl, is surely among the most beau- 
tiful of mathematical theories. It is a theory of the most perfect abstract 
type: setting forth from a broad general definition, the analysis succeeds in 
enumerating all its instances. The objects of the Lie theory therefore con- 
stitute the sole possible groups of symmetry of many other algebraic, ana- 
lytic, geometric, and physical theories; so that the Lie theory is not merely 
elegant, but consequential also. 

Our presentation follows standard lines. We begin with Lie groups. It 
soon becomes apparent that the analysis of these objects may largely be 
reduced to an investigation in linear algebra, i.e., to the analysis of the Lie 
algebra of a Lie group. Normal considerations of ideal theory then lead 
to the special sub-class of semi-simple algebras; in the complex case these 
are analyzed completely by the method of Killing and Cartan as success- 
fully simplified by Dynkin. We present this part of the analysis making 
free use of simplifications afforded by analytic and topological considera- 
tions. At the end of this theory we find the four main series of classical Lie 
algebras, and the five exceptional algebras. The main series of algebras are 
of recognised importance in mathematics. As to the exceptional algebras, 
the convinced Deist would have to believe that these algebras are destined 
to play an important role in the foundations of phusics, and, indeed, in- 
vestigators into the theory of elementary particles have lately begun to 
show interest in the exceptional Lie groups. We present detailed models 
for all the non-exceptional and exceptional algebras, in a form convenient 
for calculation, in order to facilitate possible future computations invol- 
ving these structures. 

The methods introduced for the classification of the complex Lie alge- 
bras provide, following Cartan, Weyl, and Harish-Chandra, an exhaustive 
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description of the linear representations of the semi-simple algebras, 
together with useful information on the automorphism groups of the semi- 
simple algebras, which are themselves semi-simple Lie groups. An addi- 
tional analysis, in which we follow the elegant volume of Bourbaki, ex- 
presses a general algebra in terms of a semi-simple algebra and a solvable 
algebra, in effect reducing the general theory of complex Lie algebras to 
that of solvable Lie algebras. Unfortunately, the structure theory of solv- 
able algebras, like most algebraic theories of structures which are neither 
commutative nor semi-simple, remains, in spite of some successful partial 
analyses, largely a mystery, perhaps even an impenetrable mystery. 

The analysis of complex semi-simple algebras concluded, we pass (still 
following Cartan!) to study the corresponding real algebras. These also 
may be completely enumerated. The necessary investigation, however, is 
still complicated, even with a complete theory of the complex algebras in 
hand. Our treatment follows that of Gantmacher, and is considerably 
simpler than Cartan’s original discussion. The representation theory of 
the real semi-simple algebras follows as a corollary of the complex 
theory. At its conclusion, we apply our analysis of real algebras to obtain 
a complete description of compact topological groups. 

The authors would like to thank Edwin Goldfarb and Leon Greenberg 
for their painstaking critique which led to numerous improvements in the 
original manuscript. 
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Section 0 


It is the purpose of this section to record, for later reference, some of 
the results from algebra, analysis, and topology which will be needed in 
the text. Proofs will be minimal or nonexistent. 


A, Algebra 


In what follows, V is an n-dimensional vector space (n finite) over the 
real or complex numbers. 


1. Definition. A bilinear form on a vector space V (real or complex) is a 
mapping [x, y] > (x, y) of V x V into the set of (real or complex) num- 
bers, such that 


(ax + bx’, y) = a(x, y) + bX’, y) 
and 
(x, ay + by’) = a(x, y) + B(x, y’) 


for all vectors x, x’, y, y’ and scalars a, b. 


2. Definition. A bilinear form is symmetric if 


(x, y) = Q, x) 
for all vectors x, y. A bilinear form is skew-symmetric if 
(x, y) = —Q, x) 


for all vectors x, y. 
3. Definition. A Hermitian form on a complex vector space V is a 
mapping [x, y] > (x, y) of V x V into the set of complex numbers such 
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ne (x, y) = (y, x) 
and 

(ax + bx’, y) = a(x, y) + bx’, y) 
so that 


(x, ay + by’) = a(x, y) + 5%, y/) 
for all vectors x, x’, y, y’ and scalars a, b. 


Remark. If (x, y) is Hermitian, then (x, x) is real for all vectors x. In 
coordinate form, (if x and y have coordinates x' and y’ [i = 1, ..., n] re- 
spectively) we have 


(xy) = Be a, ;x'y4 
t,j 


where a;; = @;;. Conversely, such a matrix (a,;) is called a Hermitian ma- 
trix and this equation defines a Hermitian form if (a,;) is a Hermitian 
matrix. Definitions 1 and 2 can similarly all be put into coordinate form 
as follows: 


(1) Bilinear (x, y) = 2a,,jx'yI a,; (arbitrary matrix) 

(2) Symmetric (x, y) = 2ayx'y? aij = aj, (Symmetric matrix) 

(3) Skew-symmetric (x, y) = La,;x'yi aj; = —a;; (skew-symmetric 
matrix) 

(4) Hermitian (x, y) = La,;x'7J ayy = aj; (Hermitian matrix). 


4. Definition. A bilinear form (x, y) is called non-singular if, for every 
Xo € V (Xo # 0), the linear form (x, x9) is not identically 0 in x. Otherwise 
the bilinear form is said to be singular. 

Remark. If we put f.,(x) = (x, Xo), the mapping x9 > f;, is clearly a 
linear map from V into the dual space V* (of all linear functions on V). 
Definition 4 thus says that a bilinear form is non-singular if the map 
Xo > fx, is 1 — 1. 

5. Lemma. Let (x, y) be a non-singular bilinear form on V. Let f be a 
linear function from V into the scalars of V. Then there is a unique xo € V 
such that 


I(x) = & Xo). 


Proof. This follows immediately from the above remark. F Or, Xo — Sx, 
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is | — 1 from V into V*. Furthermore, V* has the same dimension as V. 
Thus Xo > f;, is onto. Q.E.D. 


Remark. A bilinear form is non-singular if and only if, in coordinate 
form, (see Formula (1) above), its matrix (a,;) is non-singular: det (a;;) 
# 0. This remark gives an easy proof of the statement that if a bilinear 
form (x, y) is non-singular, then for any x9 € V (x9 ¥ 0), the linear form 
(xo, x) is not identically 0 in x. Thus, we may interchange the roles of the 
first and second vector argument. 

If V, is a subspace of V, then any bilinear form on V clearly induces a 
bilinear form on V, if we restrict the arguments to V;. However, it is not 
true that the restriction of a non-singular form is non-singular. For ex- 
ample, if we define 


(x,y) = X11 — X2y2 ~~ (in R’?) 


and if V, is the space spanned by (1, 1), then the restriction of (x, y) to V; 
is identically 0. This observation leads to the following definition and 
lemma. 

6. Definition. Let (x, y) be a non-singular bilinear form on V, and let 
V, be a subspace of V. Then V, is called a non-singular subspace (relative 
to the bilinear form) if the restriction of the form to V, is non-singular. 

7. Lemma. Let (x, y) be a non-singular bilinear form on V, and let V, 
be a non-singular subspace of V. Let V; (the orthogonal! complement of 
V,) be {x|x e Vand (xo, x) = 0 for all xy € V,}. Then V is the direct sum 
of V, and V+. Furthermore, V, is also non-singular. 


Proof. Using the remarks following Definition 4 and Lemma 5, we see 
that V, (assumed k-dimensional with 0 < k < n) defines a k-dimensional 
subspace of the dual space of linear functions on V. Thus, V> is (n — k)- 
dimensional. Furthermore, if x9 € V; © V¢ it follows that (x, xo) = 0 for 
all xe V,. Thus xo = 0 since V, is non-singular. Hence V, m Vy; = (0), 
and V is the direct sum of V, and V{. If a basis u,, ..., u, is chosen for 
V,, and a basis uz, 4.1, --., U, is chosen for V;, then the matrix of (x, y) 
with respect to the basis u,, ..., u, (see Formula (1)) is seen to have the 


form y | 0 
r=|— 
c|B 

where J’, A, and B are the matrices of (x, y) on V, V; and V+ respectively. 


Since 
0 # det I’ = det A det B 
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we have det B # 0. This shows that V, is non-singular by the remark fol- 
lowing the proof of Lemma 5. Q.E.D. 


Remark. It is clear that Definitions 4 and 6 apply to Hermitian forms, 
and that Lemmas 5 and 7 are true for Hermitian forms. Indeed, the proofs 
remain virtually unchanged. 


8. Definition. Let (x, y) be either a symmetric form on a real vector 
space or a Hermitian form on a complex vector space. This form is said to 
be positive definite if (x, x) > 0 for all x 4 0, xe V. 

Note that a positive definite form is non-singular. Note further that the 
restriction of a positive definite form to a subspace is clearly also positive 
definite. Thus, for a positive definite form, all subspaces are non-singular, 
and Lemma 7 applies. Furthermore, by symmetry, or Hermitian sym- 
metry, it is clear that V>+ = V,. For convenience, we restate these facts 
as a lemma. 


9. Lemma. Let (x, y) be either a positive definite symmetric form on a 
real vector space V, or a positive definite Hermitian form on a complex 
vector space V. Then for any subspace V, © V of dimension k, the set 
Vi = {x|(xo, x) = 0 for all x9 € Vi} is (nw — k-dimensional, and V is the 
direct sum of V, and Vi. Furthermore, we have V+ = V;. 

The existence of an ‘“‘orthonormal” basis relative to any symmetric real 
form or to any Hermitian complex form is given by the following lemma. 


10. Lemma. Let (x, y) be non-singular and either complex Hermitian, or 
real symmetric. Then there exists a basis, ,...,u,Such that (u,,u,) = 0(i# /) 
and (u,,u,) = +1. 


Remark. In coordinate form, this lemma states that any such form, say, 
O(x, ¥) = Yi aysxiys 


may be reduced to the standard form 


k n 
Q(x, y) = oy Xi — > xii 
i=1 i=k+1 
by applying a linear change of variables to x and the same change of 
variables to y. 


Proof. We first note that (x, x) is not identically 0. (Left to the reader.) 
Choose an X9 for which Q(x, x9) # 0, andlet V, = (Xo) (the space span- 
ned by x9). Then V, is non-singular, and so is Vi by Lemma 7. Now set 
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vn Xo/V |(Xo, Xo)|, and use induction on the dimension of the under- 
lying space V, applying the inductive step to the space V+, to obtain the 
result. Q.E.D. 

We now show that the number of basis elements wu; in any orthonormal 
basis with (u;, u;) = 1 is an invariant of the form. 


11. Definition. Let (x, y) be either real symmetric, or complex Hermi- 
tian. The signature m of (x, y) is the maximum dimension of a subspace 
V, on which (x, y) is positive definite. 


12. Lemma. Let (x, y) be either real symmetric or complex Hermitian, 
and suppose u,,...,U, is a basis of V such that (u;, uj) = 0 if i ¥ j, 
(a) — iors — 1,...,k and (u,,u,) = —1 fori = k + 1,..., 7. Let 
m be the signature of (x, y). Then m = k. 


Proof. Clearly k < m. Let W_ denote the subspace of V spanned by 
Uk+1> +++) Un. Then (v, v) < Oforve W_,v # 0. If Wis a space of maxi- 
mal dimension m on which (x, y) is positive definite, Wand W_ have no 
non-zero vector in common. Hence m + n — k <n, 1.e.,m < k.Q.E.D. 


13. Corollary. Suppose u is given, and Vo = {ve V|(v, u) = 0}. Then 
a) if (u, uw) > 0, the signature of (x, vy) on Vo is one less than the signature 
of (x, y) on V. 

b) if (u, u) < 0, the signature of (x, y) on Vo is equal to its signature on V. 

We now review some of the basic definitions and results concerning 
operators and their eigenvalues. In what follows, all operators L are li- 
near from V into V. If coordinates are chosen in V we may represent L by 
ann x n matrix A and obtain corresponding statements about matrices A. 


14. Definition. Let the vector space be complex, i.e., admit complex 
scalars. If Lx9 = Axo with x) # 0, we say that xo is an eigenvector of L, 
and A its corresponding eigenvalue. The set o(L) of eigenvalues of L is 
called the spectrum of L. If 4 is an eigenvalue of L, then the subspace V, 
= {x|L(x) = Ax} is called an eigenspace of L. Similarly, the space M, 
= {x|(L — Al)*x = 0 for sufficiently large N} is called the generalized 
eigenspace of L (corresponding to the eigenvalue 4). 


Remark. The spectrum of L is the (finite) set of solutions of the n-th de- 


gree polynomial equation 
det (L — x1) = 0. (1) 


Had we considered real vector spaces, this same equation would have de- 
fined the eigenvalues of L, except that the real solutions x would have 
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been sought. But the theory of polynomial equations demands complex 
numbers as the natural scalars for simplicity. 


15. Definition. Let L be an operator on a complex vector space V. Then 
L is diagonalizable if there exists a basis u,,...,u, of V consisting of eigen- 
vectors: 
L(uj) = Ami. 


Remark. The scalars A, are necessarily the solutions (with correct multi- 
plicity) of the equation 
det (L — AI) = 0. 


The simplest criterion that an operator be diagonalizable is given by 
the following well known result, whose proof we omit. 


16. Lemma. Let the equation det (L — AD) = 0 have n distinct roots 
Ay, ++) Aq» Then L is diagonalizable. 


17. Definition. A unitary n-dimensional space V is a complex n-dimen- 
sional vector space V together with a positive definite Hermitian form 
(x, y) on V. (x, y) is often called the inner product of x and y. 


Remark. It follows immediately from Lemmas 10 and 12 that basis vec- 
tors u; may be chosen so that (u,, u,) = 0 (i # j) and (u;, u;) = 1. If co- 
ordinates are taken with respect to such a basis, we have 


(x, y) =D) xtyt. 
For unitary spaces, we shall always take coordinates with respect to such 
orthonormal basis vectors unless otherwise stated. 


18. Lemma. Let L be an operator on the unitary space V. Then there 
exists a unique operator M on V such that, for all x and y in V 


(LO), ¥) = (*, M(y)). (1) 


Proof. For fixed y, the function N(x) = (L(x), y) is linear in x. By 
Lemma 5 and the remark preceding Definition 8 we have N(x) = (x, Xo) 
for some unique X9 (depending on y): x» = M(y). Thus we have (1), and 


the uniqueness of M(y). The proof that M(y) is linear is left to the reader. 
OED; 


19. Definition. Let L be an operator on the unitary space V. The ad- 
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joint of L, denoted L* is the unique operator (given by Lemma 18) which 
satisfies the equation 

(L(x), y) = (x, L*()). (2) 

Remark. In coordinates, the matrix of L* is simply the conjugate trans- 


pose of the matrix of L. (This is true only when orthonormal basis vectors 
are used.) We write, for matrices, A* = A?. 


20. Lemma. Let L and M be operators on the unitary space V. Then 
L** = 1, (aL)* = aL*, (L + M)* = L* + M*, (LM)* = M*L*. 
Proof. Left to the reader. 


Remark. L* is the analogue, to operators, of the complex conjugate Z 
of a complex number. 


21. Definition. An operator L on a unitary space V is called Hermitian, 
if L* = L. Equivalently, L is Hermitian if (L@), y) = G, Z0)) for all 
x,ye. 

The following lemma relates Hermitian forms and Hermitian operators 
(cf. Definition 3). 


22. Lemma. Let L be a Hermitian operator on the unitary space V. 
Then the form {x, y} = (L(x), y) is a Hermitian form. Conversely, if 
{x, y} is a Hermitian form, there exists a unique Hermitian operator L on 
V, such that {x, y} = (L(x), y). 

We omit the easy proof. 

The following important lemma contains useful information on the 
eigenvalues and eigenvectors of Hermitian operators. 


23. Lemma. Let L be a Hermitian operator on the unitary space V. Then 


(a) The eigenvalues of L are all real. 

(b) The distinct eigenspaces of L are orthogonal. 
(c) L is diagonalizable. 

(d) V is the direct sum of the eigenspaces of L. 


Proof. 
(a) If L(x) = Ax, with x # 0, then (L(x), x) = (x, L(x)) or A(x, x) = A(x,x). 
Hence A is real. 
(b) If A, # Az, and L(x) = A,x, L(y) = Any, then 
Ai(x, y) = (L(@), ») = (%, LQ) = Ao, ¥) = Aa ¥)- 
Hence (x, y) = 0. 
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(c) We work by induction on the dimension of V. The case n = 1 is tri- 
vial. If A, is an eigenvalue of L with eigenvector u,, let Vo = {x|(x, u1) 
= 0}. Then L maps Vo into Vo, since if x € Vo, (L(x), u1) = (%, L(u1)) = 
A,(x, u;) = 0. Clearly L is Hermitian on Vo since (L(x), y) = (x, LQ)) 
holds in all V, hence in V.. Therefore, by induction, there is a basis u2,..., 
u, Of Vo for which) =A, 0 = 2 nye Ths. ears wasls 
vectors of V for which f(u;) = A,;u;. This completes the proof. 


(d) This follows immediately from (c). Q.E.D. 


For the analogy suggested by the remark preceding Definition 21, Her- 
mitian operators are the analogues of real numbers. We now proceed to 
discuss positive definite Hermitian forms—the analogues of positive real 
numbers. 


24. Definition. Let L be a Hermitian operator on the unitary space V. 
Then L is called positive definite if the Hermitian form (L(x). y) is positive 
definite. 


25. Lemma. Let ZL be a Hermitian operator on the unitary space V. 
Then L is positive definite if and only if all of the eigenvalues of L are po- 
sitive. 

This is clear from Lemma 23. 


26. Lemma. Let L be a positive definite Hermitian operator on the 
unitary space V. Then there exists a unique “‘square root” M of L satis- 
fying 


(a) M7 =L 
(b) M is a positive definite Hermitian operator. 
Further, this mapping M satisfies the condition: 
(c) If L commutes with an operator N on V, then M also commutes with N. 
Proof. If the matrix of L with respect to a suitable orthonormal basis is 


At 0 
(1) [L] = 


0 An 
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with A; > 0, we may define M as the operator whose matrix is: 
Vay 0 
Q) [M] = /{Z] = 


0 VA, 

Then M? = L and M is a positive definite Hermitian operator. The unique- 
ness of M may readily be seen by applying Lemma 23 to M, squaring 
M and comparing with (1). The proof of (c) involves a matrix calculation: 
[ZL] [VN] = [N] [LZ] (LN] = (@,,)), holds if and only if for any i and j 
(1 <i,j <n), we have n,; = 0 or A; = dy. While V[L] [N] = [N] VIL] 
hold if and only if for any i and j we have n,; = 0 or a Ay = a Since 
positive square roots are taken, we have the result. Q.E.D. 


B. Functions of Operators 


We take for granted some of the usual extensions to a matrix or operator 
variables of certain elementary topological and analytic notions. Since 
operators act on finite dimensional spaces, and matrices have finitely 
many (n”) entries, such notions as, say, a continuous matrix-valued map- 
ping M(t) of a real (or complex) variable, an analytic operator mapping 

b 


of a complex variable, an integral | M(?) dt, etc., are easily extended bya 


component-by-component definition. In particular, we note that we may 
readily define a norm of an operator |A| satisfying the usual rules: 


|A|>0 if A#0; [Oo} = 0; |4 + Bl < [Al + IAI; 
|cA| = [c| |A], |AB] S [A] |BI. 
For example, if A = (a;;) is an m x n matrix, we may define 
[4] = [al = Pee aij] 


We now consider how a small perturbation of an operator effects its 
eigenvalues. 
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27, Lemma. Let the distinct eigenvalues of the operator A be 4, ..., Ax- 
Suppose that «, > 0, and C, = {Al|A — a,| < ¢} @ = 1,..., &), and that 
the C; are disjoint. Then there exists 6 > 0 such that if B is any operator 
with |B — A| < 6, then each eigenvalue of B is in one of the circles C;, 
and each circle C,; contains at least one eigenvalue of B. Furthermore, 
suppose that A is one of the 4;, and C the corresponding C;,, and that 
[1 ---) My are the eigenvalues of the operator B in the circle C. Let M(A) 
and M(u;) be the generalized eigenspaces of A and B respectively (cf. De- 
finition 14). Then, dimension M(A) = >’ dimension M(w,). In particular, 

i 


if B has no more eigenvalues than A, then each circle C, contains precisely 
one eigenvalue jz; of B, and the spaces M(A,) and M(u;) have the same di- 
mension. 

If the operator B varies analytically with z, we can give a more precise 
statement. No proof is given. 


28. Lemma. Let A(z) be an analytic operator-valued function of z de- 
fined in some neighborhood of z = 0. Let A, be an eigenvalue of Ay 
= A(0), and let ¢ > 0 (possibly infinite) be the distance from A, to the 
nearest other eigenvalue of Ag. Then there exists a fractional power series 
A(z*/*), with (0) = ao, such that 
(1) for all z in a sufficiently small neighborhood of z = 0, all of the k val- 
ues of A(z'/*) are eigenvalues of A(z), and 


(2) for all z in a sufficiently small neighborhood of 0, if uw is an eigenvalue 
€ 
of A(z) with |u — Aol < > then yu is one of the values of A(z'”*). 


As an immediate consequence of Lemma 28, we have the following 
lemma concerning the number of distinct eigenvalues of A(z). 


29. Lemma. Let A(z) be an operator-valued analytic function of z de- 
fined in some open set, and let m(z) be the number of distinct eigenvalues 
of A(z). Then m(z) is constant (= c) except at an isolated set S on which 
mz) < c. 

We now consider analytic operator-valued functions of an operator 
variable. The definition we use follows. 


30. Definition. Let w = f(z) be an analytic function defined in the do- 
main D bounded by a finite collection C of Jordan curves. If A is any 
operator all of whose eigenvalues 4 are in D, we define 


W = f(A) = > iL fle) (el = A)-* dz. 
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Remark. Thus, the domain of definition of the analytic operator-valued 
function f(A) is the set of all operators A, all of whose eigenvalues are in 
the domain of definition D of f(z); i.e., all operators whose spectrum is 
contained in D. 

The relationship of this definition to power series is given by the follow- 
ing lemma, which we do not prove here. 


33. Lemma. Let f(z) be analytic with f(z) = ¥ a,(z — zp)" valid in the 


n=0 
circle Cr: {z||z — Zo| < R}. Suppose A is an operator whose spectrum is 
in Cr. Then 


oO 


KA) = Ya(A — zol)’. 
n=0 

In particular, the usual power series expressions for the familiar analy- 
tic functions are valid for operators. For example 


1 
A = care 2 eee 
e=1+A+ T At + 
The next lemmas (also unproven here) show that analytic identities re- 
main valid even for operator values of the argument. 


34, Lemma. Let f(z) be defined and analytic in the open set D, and let 
g(z) be defined and analytic in the open set E. Suppose the g(E£) < D, so 
that A(z) = f(g(z)) is defined and analytic in E. Suppose that the eigen- 
values of A are A,,..., A, (counting multiplicities) and that A,e E (i = 1, 
...,n). Then the eigenvalues of g(A) are g(A,), ..., g(A,) counting multi- 
plicities. In particular f(g(A)) is defined whenever g(A) is. 


35. Lemma. Let f(z), g(z) be given as in Lemma 34, and let the spec- 
trum of A be in E. Then 
h(A) = f(g(A)). 


Remark. The preceding lemma states that functional identities are pre- 
served for operator-valued functions. For example, taking f(z) = z?, g(z) 
= e, so that h(z) = f(g(z)) = e?7, we have 


(e4)? = eA, 
Similarly, if log z is defined for |z — 1| < 1 by the usual series, we have 
elt4 — A; loget=A 


for the appropriate set of operators A. 
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As a final non-surprising result, we state the following lemma, also not 
proven here. 


36. Lemma. Let f(z, w) be analytic for z¢ D, we E, and let A(z, w) 
= - f(z, w). Suppose the spectrum of A is in E, and define 
Zz ‘ 
M(z) = f(z, A). 
d 
Then ae M(z) = h(z, A). 


C. Analysis 


For later convenience, we state the implicit function theorem for C® 
functions. 


37. Lemma. Let (40), ..:,X2);2-- fOr ssa, 2) Den'C™ functions city 
variables x!, ..., x", defined in a neighborhood of x, ..., x3. Let 


of 
Desa) ee a 


be the Jacobian determinant, and suppose that J(x}, ..., x3) # 0. Let 
We = fylXgs 1a yn as Wo = fg, --, Xe), Uhenetherevisvagmeion bor, 
hood V of (x{,..., x3) and there are n C® functions g*(w!, ..., w”),..., 
Bw? ...5 Ww) Satisfying g°(W5, 5 We) = Xoacess 2 ps «215 Wakes 
defined in a neighborhood of w,..., w} such that for any (wt, ..., w”) in 
this neighborhood, the equations 


Wy =a...) pats — fa eee) 


have the unique solution 2° = 9*(w*, 2.2%), 0,20 = oy. 
such that (x*, <..,.0°) 6 V. 


D. Topology 


We shall now summarize some of the definitions and results concerning 
the fundamental group and the covering spaces of a topological space. 
Proofs will be either sketched or omitted. In what follows ¥ is a connected 
topological space and Pp is a given point in X, called the base point. We 
let 7 designate the closed unit interval [0, 1]. 


38. Definition. A closed curve f is a mapping f:I > X such that FO) 
= f(1) = Po (= base point). A curve is simply a mapping filo X. 
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39. Definition. Let fand g be closed curves in ¥. We say that fis homo- 


topic to g(f = g) if there exists a one-parameter family of curves f, 
(0 < s < 1) such that 


(1) £.(A is a continuous mapping, regarded as a map of I x Jinto X. 
(2) fol) = fO;3 AO = 2; £6) = £0) = Po. 
We shall occasionally employ the notion of homotopy for curves which 


are not necessarily closed. In that case we write f = g if f(0) = (0); g(1) 
= g(1) and if there exists a family f, of curves satisfying (1) and 


(2)’ fo) =fO; AO = 80; £0) =f/0; 4 =f). 
In this case we say we have a homotopy with fixed end-points. 


40. Lemma. The relation f = g is an equivalence relation. 


41. Notation. The equivalence class of homotopic curves containing the 
closed curve f is designated [/]. If fo is the constant closed curve (fo(t) 
= Fp for all 2), we put [fo] = [Po] = e. 

42. Definition. Let XY be a path-wise connected space. (l.e., if P,;, P2 € X, 
there exists a mapping f:J > X such that f(0) = P,, f(1) = P,2.) Then X 
is said to be simply connected if all closed curves are homotopic. Equi- 
valently, X is simply connected if [f] = e for all closed curves f. 


Remark. This definition is easily shown to be independent of the base 
point Po. 


43. Definition. A space X is locally simply connected if for any neigh- 
borhood U of X and any P € U, there exists a simply connected neighbor- 
hood V such that Pe V € U. 

For the remainder of this section, we shall consider only spaces that are 
path-wise connected, locally simply connected, and Hausdorff spaces. 


44, Definition. If f and g are closed curves in X, the curve f* g is the 
closed curve defined by 


(f* 8) = fd), 0 
G*2) O—= 807 — 1.5 rats) 
The inverse closed curve f—* is defined by the formula 
f°@=f4-), Ostal. 


Remark. f « g is merely “one curve followed by the other”. f~ ' reverses 
the orientation of 7. 


<t 


IN 
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Even if f and g are not closed curves, f * g is defined as a continuous 
curve provided (1) = g(0). f~* is clearly defined for all, not necessarily 
closed, curves. 


45. Lemma. iff, & fo, 21 % 82, thenf, #9, =f *g.andfy;*=f,’. 
Hence we may define [fi] * [gi] = (1 * 91] and [f]-* = [f+]. Under 
this definition of multiplication and inverse, the set of equivalence classes 
of closed curves forms a group with identity e = [Po]. 


46. Definition. The fundamental group 2,(X) is the group of equivalence 
classes of closed curves defined in Lemma 45. If the base point P, is to be 
made explicit, we write 7,(X, Po). 


Remark. If P, and P, are arbitrary in X, then 2,(X, Po) is isomorphic 
to 2,(X, P,). Thus, 2,(X) is well defined, as an abstract group. However, 
there is no unique natural homomorphism of 7,(X, Py) into 7,(X, P,). 


47. Lemma. Let X and Y be spaces with base points Py and Qy respec- 
tively, and let p: X > Y with p(Po) = Qo. Then 


(1) If fis a closed curve in X, pf is a closed curve in Y. 
(2) If f = g then pf = pg. 
(3) p(f* g) = (of) * (eg). 
Thus, p induces a map of z,(X, Po) into 2,(Y, Qo) according to the cor- 
respondence [f] > [pf]. This map is homomorphism. 


48. Definition. If p: X — Y is given as in Lemma 47, we define the 
homomorphism p,.: 2,(X, Po) > 2,(Y, Qo) by the formula p,[f] = [pf]. 


49. Lemma. If p: X > Y,q:Y > Z with p(Po) = Qo,q(Qo) = Ro, and 
if Po, Qo, and Ro are base points in Y, Y, and Z respectively, then 


(qP)* = ePx; ix =i 


where i is taken as a generic symbol for the identity map. 
We shall now introduce the notion of a covering of a space, and show 
how these are related to the fundamental group. 


50. Definition. Let p: Y > X. Then Y is said to cover X with the projec- 
tion p if for any P €_X, there exists a simply connected neighborhood U of 
P such that p~*(U) is non-empty, and such that p is a homeomorphism of 
each connected component of p~!(U) onto U. 


Remark. It follows that p~‘(P) is non-empty and discrete. It is clear 
from the definition that if p:Y + YX is a covering, then for each P € X. , the 
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set p~*(P) has cardinality n which is independent of P. Indeed, this car- 
dinality is locally constant, and X is connected. If nm = 1 then p is clearly 
a homeomorphism. 

The easiest and most well known non-trivial covering is given by p:R 
= 5, where KR = real numbers, S = unit circle (|z| = 1), and p(x) = e7**. 

Base points Py and Qy in X and Y are always chosen so that p(Q9) = Po. 
We shall use the expression ‘“‘Q is over P” when p(Q) = P. Similarly, we 
Sitter to QO .etc, 


51. Lemma. Let p: Y — X be a covering and let f: J — X be a (not neces- 
sarily closed) path in X. Let Py = f(0) and let Qy be over Py. Then there 
exists a unique curve g:J — Y such that pg = fand g(0) = Qp. Briefly a 
curve in XY may be lifted uniquely with an arbitrary starting point lying 
OVEEE5. 


Proof. Existence: Cover f(J) (the curve as point set) with neighborhoods 
U as in Definition 50. By compactness, we may cover with finitely many 
such U. Since p is a local homeomorphism, we lift f step by step and thus 
lift it in the large. 

Uniqueness: Left to the reader. 


52. Lemma. Let p:Y > X be a covering and let f/; and f, be curves in 
X with f, ~ f.. Let g, and g, be lifts of f; and /, respectively, with g,(0) 
= g,(0). Then g; and g, are homotopic (with end-points fixed). Thus 
there is a one parameter mapping H,:J — Y such that H,(f) is continuous 
in s and t, Ho(t) = g1(t); Hit) = 22(2), (0) = g1(0) and H,(1) = con- 
stant. In particular, g,(1) = g2(1) (= H,(1)). 


Proof. Suppose f,(f) is the homotopy connecting f,(¢) and f,(¢). We shall 
lift f,(t) to construct H,(t). This may be done as follows. For any (s, 2), the 


Ty 


rat) 
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line from (0, 0) to (s, 4) gives a curve in X. Lift it, with starting point (0), 
and let H,(r) be the endpoint of this lifted curve. This yields a transforma- 
tion H,(t) of J x Tinto Y. To show that H,(¢) is a continuous map of I x J 
into Y, we cover the curve in ¥ which corresponds to the line to (s, f£) with 
neighborhoods as in the proof of Lemma 51. We then cover the line from 
(0, 0) to (s, ) with neighborhoods whose image (under f,(¢)) are wholly 
within these neighborhoods. It is clear that if (s, 4) is changed slightly to 
(s’, ¢’), then the line to (s’, t’) is still wholly within these neighborhoods. 
The proof of Lemma 51 then shows that H,(¢) is a continuous mapping. 
Finally, H,(1) is a lift of the constant curve f,(1), hence is a constant by 
uniqueness in Lemma 51. Q.E.D. 


53. Corollary. 2,(X) acts transitively on p~1(Po) in a natural way. 

Indeed, if [f]e2,(X) and if Q € p~*(P,), then(Q) [f]may be defined to 
be the unique Q’ € p~ }(P,) such that there exists a curve g over f with g(0) 
= Q and g(1) = Q’. It is then clear that ((Q) [A)) [4] = (Q) [f: * 2] and 
(Q)e = Q. Finally, if Q, and Q, are over Py, they may be joined by a 
curve g(t) in Y. g(z) is certainly the lift of f() = pg(z). Hence (Q,) [f] = Q2. 
(Note that the definition of f* g is such that we must make 7,(X) act on 
p~*(Po) on the right.) 


54, Corollary. If X is simply connected, and p:Y > X is a covering, 
then p is a homeomorphism. Briefly, a simply connected space can only be 
covered, up to homeomorphism, by itself. 


Proof. If Po eX, 2(X) acts transitively on p~+(Po). But 2(X) is trivial. 
Hence p~*(Po) contains just one point. Hence p is a homeomorphism by 
the remark following Definition 50. 

We shall now generalize Corollary 54 and show that the coverings of X¥ 
are (up to homeomorphism) in one-one correspondence with the sub- 
groups of 2(X). 


55. Lemma. Let p:Y > X be a covering. Then p, : 7,(Y) > 2(X)is 1-1 
into. 


Proof. Suppose Q, is the base point of Y, and p(Qy) = Po is the base 


point of X. If p, [gi] = px[g2] then [pg,] = [pg2] or pg, = pg>. By Corol- 
Jary 52, the lifts of pg, and pg, are homotopic: g, & g. Hence, [21] = [g2] 
which gives the result. Q.E.D. 


56. Corollary. Let p: Y - X be a covering. Then ,(Y) is isomorphic to 
a subgroup H of ,(X). H consists of precisely those elements « of x i(X) 
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which keep Qy (the base point of Y) fixed: gx = Oy. We also say that H 
is the homotopy group of Y. 


57. Lemma. Let p:Y, > Y, be a covering and let p,:Y, > ¥ beacov- 
ering. Then p; = p2p:Y > X is a covering. Let the group of p,:Y; > X 
be G;, where G; © 2,(X), as in Corollary 56. Then G, ¢ G). 


Proof. It is clear from Definition 50 that p,:Y, — X is a covering. Let 
f be any closed curve in X, starting at Po. Lift it tof, in Y>, starting at P2, 
the base point of Y,. Lift f, tof, in Y, starting at P, , the base point of Y. 
Then f/f; is the lift of fto Y,. Now suppose [f]¢ G,. This means (by Co- 
rollary 56) that f, is a closed curve in Y, (i.e., (P,) [f] = P,). Hence pf, 
= f, is closed in Y,, and therefore (P.) [f] = P,. Hence [f]e G,. Q.E.D. 


58. Lemma. Conversely, suppose Y, and Y, cover X, with projection p, 
and p, respectively, and subgroups G, and G, of 2,(X) respectively. Sup- 
pose further that G, © G,. Then there exists a unique map p:Y, > Y; 
such that p; = p2p and such that Y, covers Y, with projection p. 


Proof. Let Pe Y,, and let f, be any curve in Y, joining the base point 
P, to P. Then f = p,f, is a curve in X joining the base point Pp to p,P. 
Now lift this curve to Y, and we arrive at a curve joining the base point 
P, to a point over p,P, and under P, which we define to be p(P). It is an 
easy matter to show that p(P) is defined independently of the curve /; 
joining P, to P. (Here is where the hypothesis G, © G, is used.) Hence 
p(P) is well-defined. It is also clearly continuous, and it satisfies the equa- 
tion p; = p2p. What is required, then, is to prove that p:Y, > Y> isa cov- 
ering. This is simple, and we leave it to the reader. Q.E.D. 


59. Lemma. Let p,:Y, > X and p,:Y, > X be coverings of X with the 
same subgroup G of 2,(X). Then Y, and Y, are homeomorphic by a ho- 
meomorphism p:Y, > Y>2 which satisfies p.p = p;. 


Proof. By Lemma 58, there is a mapping p:Y, > Y2 such that p, 
= p2p. We shall show that p is a homeomorphism. To do this, we show 
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that there is only one point about P;, the base point of Y,. For, suppose 
P, (the base point of Y,) and Q, are above P,. Join them by a curve fr in 
Y,, starting at P, and ending at Q,. Then pf, is a closed curve in Y, and 
Pifi = P2pf; isa closed curve in X. Clearly, the lift to Y2 of p,f, is pf, and 
therefore this lift is closed. Hence [p, f,] is in the subgroup G of Y,. By 
hypothesis, it is in the group of Y,, and therefore its lift to Y, is closed. 
But this says that f, is a closed curve and therefore P,; = Q,. Q.E.D. 

The preceding results concern uniqueness of covering spaces. We now 
prove their existence. 


60. Lemma. Let X be a space and let G be a subgroup of z,(X). Then 
there exists a covering p:Y —~ XY with group G. In particular, taking G 
= (e), it follows that there exists a simply connected covering of X. 


Proof. If f; and /5 are curves in XY which start at the base point Py and 
have a common end-point, write f, ~ f, if and only if [f,f>*]eG. (For 
the simply connected covering, this is simply f, = f..) Write {f,} for the 
equivalence class of f; under the relation ~. We define Y = the set of all 
equivalence classes { f}. We define p: Y > X by the formula p{f} = f(1). If 
{f} is any point in Y, we define a neighborhood of {f} as follows: Choose 
any simply connected neighborhood U of f(1). Let g be any curve with 


g(0) = f(1), g(t) € U. Then the U-neighborhood of {f} consists of all ele- 
ments {f* g}. It is any easy matter to show that this makes Y into a 
connected, locally simply connected Hausdorff space. (X is assumed to be 
one.) Further, p: ¥Y > X is a covering and its fundamental group may be 
verified to be G. Q.E.D. 

We now summarize the preceding lemmas and put them in a more re- 
vealing perspective. 


61. Definition. Let p;:Y,; > X (i = 1, 2) be coverings. We say that these 
coverings are equivalent if there exists a homeomorphism p:Y, > Y3, 
which sends the base point of Y, into the base point of Y,, such that psp 
es Zig 


62. Definition. Let p;:Y; > X (i = 1, 2} be coverings, and suppose there 
is a covering p:Y, — Y, (sending the base point of Y, into the base point 
of Y2) such that pp = p,. Then we write Y, > Y,. 


63. Lemma. Let X be a topological space, with fundamental group 
m,(X). Then there is a one to one correspondence between subgroups G 
of ,(X’) and covering spaces (up to equivalence) of ¥. The covering p:Y 
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— X corresponds to the subgroup G consisting of all [f]e2,(¥) whose 
lift is a closed curve, and G is isomorphic to 7,(¥). If G, o Y,,G, < Yo, 
then G, © G, if and only if Y, > Y,. In particular, taking G = (e), it 
follows that there exists a unique (up to equivalence) simply connected 
covering X, which covers all coverings of X. (I.e., ¥ > Y for all coverings 
Y). This space X is called the universal covering space of X. 


E. Topological Groups 


In the last section of this book, we shall have occasion to use the exis- 
tence of an invariant integral on a compact group. We now state the re- 
levant definition and results. 


64. Definition. A topological group G is a topological space, which is 
also a group under ®, and such that the mapping (g, 1) > g © / is con- 
tinuous from G x G onto G, and the mapping g > g~ 1 is continuous from 
G onto G. 


65. Lemma. Let G be a compact topological group satisfying the second 
axiom of countability. Then for every real-valued continuous function 
F(g) defined on G, there is a real number [ F(g) dg satisfying the following 
conditions: 

(1) J [aF(g) + bG(g)] dg = a [F(g) dg + b JG(g) dg. 

(2) If G(g) > 0, but F(g) is not identically 0, then | F(g) dg > 9. 
(3) fl dg = 1. 

(4) If a and 6 are fixed group elements, { F(agb) d= | F(g) dg. 
(5) J F(g*) dg = J F(g) ag. 


Furthermore, there is only one such functional F(g) > { F(g) dg which 
satisfies these conditions. 


PART | 
Lie Groups and Their Lie Algebras 


1. Manifolds 


All of the classical infinitesimal and local analysis involving functions 
of several variables may be generalized to analysis on a manifold. Since, 
by definition, a manifold is a locally Euclidean space this is almost a re- 
dundant statement. 


1. Definition. An n-dimensional manifold M is a Hausdorff space, to- 
gether with an open covering U, of M and mappings p,: U, > R”, where 
we require that p, is a homeomorphism of U, onto the open subset p,(U,) 
of R”. The pair (p,, U,) is called a coordinate system, p, is called the co- 
ordinate mapping, and if P « U,, x = p,(P) is called the coordinate of P 
in the coordinate system (p,, U,). 

Thus, x = (',..., %°) ="), (2) 1s the (vector) coctamate ton aw mile 
p, *(x) is the point P of M which has the coordinate x. By means of p, and 
p,' we are able to go back and forth from M to Euclidean space and are 
thereby able to define all the standard notions of local analysis on M by 
using the definition of these notions in Euclidean space. But, if our mani- 
fold is to support calculus and not merely topology, we must impose the 
following additional condition on its coordinate mappings. 


2. Definition. A C® manifold M is a manifold with the added restriction 
that ppp, * is C® where it is defined (i.e. on the open set p,(U, A U,) if 
U, OU; # @). 

In more familiar terminology, we require that the transformation of 
coordinates connecting two overlapping coordinate systems be given by 
C® functions. In the remainder of this book, all manifolds are understood 
to be C™. In the remainder of the present section, M is understood to be a 
manifold of dimension n, and M' a manifold of dimension n’. 
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Remark. R” is a (C”) manifold: take U = U, = R" and letp =p, be 
the identity mapping. So is any open subset G of R". Somewhat more 
generally, if V is any n-dimensional real vector space then V is a (C*) 
manifold. For if e,, ..., e, is any basis, we have a (p, U) where U is V and 
p(Ate, + ++ + A"e,) = (A1,..., 4"). The transformation between these 
coordinates and the coordinates given by a different choice of basis is 
linear, hence C®. 

The generalization of the notion of a C® function or of a C® mapping 
to manifolds is now clear—we express functions in terms of coordinates. 


3. Definition. Let M, M’ be manifolds of dimensions n and n’ respective- 
ly and let f be a mapping of M into M’. Then we say that fis C® at Py 
€ M if for any coordinate system (p,, U,) of M and (pp, Vz) of M’ such 
that Pye U,, Pi =f(Po)eV,, and p,(Po) = xo, the function f(x) 
= pp fp, (x) is C® in some neighborhood of xp. We say that fisa C® map 
if it is C® at each point of M. 

In particular, putting M’ = R", we obtain the definition of a “C® 
vector-valued function on M”’. Then, putting n’ = 1 (resp. n’ = 2) we 
obtain the definition of a “‘C® real-valued (resp. complex-valued) function 
on M”’. 

Briefly, a map fis C® if, expressed in coordinates, it is described by a set 
o1 © functions. We note that fis C~ at Pp if f(x) = p,jp, (x) isC® at 
Xo for even one pair of coordinate systems (p,, U,), (pg, Vg) with Po € U,, 
S(Po) € Vg, p.(Po) = Xo. This is clear from the formula 


PsfP,* = (psPp *) (PpfPa ) (PaPy >) 


Thus, since the change of coordinates is C®, we see that if the expression 
for fin one pair of coordinate systems is C®, so is the expression for fin 
any other pair. In the remainder of this book, all mappings are understood 
to be C®, unless the contrary is explicitly specified. 


Notation. If fis a mapping of M into M’, we write f = p; fp, * as in the 
previous definition. The mapping , f clearly depends on the choice of co- 
ordinates, which in each case that the notation fis used, is either to be 
given explicitly or to be understood. We call f the coordinate expression for 
Ff (in the system (p,, U,) and Op, V,)) and we say briefly that of expresses 
f. lf f:M — R", then f = Wa expresses f. If f:.R" > M’ then pp f = fex- 
presses f, and if f:R” > R”, then f=fand f is already expressed in co- 
ordinates. (Cf. the remark immediately preceding Definition 3.) We note 
the useful fact that if f:M— M’, g:M’— M” then, as the equation 
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pietp.' = pigpp ‘pp fp, ' shows, the comiposition of two C” mappings f 
and g is C® and is expressible in coordinates as the composition of the co- 
ordinate expressions of f and g. 

We can now define the notion of C® homeomorphism of manifolds. It 
is as significant for C”® manifolds as the notion of homeomorphism is for 
topological spaces. 


4. Definition. If f: MZ — M’ is | — | and onto, and if fand f~* are C%, 
we say that fis a C” homeomorphism and that M and M’ are C® homeo- 
morphic. 

Thus, C® homeomorphic manifolds are topologically equivalent and 
furthermore have the same C® properties. A standard way of obtaining a 
manifold C”® homeomorphic to a given manifold M is to add more co- 
ordinate systems to the given family of coordinate systems of M. 

For example, if Po is any point, we may add a coordinate system (p, U) 
to M such that p(P,) = 0 and p(U) is a sphere centered at 0. To see this, 
let (p,, U,) be any coordinate system of M containing Po. Let p,(Po) 
= Xo and, noting that p,(U,) is open, let S, be a sphere centered at x9 with 
S, & p,(U,). Now let ¢ be the translation of R” sending x9 into 0. We add 
the coordinate system U = p;'(S,), p = tp,|U. Then (p, U) has the re- 
quired properties. Since ¢ is surely C”, we obtain an equivalent manifold. 
In an entirely similar way, by using magnifications, we may construct a 
coordinate system (p, U) such that p(U) is the unit sphere centered at 0 
with p(Po) = 0. 

We have defined C® manifolds and C® mappings and functions, and 
now wish to differentiate them. The proper generalization to a manifold, 
as to n-dimensional Euclidean space, of the notion of differentiation is 
given by the directional derivative. Elaborating this idea, we will arrive at 
the concept of a tangent vector to M at a point Po. 


5. Definition. Let P(t) be a (C”) mapping of the real variable ¢ in some 
open interval with values in M. Then we say that P(t) is a curve in M. If 
P(to) = Po we say that the curve P(/) passes through Py at t = to. If 
P(O) = Po we often simply say that P(r) passes through Po. 


6. Definition. Let fbe a real-valued function on M and let Py € M. Sup- 


pose 
df( P(t) 
dt |t=0 


= 0 


for every curve P(t) passing through Po (P(0) = Po). Then we say that fis 
horizontal at Po, or that df|p-p, = 0. 
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Definition 6 allows us a conveniently coordinate-free definition of the 
notion of a tangent vector. 


7. Definition. A tangent vector A at P) € M is a linear functional de- 
fined on the space of all real (C“) functions fon M and having the proper- 
ty that A(/) = 0 if fis horizontal at Py. 

The tangent vectors at Py may be added and multiplied by scalars in an 
obvious way and thus form a vector space (of linear functionals). 


8. Definition. The tangent space A(Py) of M is the vector space of all 
tangent vectors A at Po. 

The following lemmas show the sense in which the notion of a tangent 
vector is a purely local notion. 


9. Lemma. If 2 € A(P,) and if f and g are real valued functions on M 
which agree in some neighborhood of Po, then A(f) = A(g). 


Proof. f(P) — g(P) = 0 near Po. Therefore, by Definition 6. f — g is 
certainly horizontal at Py. Hence A(f — g) = 0 and the result is proved. 
GED, 


10. Lemma. If Po) € M and fis defined, real-valued, and C® in a neigh- 
borhood of Po, then there is a real C® function f defined on all of M@ 
which agrees with fin some neighborhood of Po. 


Proof. Let f(x) be the coordinate expression for f in some coordinate 
system (p, U). With no loss in generality, we may assume that p(U) 
= {x € R"| |x| < 1}, p(Po) = 0. so that f(x) is defined for |x] < 1 and the 
coordinate of Po is 0. By a familiar result of ordinary analysis, there is a 
real C® function i(x) defined for |x| < 1 and satisfying 


i(x) = 1 for |x| < 1/3, i(x) = 0 for |x| > 2/3. 


Define ¢(P) for P € U by t(P) = i(p(P)), and then define the required f by 
the formulas 


f(P) =f(P)(P)  PeU 
fiP) = 0 P¢€U 


It is readily verified that f(P) is C® at all points of M and f=fina 
neighborhood of Po. Q.E.D. 

Lemmas 9 and 10 show that a tangent vector / at Pp acts in a natural 
way on functions defined only in some neighborhood of Po. This permits 
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the complete analysis of the tangent space A(Po) with the help of a co- 
ordinate system about Py. 

Our first step toward this goal must be to interpret Definition 6 in co- 
ordinates. In order to facilitate computation, we shall write equations 
“dropping higher powers.” This method will be used occasionally in 
what follows and we review it here. If f(x) is a real (C”) function of the real 
variable x near x = 0, and if k is any integer, then there is a polynomial 
f(x) = Ag + a,x + + + a,x" which agrees with f and all of its deriva- 
tives up through order k at x = 0. We write 


Foe Ge ane 


“to order k.”’ Then the assignment f > /,(x) is linear and every reason- 
able computational operation involving the first k derivatives of fat x = 0 
may be performed in a natural way. In particular, we may differentiate to 
obtain : 

FX) = ay +E Kay 2 (= fei) a) 


and we may substitute x = b,t + bjt? + --- + b,t* + (---) to obtain the 
correct expression for f(x(t)) to order k after further dropping powers 
higher than k. Similar rules apply to a vector-valued function of the seal 
variable x, as may be seen by working with the components of the vector 
values of f. Thus, if fis vector-valued, we may write 


F(X) = dg + Xa, + + x¥ay, + + 


to order k, where a; are constant vectors. We may also generalize this no- 
tation to functions of n real variables. If x = (x!,..., x”) is a vector 
variable and f is real-valued, then f,(x) is the polynomial in x}, ..., x" 
which agrees with fand all of its mixed derivatives through order k at x 
= 0 = (0,..., 0). We then write 


IX) = ao + ay(X) + an(x, x) +o + a(x, 0,0) + 


where a,(x,,...,X;) is a real-valued symmetric i-linear functional. Fi- 
nally, if fis a vector-valued function of the vector x near x = 0, this last 
formula remains valid except that a; is a vector-valued symmetric i-linear 
function. Similar series of powers of (x — x9) will sometimes be used 
when we work with f(x) and its derivatives at x = Xo. 

If fis real and x = (x’, ..., x"), and if f(xo + x) = ay) + afi x) + 
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then by definition ay = f(x) = f(xd, ..., x8) while if a(f; x) = Y a,x', 
we have by definition _ 


Of(xo + x) _ f(x) wees. x) _ 
ox =0 ax! =X x! =Xo _ 
Thus we have, more explicitly, 


x? + eee 


x= Xo 


fs + x) = foo) + AO 


and therefore the coefficients of a(f; x) are the components of the gradient 
of fat x = xo. Similarly, ify = f(x) is vector-valued with y = (y', ..., y”), 
f(x) = (f'(), ---, £0), we have 


xJ 


fos ences 2) 


j=1 Oxi 


x=XQ 


and the coefficients of a(f, x) are the entries of the Jacobian matrix of fat 
x= Xo ° 
Using these notations, we now interpret Definition 6 in coordinate form. 


11. Lemma. Let f be real-valued on M and let (p, U) be a coordinate 
system containing Py with p(Po) = xo. Let f be the coordinate expiession 
for f and 

fot xD =a 4+ 0(f5x +>: 


to first order. Then f is horizontal at Py if and only if a(/; x) = 0, or 
f(x) 
= 0 for alli. 


equivalently ax! 
0 

The proof is trivial and is left to the reader. Note the following conse- 

quence: if a(f/; x) = 0 in one coordinate system, the same is true in all 

coordinate systems. This follows from Lemma 11, since the definition of 


the phrase “‘f is horizontal at Po’’ was coordinate-free. 


12. Lemma. Let M be an n-dimensional manifold, Py) ¢ M. Then A(Po) 
is an n-dimensional vector space. Let (p, U) be a coordinate system about 
Py, with p(Po) = Xo. Then for each A¢ A(Po) there is a unique Ae R? 
(called its coordinate) satisfying 


Af) = af; A). (1) 
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Here, a(/; x) is the linear part of fat Xo: 

feotxw=aetafiyt+- (2) 
The mapping 4 > / is linear, 1 — 1, and onto. 


Proof. Let A € A(P,). By Lemmas 9 and 10, we may regard / as acting 
on all functions defined in the neighborhood U of Py. If fis the coordinate 
expression for f, we define 1,(/) = A(f). Then A,, as a linear function de- 
fined on all functions in p(U), in particular acts linearly on the space of 
functions of the form a(x) where a is a linear real-valued functions on R". 
But any linear functional on the space of linear function on R" is given by 
a unique vector / in R", i.e. there exists a J € R” such that 


A,(a(x)) = aA) 


if a(x) is a linear function on R”. Now let f be any function defined in p(U), 
and let 


f(x) = ¢ + af; x — Xo) + 


(for x near Xo): By Lemma 11, f(x) — a(/; x) is horizontal at x». Hence 
AS) = 4,0f0)) = A(a(f: x)) = a(f; A). But this is equation (1). 

It is now straightforward to show that the correspondence 72 — A is 
linear, | — 1 and onto; we leave this concluding part of the proof to the 
reader. Q.E.D. 

Note that equation (1} of the preceding lemma may be written in more 
explicit coordinate form as 


0 
n= afiy=Teal , 
ox’ af, 
where 4 = (/!, ..., A”). 
We next generalize the notion of the Jacobian matrix of a collection of 
functions of several variables, to mappings of manifolds into manifolds. 


13. Lemma. Let g:M — M’, 9(Po) = Pi, and let M and M’ have di- 
mensions 1, 1’ respectively, and tangent spaces A and A’ at Py and Pe 
respectively. Let f’ be a real-valued function on M’ which is horizontal at 


Po. Then f"g (i.e. the composed function defined by f’g(P) = f’(g(P))) is 
horizontal at Po. 
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Proof. Let P(¢) be any curve through Py. Then gP(f) is a curve through 
a Hence, by hypothesis, Tero) = 0. But this is simply 
cA (f'g) (P(t) = 0 and since P(t) was arbitrary through Po, this 


t=0 


proves the result. Q.E.D. 


14. Definition. With g, M, M', Po, Pj, A, A’ as in Lemma 13, we de- 
fine g,: A — A’ by the formula 


(gx) 7") = A(f'g) 


where f’ is any real function on M’. 

In view of Lemma 13 and the obvious linearity of the functional g,.A, 
we see that g,4 € A’. Thus, ifg: M > M’, g,, maps the tangent space at any 
point Py € M into the corresponding tangent space at Pj = g(Po). In 
stating the following lemma, we introduce another manifold M”, of di- 
mension n”, and a mapping h:M' > M" with h(P6) = P5. We let A” be 
the tangent space to M” at Po. 


15. Lemma. g,, is a linear function of 4. (hg), = h,g,.. Furthermore, 
(Identity), = Identity. 

The proof uses only Definition 14 and is trivial. 

The next lemma shows how g,, is to be computed in coordinates. 


16. Lemma. Let g:M — M’ and let (p, U), (q, V) be coordinate sys- 
tems containing Po € M and Py = g(Po) Ee M ’, Let g be the coordinate re- 
presentation of g and let A, i be the coordinates of the tangent vectors A, wu 
in A and 1’ respectively. Then if Py, Pg have coordinates xo, Yo respec- 
tively and if 

y = BX + x) = Vo + A853 x) + - 
then — _ 
&4(4) = a(8, 4) 
Proof: If the function f(P’) is represented by f(y), and 
foot y=etafiy) +> 
then fg is represented by fg, and 
fa(xo + x) =f(¥o + a8; x) + +") 


=e¢+ af; a(g;x)) + 
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If we let uw = g,(A), then by Definition 14, we have uf) = A(fg). Using 
Lemma 12 and the above, we may write this as 


a(f; @) = af; a(&, 4)) 


Since f is arbitrary, this implies 
ae aes 
g*(A) = & = a, A) 


which is the required result. Q.E.D. 

In more explicit coordinate form the preceding lemma tells us that the 
matrix of the transformation g, which sends A into yu is the Jacobian ma- 
(him ony — ox) at xy —X5: 

y xt 
oe eee ee 
J=1 ax) x=Xo 


where A = (A',..., 4") and & = (f', ..., @”). This is so because the ma- 
trix of the linear transformation x > a(g; x) is the Jacobian matrix of the 
transformation y’ = 2'(x*, 05.57) @ =e 7) ate = an 

Using Lemma 16, we may easily prove the following coordinate-free 
version of the ordinary implicit function theorem. 


17. Lemma. Let g:M — M’be a C® homeomorphism. Then g,, is 1 — 1 
and onto for each Po € M. (In particular, 1 = n’.) Conversely, let 
g:M — M’ be 1 - Land onto and let g,, be 1 — 1 and onto at each Pp Ee M. 
Then g~' is C” and thus g is a C® homeomorphism. 


Proof. If gis a C® homeomorphism, we have gg~' = identity and g-‘g 
= identity. Hence g,(g~'), = identity and (g~*), 2, = identity. But 
these equations show that g, is 1-1 onto with (g,,)~1 = (g~"),, at each 
point Po e M. 


Conversely, suppose that g is 1 — 1 onto and that g, is 1 — 1 onto at 
each Py € M. By Lemma 16, this shows that the Jacobian matrix of ¢ in 
any coordinate system is non-singular. Hence by the implicit function 
theorem, g~* exists and is C® in some neighborhood of Xo. But clearly 


-1 


g-* = g-*. Thus g~* is C® in the neighborhood of each point Pi eM’. 
Hence g is a C® homeomorphism. Q.E.D. 

In later sections, we shall also have use for the following local ge- 
neralizations of Lemma 17. 
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18. Lemma. Let g:M— M’' be a C” mapping. Let P, eM, and 
Pi, = o(Pp)e M’. 


(a) Suppose that g, maps the tangent space A(P,) onto the tangent 
space A(P4). Then, if U © M is any neighborhood of Po, g(U) contains a 
neighborhood of P%. 

(b) Suppose that g, maps the tangent space A(P,) 1 — 1 into the tan- 
gent space A(P4). Then there is a neighborhood U of Py in M such that g 
isl — lin U. 

(c) Suppose that g, maps the tangent space A(P,) 1 — 1 onto the tan- 
gent space A(P4). Then there are neighborhoods U € Mand U’ € M’ of 
P, and P¢ respectively such that g isa C® homeomorphism from U onto U’. 


Proof. (a) Let M and M’ be n and n’ dimensional respectively. Intro- 
duce coordinates in such a way that Pp has x» as coordinate and PJ has 
Xo as coordinate. Write 


8(X%o + X) = Xo + aS; x) + -- 


Then by Lemma 16 and by hypothesis, the Jacobian transformation 
x > a(g; x) maps R" onto R". Hence there exists an n’-dimensional 
subspace R, C R", such that x > a(g; x) isa 1 — 1 linear transformation of 
R, onto R” . It follows by the ordinary implicit function theorem that if ¢ 
is sufficiently small the restriction of g to the set {xo + x| |x| < ¢,x€ R;} 
is a homeomorphism whose range is a neighborhood of xj. Passing back 
to the manifolds, we have our result. 

The proofs of (b) and (c) are similarly dependent on the implicit func- 
tion theorem, and are left to the reader. Q.E.D. 

We now wish to define the sense in which a curve through Py determines 
a tangent vector at Pp. Suppose P = P(t), with P(to) = Po. Let fbe a real 
C® function on M. Then, by Definitions 6 and 7 the linear functional 
which sends f into d 
— fiP@) 
dt 


t=to 
is a tangent vector at Py = P(to). This justifies the following definition and 
notation. 


dP 
19. Definition. Let P(t) be a C® curve with P(tp) = Po. Then nie 
is the tangent vector A at Py defined by ee 


af) = © KPO) 


t=to 
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Toe 22 
dt t=to é 
The following lemma interprets Definition 19 in coordinates, and gives 


an extra bit of information besides. 


, we say that the curve P(t) represents 4 at t = fo. 


20. Lemma. (a) If P(t) is a curve in M, we have 


“| == Ph) 
dt |:=1, at ite 
(b) If A is a vector tangent to M at Po, there exists a curve P(t) with 
dP 
P(to) = Po and A = —~ 
(to) 0 dt oe 


Proof. Let x be the coordinate of P, and let f represent the real func- 


tion fon M: 
WhO +x)=ct a(t; Xx) toe 


Now let P(‘) be a curve passing through Py at t = fo, and suppose 
d 


oe P(t) = “i and that @ is the coordinate of the tangent vector uw. Then 
t=to 
PO =x +(t—t) et (ft near fo) 
dP 


d a 
a = GeO] = Pee) 


t=to t=to 


t=to 


aye " + a(f; (t — to)a) + 4 
at 


= a(f; fi} = Wf) 


dP dP 
Thus uw = a Byala Gi ae . This completes the proof since 


t=to t=to 


clearly any # can occur. Q.E.D. 
The following easy lemma gives a useful consistency property of our 


notations. 
21. Lemma. 

s i 

ey 


~ dt 


) ss (¢P) 


Timi) 


| MANIFOLDS Sil 


Proof. qP\ 4, _ (ae ne 
(FZ) ko=(4) \ve 
d ¥ 
= FSP) 
d 
oee)) (7) Aatet. 
dt t=0 


. d aP* 
Remark. In brief, a (gP) = gx ( | ' 
The preceding notation has been chosen so that it generalizes notation 
used in the special case that M is a vector space or M = R". (Cf. the re- 
mark following Definition 2.) If M is a vector space, a tangent vector at 
Po € Mis given by a vector Ae M and if fis any real-valued function of M 


d 
we have A(f) = Giro + At) . This convention has the effect of 
a 


t=0 
identifying A and its coordinate 4 in case M is a vector space. If P = P(t) 
isa curve in M, Lemma 20 shows that the tangent vector dP/dt in the sense 
of Definition 19 is simply the ordinary derivative of the vector-valued func- 
tion P(t) of the real variable t. 

We shall have occasion to consider differential equations of the form 


= A(P, t). We must therefore define the notion of a C” tangent vector 


field. 


22. Definition. Let A(P) be a tangent vector at P for each Pe M. A(P) 
is called a C” vector field if A(P) (/) is a C” function of P for every real 
(€™) fon M. 


23. Lemma. A(P) is C® if and only if in some coordinate system A(x) is a 
C® function of x (here, x is the coordinate of P). 


Proof. If f is a real function on M, and if /(y', ..., x") represents f and 
ee) == (A (x. 5 x), 5 A, rk) Tepresents A, then by 
the remark immediately following Lemma 12 we have 


mP)(f) = ¥ He). 
i=1 Ox 


Hence if A is C® in any coordinate system, A(P) is C®. 
The converse is equally trivial and is left to the reader. 
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We may, in a similar manner, define the notion of a C® vector field in 
some open set of M, and also a tangent vector field A(P, tt, ..., © (para- 
metrized by 71, ..., 7*) which is simultaneously C® in (P, @’, ..., @*). In 
this latter case, A(x, ..., x", f1, ..., 2) is C® as a function of x', ... x”, 
tt, ..., t&. We leave the details to the reader. The following lemma is pre- 
sumably anticipated by the reader. 


24. Lemma. Let A(P, t) be a tangent vector field simultaneously C™ in 
P and ¢. Then the equation — = A(P, t), P(to) = Py has a unique C® so- 
lution P = P(A) near t = fo. 

Proof. In coordinates, this amounts to solving “ = A(x, tf), x(to) = Xo 


where 4 is C®. This is known to have a C® solution x(f) near t = ty. 
Q.E.D. 


25. Lemma. If A(P, t, a',..., a") is simultaneously C® in (P, t, a;,..., Q,), 
then the solution of 


dP 

—_— = ACP, lhe a. aoa 5 a). FOR) = Po; 

dt 
which may be denoted P = P(t, a',...,a*) to denote dependence on 
(a’, ..., a"), is defined for ¢ near f) and for all a = (a', ..., a*) in a suf- 
ficiently small open set, and is C® as function of (t, a', ..., a*). 


Proof. The proof is clear and is based on the analogous result in dif- 
ferential equations. Q.E.D. 

We now consider two of the usual ways of obtaining new structures from 
old: the product structure and the sub-structure. The first is automatic, 
the second is surprisingly intricate. 


26. Definition. Let M,, M, be manifolds of dimensions 7, , nz respec- 
tively and with coordinate covers (pj, U,) and (p3, V,) respectively. Then 
M, x M2, the product manifold, is defined as the manifold whose topo- 
logy is the usual product topology of M/, and M, and whose coordinate 
covering iS (P.g, Usg) where U,g = U, x Vg and p.g:Uyg > R"*" is de- 
fined by the formula p,,(P, Q) = (p}P, p3Q) where Pe U,, Qe V,. 

There are many obvious results concerning the connection between the 
product space and its factors. For example, the tangent space at CP Py 
of M, x M, is, in a natural way, the direct sum of the tangent spaces 
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A,(P;) of M,; and A,(P,) of M. Similarly if f:M > M/ x M4 has com- 
ponents (/,, f2), then f,, has components (/;, , »J2x). We shall not go into 
these matters in any more detail. 

One would expect the definition of submanifold to begin, “A submani- 
fold M, of M is a subspace M, of M with coordinate mappings...” This 
is not the definition adopted. In fact, we shall have submanifolds whose 
subspace topology is not even locally Euclidean. Diagram 1 below gives 
an example of the submanifold of the plane, which if the subspace topo- 
logy were adopted would not even be locally Euclidean. A neighborhood 
of Py in the topology which we actually intend to use is shaded in the 


Diagram 1: A Submanifold of the Plane 


diagram. The sequence P, does not approach Po in the topology of this 
submanifold. 

An important example of a pathological submanifold, which is more 
closely related to the subject matter of these notes, is as follows. Let T? 
be the 2-dimensional torus consisting of all couples (x, y), in which (x, y) 
and (x’, y’) are identified when x — x’ and y — y’ are integers. Thus, 
T* = R?/N, when R? is taken as the 2-dimensional additive group, and where 
the discrete subgroup N = {(n, m)|n and m integers} is a normal sub- 
group. T? is clearly a Lie group. (See Theorem 2.11 for the formal defini- 
tion of such a quotient Lie group.) Now, if @ is an irrational number, the 
mapping f(t) = (¢, 62) isa 1 — 1 homomorphic mapping of the reals into 
the torus. The image of the reals is one-dimensional, yet everywhere dense 
in the torus. (See diagram 2 below.) 

For an n-torus T", the mapping f(t) = (0,1, ..., 9,¢) similarly gives rise 
to a one-dimensional subgroup which is dense in T” provided 6,, 92, ..., 9n 
are linearly independent over the rationals. 

The possible occurrence of pathology of this kind lies behind the fus- 
siness with which the forthcoming definitions and results concerning sub- 
manifolds and (in sections 2 and 6) subgroups, must be formulated. 
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27. Definition. Let g:M — M’. gis said to be regular at Po ifg,is1 — 1 
at Po. Similarly, g is regular if it is regular at each of its points. If g 1s not 
regular at Pp it is called singular there. 

We now define a submanifold M, of M, with the help of an external 
manifold N, which is to be thought of as a replica of M,. 


28. Definition. Let Mand N be manifolds, let MW, © Mandletg:N —~ M 
be regular and 1 — 1, and let g map N onto M,. If M, is made intoa 
manifold by transferring the topology and C™ structure from N via g, 
then M, is called a submanifold of M (via N, g). Explicitly, the open sets of 
M, are the images g(U) where U is open in N and the coordinate cover of 
N consists of (p,g—+, gU,) where (p,, U,) constitute the coordinate cover 
of N. 

We have set things up so that N and M, are obviously (C”) homeo- 
morphic. For if we define g,:N — M, by the formula g,(P) = 2(P) then 
g, is clearly a homeomorphism. The inclusion map i:M, > M, defined 
by i(P) = Pis C”, since i = gg; '. From this, it follows that the topology 
of M, is stronger than (or equal to) the subspace topology of M/Z, , since i 
is continuous. It also follows that iff: M4 > M’is C®, then /|M, is also C”. 


B D 


Q B D 


Diagram 2. 


Indeed f|M, = fi. We shall now show that conversely any C” mapping f 
defined on a submanifold is, locally on M,, the restriction of a C® 
mapping fon M. 


29. Lemma. Let M, be a submanifold of M via (N, g). Let f:M, > M', 
and let Po ¢ M,. Then there exists a mapping f: M > M’ anda neighbor- 
hood of U of Py in M, such that f = fin U. Briefly, any C® mapping on 
M, is locally the restriction of a C® mapping on M. 
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Proof: We work with the replica N of M,. Thus, let f':N > M’, and 
let g:N — M be 1 — 1 and regular, while Pj e N. We wish to construct 
an f:M— M’ such that fg = f’ near Pe Pel (XN,  ) be cO= 
ordinates for N, y = (y’, ..., y") be coordinates for M, and z = (z},..., 2”) 
be coordinates for M’. Let the coordinate expression of the maps g and f’ 
be y = 2(x) and z = f(x) respectively, so that 


yi = (xe min) i= iL. Aer (1) 
zt = ft, x) j=1,...,n'. (2) 


xt 


: , ae 
Because g is regular, the Jacobian matrix — has rank r near x = x. By 
be 


the implicit function theorem we may solve a subset of r of the equations 
(1) for the x’s in terms of the corresponding y’s—say, y!,..., y": 


x Oy) a eer Coa (3) 
We now define /: M > M’ locally by the equations: 


zi = Z(y) = f(h(y1, ..., y"), 5 AY, «.s y’))- (4) 


Then clearly fg = f’ near P’,. This proves the assertion of the present 
lemma, except that we wish to have f defined on all of M. But this is clear 
from Lemma 10. Q.E.D. 

If M, isa submanifold of M, the tangent space 4,(P,) of M, at Py) e M, 
is included in a natural way in the tangent space A(Po) of M at Po. 


30. Lemma. Let M, be a submanifold of M, let Py € M,, and let 
A, = A,(Po), A = A(Po) be the tangent spaces of M, and M respectively at 
Py. Let i be the inclusion map i:M, > M. Then i,:4, > A is 1 — 1. 
Hence A, is embedded naturally, by means of i, in A. 


Proof. We already know, from the remarks following Definition 28, 
that the map iis C®. By Definition 14, it follows that if A, € A,, and if fis 
any real-valued function on M, we have 


(ied) f = Af) = 2,07|M)) 


since fi = f|M,. We must show that i, is 1 — 1 from A, into A. Suppose 
A, # 0. We may find a real-valued function f on M, such that A,(f) # 0. 
By the preceding lemma, there is a function f on M such that f = finsome 
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neighborhood U, of Po in M,. Hence f = f|U,. By Lemma 9, and the 
above equations, we have 


(i441) f = 4,(f|M1) = A,(f) #0. 
Hence i,,4, # 0 and zis 1 — 1. Q.E.D. 


Remark. We embed A, in A by letting tangent vectors to M, act on 
functions on M by first restricting these functions to M,. We note that if 
P(t) is a(C®) curve in M,, it is naturally identified with a curve in M (Le., 
iP(t) is a curve in M), and the respective tangent vectors are also identi- 

? din aa 
fied. This follows formally from Lemma 21: 7 (HAC) SS ie a. 

Warning: Suppose g:M’ > M is C”, and M, is a submanifold of M 
such that g(M’) © M,. It is not necessarily true that “g’”: M’ — M,isC®. 
As an extreme example, M, may have the discrete topology. On the other 
hand, if g:M’ > M, is C™, the “g”: M’ > Mis also C™, for this latter 
function is merely ig. 

The following lemma gives a useful, commonly used example of a sub- 
manifold. 


31. Lemma. Let M, be an open set in M. Then M, may be made into a 
submanifold in the following standard way. Letting (p,, U,) be a coordi- 
nate cover for M, take (p,|U, A M,, U, © M,) asa coordinate cover for 
M,, omitting those « for which U, m M, is empty. In this way M, be- 
comes a manifold of the same dimension as M, and moreover has the sub- 
space topology. 


Proof. It is trivial that this definition makes a M, into a manifold of the 
same dimension as M and that M, has the subspace topology. In terms of 
Definition 28, we have merely to take N = M, and g = the inclusionmap 
of M, into M, and this shows that M, is a submanifold. Q.E.D. 


Remark. If MM, is an open subset of M, M, will always be taken as a 
submanifold of M in the sense of Lemma 31, unless otherwise specified. 
An important example of submanifolds of this special sort arises as fol- 
lows. If M, is the connected component of a point Py € M, is clearly M, 
open, since M is locally Euclidean. We therefore see that the connected 
components of a manifold M are submanifolds of the same dimension. 
The reader may also convince himself that in this situation the warning 
immediately preceding Lemma 31 does not apply. 
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2. Lie Groups: Local and Global Properties 


A Lie group is a manifold which is also a group. In studying Lie groups 
we may therefore combine topology, analysis, and algebra. The present 
section is chiefly topological, and aims at showing the sense in which the 
global study of a Lie group may be reduced to its local study. In the next 
sections we shall go even further, and show that the study of the local 
structure can be reduced to the study of the infinitesimal structure. But 
rather than anticipate what is to come later, let us begin with our formal 
development. 


1. Definition. A Lie group G is a C® manifold endowed with a group 
structure in which multiplication and the taking of inverses are C® opera- 
tions. More precisely, we require that the mapping (g, h) > ghis C® from 
G x G into G, and that the mapping g > g~‘ is C® from G into G. 

It is an immediate consequence of the definition, that the inverse func- 
tion h = g~1 isa C® homeomorphism of G onto G. For its inverse func- 
ome =)-* is C”. For fixed go, 2;, the functions h,(¢)— 22, ha(¢) 
= gg, and h3(g) = gogg, are also C® homeomorphisms of G onto G be- 
cause their inverse functions are clearly of the same type, hence C”. 

In what follows, we shall use the letter e to denote the group identity. 
Group elements will be denoted g, h, and k, possibly with subscripts. If A 
and B are sets in G, AB will denote the set of all products ab (a € A, be B), 
while gB will denote all products gb (b € B) etc. The symbol A~! will de- 
note the set all elements a~ ‘(ae A). 


2. Lemma. Let G be a connected Lie group, U a neighborhood of the 
identity e. Then G is generated by U;1.e. any g € Gis a (finite) product 
g = g,---g, with g, € U, with n depending on U and g. 


Proof. Since U~! is the image of U under the homeomorphism g > g7', 


U-* is open and also contains e = e~*. We shall work with the smaller 
neighborhood V = U 4 U~', which has the convenient property V 
= V~', Let [V] be the set of products of the form g; --- g, with g,€ V. 
We shall prove that [V] = G by showing that [V] is open and closed, and 
invoking the connectedness of G. 

To show that [V] is open, we let go = g1 -*: 8, € [V]. Then goV is open 
since left multiplication by go is a homeomorphism. It is clearly contained 
in [V] since it contains only elements of the form g; --- 2,8,+1 With 8n+1 
eV. Plainly, go = 20€€80V. Thus go € 80 V S [V], which proves [V] 
is open. 
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To show that [V] is closed, let he [V]. Then AV is an open set contain- 
ing h, and it therefore meets [V]: AV N[V]# go. Let g9EhV 1 [V] so 
that hh, = go = 21 °° &, Where hy, 81, ..», 8, € V. Then 


h= Siiee a gies = [V], 
and [V] is closed. Q.E.D. 


3. Lemma. Let G be a Lie group and let Gy be the (connected) compo- 
nent of G containing the identity e. Then Gp is an open invariant sub- 
group of G, and a Lie group, and the components of G are the cosets of Go. 


Proof. Since G is locally connected, it follows that Go is open. We have 
seen in lemma 1.31 how G, inherits the C® structure of G. Thus, Gp is a 
C® manifold. Hence in order to show that it is a Lie group itsuffices 
merely to show that it is closed under multiplication and thetaking of 
inverses. For then the restriction of these operations to Gp» will beC”. 
Now, Gj’, as homeomorph of Gp in G is connected. Hence, since 
e=e-teG~! 4G, it follows that G)UG,' is connected. Hence 
Go U Gy! = Gy and G5! S Gy so that Gp is closed under the taking of in- 
verses. Next, note that if GoGo is the set of all products gh (g € Go, h € Go), 
then GpG, is connected since it is the image of the connected set Go x Go 
under the multiplication mapping. Since e = ee € GoGo, we have GoGo 
© Gp and therefore Gp is closed under multiplication. Thus, Go is a Lie 
group. 

Since for any x, e = xex~1eExGox-1 and xGox~—! is connected, we 
have xGox~* © Go, so that Go is an invariant subgroup. 

Finally the left cosets xGo are all connected, since left-multiplication 
is a homeomorphism. They are maximal connected subsets of G since if 
xGo © H properly and H is connected, then Gy < x~!H properly and 
x1 H is connected, and this contradicts the definition of Gy. Q.E.D. 


4. Definition. Let G, G’ be Lie groups, and let f:G — G’. fis called a Lie 
group homomorphism, or simply a homomorphism if f is a group homo- 
morphism [f(gh) = f(g) f(h)] and fis C®. If further fisa homeomorphism, 
then it is called an isomorphism. If fis a mapping defined on some neigh- 
borhood U of e in G, if fmaps U into G’, and if f(gh) = f(g) f(A) for een 
in some neighborhood V of e satisfying VV < U, then fis called a local 
homomorphism. Vf in addition, f is a homeomorphism of some neighbor- 
hood of e onto a neighborhood of the identity e’ in G’, then fis called a 
local isomorphism. 
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Clearly any homomorphism (isomorphism) of G into (onto) G’ is a 


local homomorphism (isomorphism). We now show how these notions are 
related to each other. 


5. Lemma. Let f be a C” local homomorphism of the connected Lie 
group Ginto G’. Then there is at most one homomorphism /:G > G’ which 
agrees with fin a neighborhood of e. 


Proof. The proof follows from Definition 4 and Lemma 2 since a ho- 
momorphism of a group is determined by the images of a set of generators 
for the group. Q.E.D. 


6. Lemma. If /:G — G’ is a homomorphism (not necessarily even con- 
tinuous) and if fis C™ at e, then fis everywhere C”. 


Proof. Let U be a neighborhood of e in which fis C®, and let gy € G. 
Then goU is a neighborhood of gy. We prove fis C” in goU. If g € goU, 
we have f(g) = f(g08o 'g) = (80) f(go ‘g). This is C® in goU since all 
mappings involved in this formula are C®. Q.E.D. 

Lemma 5 shows the uniqueness of an extension of a local C” homo- 
morphism to a homomorphism in the large, while Lemma 6 shows that 
if the extension exists in the group theory sense it is automatically C®. 
The following theorem gives a condition for a local homomorphism to be 
extendable to a homomorphism in the large. 


7. Theorem. Let f be a C® local homomorphism of G into G’, and let G 
be simply connected. Then there is a unique C” homomorphism /:G > G’ 
such that f = fin a neighborhood of e. 


Proof. Uniqueness follows from Lemma 5, while Lemma 6 shows that 
the homomorphism f, if it exists, must be C®. 


To show that f exists, we argue as follows. Let Vo be a connected 
neighborhood of e such that f(g:g2) = f(g:)f(g2) for g;e Vo, and let 
V & Vz be a connected neighborhood of esuch that V-'V & Vo. Let g(Z) 
(a < t < b) be any continuous curve in G. We shall define an element 
h = H{g(t)] € G’ depending on the curve g(t) and having certain properties. 
(Ultimately, H[g(t)] will be seen to be f(g(a))~* f(g(b)).) 

Call a partition @9 = a <a, < +: <a,=b of [a,b] fine (for the 
curve g(¢)) if, for any subinterval J, = [a,_,, ay], the statement ¢,, , eh, 
implies g(t;)~! g(t) € Vo. It follows from the compactness of [a, b] and the 
continuity of the group operations that there is a 6 > 0 such that if 
|t, — t,| < 6 then g(t,)~1 g(t2) € Vo. Thus, fine partitions (for the curve 
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g(t) exist. Put Ag, = g~‘(a,-1) g (a), so that 4g, € Vo. Now define 
A{g(t)) = f(4g1) «+ fA8n)- » 

We first show that H does not depend on the (fine) partition of [a, 5]. 
Suppose that a point is added to the partition, i.e. that [a,_1, a,| is re- 
placed by [a,-,,c] and [c,a,]. Then, since Ag, = g~*(a,_1) 8(@) 
= [g7*(a,_1) a(O)] [g~*(c) (@)] = 4’g,° 4"g,, and since f is a local 
homomorphism, we have f(Ag,) = f(A’g,) f(A"g,). Thus H is unchanged if 
one point is added to the partition. Consequently, H does not depend on 
the partition at all, since any two fine partitions have a common refine- 
ment. 

Next we note some properties of H = A[g(t)]. 


A(gog(t)) = H(g(2)). (1) 
HA(g,(t) * g2(0) = H(gi()) A(g2() (2) 


where g,(f) * g,(¢) is the product curve obtained by first traversing along 
g, and then along g,, it being presumed here that the endpoint of g, 
coincides with the beginning point of g,. 


F(g(t)) = f(g(a))~* f(g) (3) 
if g(z) is entirely within V. Finally 
H(constant) = e’ (4) 


where e’ is the identity in G’. The proof of (1) is trivial, since A(gog) = Ag 
because (£02) (gog2) = 2, 'g2. Statement (2) is also immediate since 
we may partition so that the common endpoint of g, and starting point of 
g> is in the partition. Statement (3) is equally clear since if g(Z) is entirely 
in V, [a, 6] is already a fine partition. Statement (4) is trivial. 

We next show that H depends only on the homotopy class [g(a] of g(7) 
(where the homotopy keeps end points fixed). For let g,(t) be a continu- 
ous mapping on the square 0 < s, t < 1 into G which is a homotopy be- 
tween go(t) and g,(t). We have g,(0) = constant, g,(1) = constant. Let 
0 < so < 1 and let 0 = ay < a, < --- < a, = 1 be a fine partition for 
gs.(¢). Then for s sufficiently close to sy, these points also constitute a 
fine partition for g,(¢); moreover g,(a;) (g;,(a@;))~! will lie in Vo. We now 
observe that it follows inductively for 1 < k <n that 


[+] S(eso(4o)~ * Ssl41)) M8541) * Sso(A2)) -** fBso(Qx—1)7* Sso(@x)) 
= f(gs(ao)~* g5(a1)) F(gsla1)~* g(ar)) » mC ye &(a,)) 
x fgs(ax)~* Bs(4x))- 
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Indeed, if k = 1, this follows from the formula f(gh) = f(g) f(A) for 


g,he Vo and the equation g,(0) = g.(do) = £5,(ao). We gofromktok + 1 
by multiplying both sides of [*] by 


Is (ax) ‘ Bso(Qu+ 1) 
= f(8so(Gx)~ * e(ax)) Mean)” * Bs(n+1)) f8An+1)~ * Bso(4n+1)) 


Thus [*] holds for all k, and in particular k = n; therefore H[g¢,(1)] 
= f[g,,(t)] for all s near so, since g,(1) = g,(a,) = gs, (a,). Since this holds 
for each sg, we have of course H[g,(t)] = Alg.(t)]. 

Now, G is simply connected. Hence, if g, and g, are any points of G, 
all curves joining g, to gy are homotopic. We may therefore write 


H = H(g;, 82) = H(g(2)) 


where g(f) is any curve joining g; to g,. Rewriting (1), (2) and (3) in this 
notation, we have 


A(g1, 82) = A(go81, 8082) (4) 
H(g1, 83) = H(g1, 82) H(g2, 8s) (5) 
A(g1, 82) = f(1)"*f(g2) if g,eV. (6) 


Finally, we define 


Kg) = Hee, g) 


f(g) =f(g) for geV by), 


so that 


and 
fgh) = He, gh) = He, g) H(g, gh) = He, g) Heh) = fig) fl). 


Thus, f is the required homomorphism. Q.E.D. 


8. Corollary. If the simply connected groups G,, G, are locally iso- 
morphic, they are isomorphic in the large. 


Proof. Let f be the local isomorphism of G, into G, and let f, be its 
local inverse. We construct f:G, > G2,f,;:G, > G, as in Theorem 7. We 
have f(/:(g)) = g for g near e. Therefore f(f,(g)) = g for g near e. But by 
the uniqueness asserted in Theorem 7, fh(2)) = g identically. Similarly 
fi(f(g)) = g identically. Q.E.D. 
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Thus, a simply connected group is completely determined by its local 
structure. We shall show presently that any Lie group G is locally iso- 
morphic with a simply connected Lie group G, so that there isa 1 = 1 
correspondence between the family of all classes of locally isomorphic Lie 
groups and the family of all simply connected Lie groups. 

The following lemma gives useful information on how the fundamental 
group ,(G) of a Lie group G is related to the group structure of Gand 
how this fundamental group enters into the question of local isomor- 
phism. 

9, Lemma. Let G be a Lie group and let :t,(G) be its fundamental group 
with base point e. Then z,(G) is commutative, and multiplication of paths 
may be defined directly in terms of the group operation: [g(‘)] * [A@] 
= [g(2) - h())] = [AO] * [I]. 

Proof. If 2(t), h(t) are paths beginning and ending at e, we define 
ks. 1) = g(S)h), 

t 


h(t) 


The diagram shows the homotopies connecting g(¢) * h(t) and A(t) * o(t 
with each other and with g(t) A(t). Q.E.D. ome 


10. Theorem. Let G be a connected Lie group. Then there is a unique 
simply connected group G which is locally isomorphic to G. The group G 
covers G with a projection p which is a homomorphism and local iso- 
morphism. The kernal p~*(e) of the homomorphism p is a discrete sub- 
group of G, isomorphic with z,(G). Each element of p~'(e) commutes 
with each element of G. 
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Proof. The uniqueness of G up to C® isomorphism follows from Co- 
rollary 8. We prove existence and other properties of G by making the 
universal covering manifold G of G into a Lie group. For convenience, 
we represent the elements of G as equivalence classes [¢] of curves ig — (7) 
(0 <¢ < 1) in G with g(0) = e. Two such curves are to be identified if 
one can be deformed into the other with fixed end points. By the general 
theory already outlined in section 0, G may be made into a simply con- 
nected covering manifold of G, with the covering projection given by 
P([g]) = g(1). We make G into a group by defining [g] [h] = [k] where 
k(t) = g(t) A(t). Clearly, a homotopy of g and one of h multiply to give a 
homotopy of k, so this definition is legitimate. The multiplication which 
this definition gives clearly makes G into a group with identity ¢ = [e], 
where e(t) = e, and inverse defined by [g]-! = [g~+] where g~'(r) 
= g(t)~'. It is also clear from our definition that p is a homomorphism: 
P(g] fh) = p(g]) pA). We know from general considerations that p is 
a local C® homeomorphism. This shows that the group operations in G 
are C®, making G a Lie group, and that p is a local isomorphism. This 
completes the first part of the proof. 

For the rest, note that p~ '(e) is a discrete invariant subgroup of G since 
it is the kernel of the homomorphism p. If now gp ep~‘(e), and geG, 
then f(g) = ggog~! is a continuous mapping from G into p~‘(e). But G 
is connected, and p~‘(e) is discrete. Thus we must have f(g) = constant 
= f(e), and ggog™* = 8o OF 880 = 808. Q-E.D. 

The following converse of Theorem 10 will be used in a later section. 


11. Theorem: Let G be a Lie group, and let N be a discrete invariant 
subgroup of G. Let G/N = G’ be the factor group of G by the subgroup N, 
and let f be the natural map of G into G’, i.e., the map which sends each 
g € G into its coset gN. Then we may define a topology for G’, and a family 
of coordinate systems (p,, U,,) defined in a family of open sets U, covering 
G’, in such a way that G’ becomes a Lie group, that fis a C” map of G 
onto G’ mapping open sets into open sets, and that the mapping f is a 
covering of G. 


Proof: Call a subset U’ of G’ open if f~'(U’) is open. This plainly de- 
fines a topology for G’, and the map / is plainly continuous. If U € Gis 
open, then f-1(f(U)) = NU = u gU is open; hence f maps open sets 

gEN 


onto open sets. Let g’ # h’ be elements of G’, and let f(g) = 2’, f(A) = Nr’. 
Then we may find a neighborhood Vo of the identity such that Vo = V, 
and h-1gV)Vo AN = @. Then f(gVo) Af(AVo) = 4, since if vy, v2 € Vo 
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and f(gv,) = f(hv2), then gv,vy 'h-1 € N, so h~*gv,v;*e N, a contradic- 
tion. Therefore g’ and h' are contained in the disjoint open sets f(gVo) and 
f(hVo), proving that G’ is a Hausdorff space. If U’ < G’ is open, then 
f-4(U’-*) = (f-1(U’))~1; this shows that g’ > g’~* is a continuous map 
of G’ into itself. We leave it to the reader to verify that (g’, h’) > g’h' isa 
continuous map of G’ x G’ into G’. 

If V is a connected neighborhood of the identity such that V = V~? 
and VV AN = fet, and geG, then fis a one-to-one mapping of gV into 
G’. For, if f(gv,) = f(gv2) (v,; € V), we have f(vy'v,) = e, so v, +0, EN, 
and therefore v,'v, = e, i.€., 01 = 02. 

We may now show that fis a covering of G’. Indeed, if g’ € G’, f- 1(¢’) 
= gNis discrete. Also, f-'(f(gV)) = UngV, and it is easily seen that fis a 

neN 


homeomorphism from ngV onto f(gV), and that the component of go in 
U (ngV) = VU (gnV) is nogV since this latter union is a union of disjoint, 
n€N n€N 


connected, open sets. 
We now make G’ into a manifold in the following natural way. The 
family {f(gV)} covers G’; define coordinate maps by the formula 


pAb’) = pig "fF -*(h')) (A e f(gV)) 


where p is the coordinate map for V and f~1 sends f(gv) onto gu, ve V. 
We leave to the reader the straightforward verification that this formula 
makes G’ into a manifold, and also into a Lie group. 

The manner in which coordinate systems in G’ have been defined plainly 
makes fa C® map, and a local isomorphism of V onto f(V). This con- 
cludes the proof. Q.E.D. 

The following analysis reduces the study of connected Lie subgroups to 
local considerations. 


12. Definition. Let G be a Lie group and let H be a submanifold of G 
which is also a Lie group using the operations of G. Then H is called a Lie 
subgroup of G. 


13. Definition. Let G be a Lie group and let L be a submanifold of G 
containing the identity e. Suppose there is an open neighborhood U of e 
in L such that (g, h) > ghis a C” mapping of U x U into L and such that 
g > g~* is C® from U into L. Then L is called a local subgroup of G and 
U is called a germ of the local subgroup. 

The reader should bear in mind the example (concerning the torus) 
which was given immediately preceding Definition 1.27. It partially ex- 
plains the complications involved in the following theorem. 
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14. Theorem. Let L be a local subgroup of G, with germ U. Suppose 
further that U is connected. Then there is a unique connected Lie sub- 
group H C Gin which Uisa neighborhood of e. Moreover, if L’ is a local 
subgroup of G, U’ a connected germ of L’, then the connected subgroup 
H’ determined by U’ is the same as H if and only if Um U’ is open in U 
and in U’. 


Proof. We first prove that the mapping g > g~' sends open subsets of 
U into open subsets of L and that g > g~! is C® on the set UU U-}. To 
see this, we let t:G — G be the inverse mapping defined by t(g) = g7', 
and t’ = t|U. t is clearly a homeomorphism, and therefore t, is 1 — 1 
from A, onto A,-1. If we take into account the natural embedding of the 
tangent space A; of L at g into the corresponding tangent space A, of G 
at g (cf. Lemma 1.30) we see that tr, is also 1 — 1. But t, sends Aj into 
Aj-1, and these spaces have the same dimension (the dimension of the 
local subgroup Z). Thus 7}, is also onto and the above assertion is an easy 
consequence of Lemma 1.18c. 

In an entirely analogous manner, we may show that the mappings 
£ > Yog, and h > hgy are local C*® homeomorphisms for fixed go € U. 

Now let H be the (abstract) subgroup of G which is generated by U. We 
now assert that for fixed hy e H, there is an open subset U’ of U which 
contains e such that the map g > /ogh' is C® from U’ into U. This fol- 
lows by the above results if we write hy = gi! --- gi", g, € U, &; = +land 
use an induction on 7. 

We now make H into a topological space by defining a set O < H to be 
open if for any ge O, there is a neighborhood U’ of ein U such that 
gU' © O. We leave to the reader the verification that this definition makes 
Ha Hausdorff space. 

Next, H is made into a C® manifold by the following procedure. Let 
(p, V) be a coordinate system in U such that ee V ¢ U, p(e) = 0 and 
pP(V) = {x| |x] < 1, x € R*} where k is the dimension of U. We take as a 
coordinate cover for H the family (p,, V,) (h¢ H), where V, = AV and 
ph’) = p(h-th’) for h’ € hV. The verification that this makes H intoa C™ 
manifold is as follows. If h, V and h,V overlap, the coordinate transforma- 
tion connecting these two coordinate neighborhoods is 


F(%) = Pioday (X) = Pha “hip~*()). 


This mapping of R* into R* is C® since it is the composition of C® map- 
pings: x > p~*(x) > (hy *h,) p~*(*) > plhz *ip~*()). 
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To show that H is a Lie group, we proceed as follows. Let 4,, 42 € H. 
First, there exists a neighborhood V’ of e in V such that V’ VS (yas 
the neighborhood of e used to define the C” structure on #7.) Then by 
what has already been proven, there exists a neighborhood V” of e in V" 
such that hy 'V"h, S V’, and such that the map g > hy ‘gh, isa C” map 
of V” into V’. We then have 


EERO ey ea, 
and therefore 


We now express multiplication h{h} for h', ¢ h,V” in coordinates, using the 
above coordinate systems. If x is the coordinate of h{ (in the coordinate 
system (pn,,,V")), and if y is the coordinate system of 45 in the co- 
ordinate system (p;,,,V”), then multiplication is expressed in coordi- 
nates by the function m(x, y), where 


m(x, y) = p{(Ayh2)~* [hip *(*)] - [ap *0)} 


= pity payin) ps 


Therefore multiplication is C® from H x H into H. Similarly, the map- 
ping h > h~1 is C® from H into H, and therefore H is a Lie group. 

To show that H is a Lie sub-group of G, it is necessary to show that the 
inclusion map i: H > Gis regular (i.e., that 7, 1s 1 — 1). But this is trivial 
at e and hence at all Ae H by translation. 

Finally, H is connected by the following argument. The component Ho 
of e in His certainly connected (cf. Lemma 3). Clearly U, by hypothesis 
connected, is in Ho, and is a neighborhood of e in H,. Therefore, by 
Lemma 2, H, is generated, group-theoretically, by U. But, by definition, 
His generated by U. Hence H = Hy. 

We have thus far shown the existence of the connected Lie subgroup H 
described in the statement of the theorem. The uniqueness is clear; if H, 
satisfied the hypotheses of the theorem, it would of course have to be 
identical with H as far as its points, its topology and its C® structure. 

Finally, suppose the connected germ U’ generates the connected Lie 
subgroup H’, with U’ open in H’. Then if H = H’, U and U’ are both 
open in H, hence U m U’ is open in U and U’. Now suppose conversely 
U  U' is open in U. It then follows that U > U’ generates H, since 
U © U'is a neighborhood of e which is contained in a connected neigh- 


| THE LIE ALGEBRA 47 


borhood of e. Therefore, if U 4 U’ is open in U and U’, it follows that 
U m U' generates both H and H’' and therefore H = H’, verifying the 
final statement of our lemma. Q.E.D. 


3. The Lie Algebra 


In this section and the following sections, we show how the study of a 
Lie group G may be greatly simplified by considering the tangent space A 
of G at e. We shall show how a muitiplication (the Lie product, or Lie 
bracket) may be introduced in A and that the resulting algebraic struc- 
ture—called a Lie algebra—determines the local structure of the group. 
Thus, two groups will be locally isomorphic if and only if their Lie al- 
gebras are isomorphic. The Lie algebra is a finite dimensional algebra. 
Therefore the local study of Lie group is entirely equivalent to the study of 
certain finite dimensional linear algebraic structures—a great simplifi- 
cation. 

if geG, let A, denote the tangent space of Gat geéG. Then the 
left multiplication h > goh induces (cf. Definition 1.14) a linear map 
from A, into A,,,. Similarly, right multiplication by go induces a map of 
A, into Ang, 


1. Definition. If 2 ¢ A,, we write gA for the image of 2 under the map of 
A,, into A,, induced by the map h — gh, and Ag for the image of A under 
the map of A, into A,, induced by the map h — hg. 

Using Lemma 1.21, this definition immediately implies the following 
lemma. 


2. Lemma. Let A € A, be represented by the curve A(f) at ¢ = fo, and 
let g € G. Then gd is the element of A,, represented by the curve g - h(t) 
att =f), and Age A,, is the tangent vector represented by A(t) g at 
t = to. 

In symbols, (cf. Definition 1.19): 


d dh(t) d dh(t) 
a gh(t) = g P S (t)g = g ( 


By applying Lemma 1.15 to the operations of left and right translation, 
we easily obtain the following properties of the multiplication introduced 
in Definition 1. 
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3. Lemma. Let g, h, ke G, 4, we Aj, a, b real. Then 
g(ad + bu) = alga) + (gu) 
(ad + bug = a(dg) + b(ug) 
(kd) = (gk) A; (Ag) k = A(gk) 
(gd) k = g(ak) (= gdk) 
Ce) 


Formula (1) may be generalized to obtain the derivative of g(¢) A(2). 
The usual formulas of calculus apply. 


4, Lemma. If g(7), A(t) are curves in G, then 
d dh dg 
— g(t) h(t) = g(t) — + — htt 2 
FUE, BU =F (Z) (2) 
d dg 
eit ae et 3 
A [g(t)] Se (3) 


d 
Proof. We calculate aH g(t) A(t) by using the definition (Definition 1.19) 


and the chain rule. Let f be a real-valued function on G. Then 


d 
ey [s@) A] 


COLO) 
P at 


t=to 


t=fp 


aa ds 
me Fig(s) h(u)) o 


fee 
>» OU 


t=t 


t=1To 


where s = s(?) = ¢and u = u(t) = 2. 
Thus, 


d 
a [g(¢) A(Z)] 


d 
= ah (g(t) A(to)) 


d 
iG Ss tp FRACS) A(t)) 


t=to 


=F) ned (f) + 8) 4) 
~[ev | 4 a 
Ho) ae i) (f) 
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This proves (2). Formula (3) foilows by a straight-forward use of the cal- 
culus of implicit functions: 


de 
0= 5 = = (e201 a Fe + Ee -1 


; d : 
Solving for a g~*, with the help of Lemma 3, we have (3). Q.E.D. 


Since gd and Ag are defined in terms of the group structure, the follow- 
ing lemma is clear. 


5. Lemma. Let f:G > G’ be a homomorphism, g, he G, g' = f(g), 
h’ = f(h), so that f,,:A, => Dish gtley os Ans 4 Ang => Aya’ Then 


Ff(Ag) = fx(A) f(g) 


Flea) = f(g) f(A) 
for AE A,. 


Proof. Let A be represented by the curve h(f) at t = 0, so that dh/dt|,—o 
= A, Then, using Lemma 1.21 and the homomorphism property of f,; we 


have 
folte) = fu(F s) ee 


atl 
dh 
f(g) =f G 


A similar argument is used for /,,(g4). Q.E.D. 


) = 4 40) Ae) 
i dt 


t= t=0 


= < Kh) ; ) Ae) = f(A) (8) 


Remark. If fis only a local homomorphism, then the above proof shows 
that, for example, there exists a neighborhood U of e in G such that if g, 
he, AcA,, then f, (Ag) = f(A) f(g). 

Now let A = A, be the tangent space of G at the identity e. Lemma 4 
can be used to show how the group structure of G and the vector space 
structure of A are related. 


6. Lemma. Let A, « € A and let c be real. Suppose / is represented by 
g(t), w by A(t) at t = 0. Then 


A + wis represented by g(t) h(Z) 
—A is represented by [g(4)]~* 
cA is represented by g(ct) 
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Proof. By definition, we have 


dh 
-8) p=S , Q=10 =e. 
dt t=0 t=0 
Thus, 
d dh dg 
— en = 9(0) — +8 AO) =At+yp 
es t=0 dt t=0 dt |\t=0 
d dg 
—[g)-?|} =—-s0)*—| s0)=-A 
5 [e(2)] a Fil as 
d g(ct) = (a dg — ch 
dt t=0 dt |1=0 


These are our assertions. Q.E.D. 
We now take a basic step by introducing a multiplication in A. 


7. Definition (of Lie bracket): Let A, uw ¢ A and let A be represented by 
the curve g(f) at tf = 0. We define 


wl = “(ete 
dt 


t=0 
More explicitly, if g(¢) is any curve satisfying g(0) = e, we have 
dg 
dt 
Using Lemma 1.21, we can show very easily that [A, uw] does not de- 
pend upon the choice of the curve g(t) used to represent A. To see this, we 
take M =G and M’ = A. If we fix we A and define the function 
f: M— M' by the formula f(g) = gug™', it is seen that Definition 7 mere- 
ly states that [A, u] = f,(A), where a tangent vector to the vector space A 
identified with a vector of A in the usual way. 
Note that [A, u] € A if 2, we A, so that [A, w] may be regarded as a pro- 
duct of elements of A, with a value in A. 
In order to compute [A, 4], and reveal its properties, we go to coordi- 
nates. We take a coordinate system (p, U) containing e, and assume that 


p(e) = 0. We assume G is n-dimensional and express multiplication by a 
function z = m(x, y) where x, y, z € R". Explicitly 


m(x, y) = p[p~*(x) - p~*()) 


. | = £ e@ wleo-) 
at 


t=0 c= 0) 
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where x and y lie in a sufficiently small neighborhood of 0. Similarly, the 
inverse function w = I(x) is expressed by 


I(x) = p([p~*))-*) 
From ge = eg = g, it follows that 


m(x,0) =x,  m(0,y)=y (4) 
Setting 


m(x, y) = a(x) + b(y) + e(x, x) + d(x, y) + ey, y) + 
and using m(0, 0) = 0, we have 
x=ax)tecx,x)t--5 y=by)+e,y+-- 


by (4). By comparing both sides, we find a(x) = x, c(x, x) = 0, b(y) = y, 
e(y, y) = 0, ... so that (changing notation slightly), 


mMx,y)=x+ytax,y)t+-- (5) 
The same argument gives 
mx, y)=x+yt+ a(x, y) + bx, x,y) tex yyt- (6) 


to third order. At this point, we note that the second order bilinear term 
a(x, y) depends on the coordinate system, yet the first order term is al- 
ways x + y in any coordinate system. Thus we may say that multiplica- 
tion is commutative to first order. 

Next we calculate the form of the inverse function J(x). Since gg~* = e, 
we have, in coordinates, m(x, J(x)) = 0. Hence, if 


K(x) = d(x) + ex x) + 
to second order, then substituting in (5), we have 
0 = m(x, I(x) = x + Ux) + a(x, I) + + 
= x + d(x) + e(x, x) + a(x, d(x)) + -- 


By comparing terms, we have x + d(x) = 0; e(x, x) + a(x, d(x)) = 0 
Hence d(x) = —x, e(x, x) = a(x, x), and 


K(x) = —x + ax, x) +°° (7) 


The following lemma gives the coordinate expressions for various im- 
portant group-theoretical expressions. 
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8. Lemma. Let x and y be the coordinates of g and h/ in a coordinate 
system about e. Let / denote the coordinate of the tangent vector A in this 
coordinate system. Let “~” denote “is expressible by the function” so 


that 


gh~ mx,y)=x+ytax,y)t- (5) 
ginlx)=-x+a%,x)+°° (7) 
Then 
ghg-* ~ y + a(x, y) — aly, x) + ° (8) 
and 
ghesh-* ay) ays (9) 
to second order in x and y. Moreover 
To Lae 2 . 
gah =A+ a(x, A) + aA, y) + °° (10) 
to first order in x and y for Ae A, and 
pa 
gug-* = fi + a(x, @) — ala, x) + + (11) 


to first order in x for uw € A. Finally 


a, 
[A, w] = aA, fi) — a(@, A). (12) 

Proof. By computation we have 

ghg-* ~ m(m(x, y), x)) = m(x, y) + Wx) + a(m(x, y), 1)) + + 
=x+yta(x,y) + —x + a(x, x) + a(x + y, —x) + -- 
= y + a(x, y) — aly, x) + 

This proves (8). Using (8) we have 

ghg-*h-* ~ my + a(x, y) — ay, x) + ++, 1) 
=y + a(x, y) — aly, x) + —y + aly, y) + aly, —y) + - 
= a(x, y) — aly, x) + + 

which proves (9). To prove (10), we suppose that A is represented by the 


curve k(t) and 


k(t) ~ it 
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Then gdh is represented by gk(t) h. But 
gk(t)~x+4t+ a(x, 4) +--=x4+ (A+ aeAtejrt 
Hence 
skQ)h~xt+ Ata(x,A+-)t+ y 

+ ax + A +a(x,A+-- ty) + -- 
=x+tytaxy) te +A + a(x,A) 
+ aA, yt t+ -+ 


Thus, using Lemma 1.12, we have (10). (11) may be proved in a more 
direct manner from either (8) or (10). Finally, if g(4) represents A at ¢ = 0, 
we have 


g(t) ~ At + -- 
and by (11) we have 
eee f 7 
g(t) ulg(@)]-1 = @ + (ald, @ — af, A] t + -- 


Hence we have (12) by Definition 7. Q.E.D. 
Infinitesimal statements of the formulae of Lemma 8 are fairly clear and 
suggestive. Informally, they are: 


(e + Adt) (e + uds) (e + Adt)-1 =e + pds + [A, wl dsdt (8) 
(e + Adt) (e + pds) (e + Adt)~' (e + uds)-* =e + [A,u]dsdt 9)’ 


(e + Adt) ule + Adt)-* = w+ [A, u] dt (11) 

Formulas (6) and (7) give 
(e + Adt)(e+ pdt) =e+(A+pd (6)’ 
(e+ Adt)t=e-—-Adt. (7) 


We now prove some general properties about the Lie bracket. 


9. Theorem. Let 4, wu, ve A, and let a and b be real. Then 
[A, qu + by] = afA, pw] + O[A, »] 
[au + by, A] = aly, A] + dp, A] 


54 LIE GROUPS AND THEIR LIE ALGEBRAS [3 
Thus, [A, w] is a bilinear function from A x A into A. Moreover 

[A,u] = —[v, 4] and [4,4] = 0. (skew-symmetry) (13) 

(fA, 21,7] + [Lu 2] 4] + [[», 4], 4] = 0. (Jacobi identity) (14) 


Proof. We work entirely in a coordinate system. Bilinearity of [A, 4] 
follows from the formula 


(ee ” . 
[A, Ht] = aA, fi) a ac, A) (12) 


of Lemma 8. Formula (13) is an immediate consequence of formula (12), 
for this implies [A, uw] = —[u, A]and [A, 2] = 0. (It is an easy consequence 
of bilinearity that either of the equalities in (13) implies the other.) 

The proof of (14) involves a lengthier computation and is the first full 
application of the associative law in G. If g, h, k have coordinates x, y, z, 
we have (using the “~”’ symbol of Lemma 8), 


(gh) k ~ m(m(x, y), Zz); g(hk) ~ m(x, m(y, z)) 
Thus, 


m(m(x, y), z) = m(x, my, z)). (15) 


We calculate to the third order, as (15) turns out to be true automatically 
to the second order. We have, by the computations preceding Lemma 8 


m(x, y) = x + y + a(x, y) + B(x, x, y) + cx, YY) + (6) 
Thus, by a straight-forward computation, 
m(m(x, y), z) = ala(x, y), Z) a b(x, y z) 5 bO, x; z) ee 
where we have omitted second order terms and all third order terms with 


a “repeated factor”. We eliminate the terms involving b by interchanging 
x and y and subtracting, to obtain 


m(m(x, y), z) — mm(y, x), z) = + + a(lx,y]L, z+ (16) 


where we have adopted the natural notation [x, y] = a(x, y) — a(y, x). In 
exactly the same way, we obtain 


m(z, mx, y)) aa m(z, my, x)) See a(z, [x, y)) are G (17) 
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We now subtract (17) from (16) and use the more suggestive x * y instead 
of m(x, y), to obtain 


(X#¥y)*zZ—ze(xey) + z*(y#x) — (y*x)#z 
=- + [be yh a+ + (18) 
Next we rewrite (18) after changing x to y, y to z and z to x. 
(y+z)*#x —x*(yez)+x*(z*y)—(zZeyax=-- + [yz], x] +-" (19) 
and similarly 
(z*¥x)*¥y —ye(zZ*¥x) + ye(x*z) — (xaz)ey 
= + + [[z, x], y] + (20) 
Now add (18) through (20) and use the associative law (15), i.e. (x * y) * z 
= x «(yj « z), obtaining 
O=-+ + [[x, y], 2] + [b, 2] x] + [z, x], y] + --- (21) 


Finally, by comparing like terms and using Lemma 8, we have Jacobi’s 
identity (14). Q.E.D. 
Theorem 9 suggests the following definition. 


10. Definition. Let V be a (finite dimensional) vector space in which a 
function (A, “) > Au from V x V into V is defined. If Au is bilinear as a 
function of A and yw, V is called an algebra. If further, 


AA = 0 


(Au) » + (ur) A + (vA) = 0 


V is called a Lie algebra, and we write Au = [A, pu]. 
The condition AA = 0 implies skew symmetry: 


and 


Au = —pa, since Au + pA = (A+ pw) (A+ pw) — AA — pop = O- 
Theorem 9 states that A is a Lie algebra in the sense of Definition 10. 


11. Definition. Let A, and 4, be Lie algebras, and let o: A, > A,.@ is 
called a homomorphism if it is linear and o[A, u] = [o(A), o(u)J. Ifo is also 
1 — 1 and onto, a is called an isomorphism. (In this latter case it follows, 
of course, that o~1 is also an isomorphism.) 

We note that the Lie algebra of a Lie group is definable in terms of the 
local structure of the group. Indeed, the tangent space at e is so definable 
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and the definition of [A, »] and its properties involve the multiplication in 
the group only locally. For these reasons we will generally frame theo- 
rems connecting Lie groups and their Lie algebras locally. 


12. Lemma. Let f:G — G’ be a local homomorphism of G into G’, and 
let A, A’ be the Lie algebras of G, G’ respectively. Then /,, is a homomor- 
phism of A into A’. If fis a local isomorphism, then f, is an isomorphism. 


Proof. To prove our first assertion, it is only necessary to prove that f, 
preserves Lie products. Let A, « ¢ A and suppose 4 is represented by g(t). 
Then, by Definition 6, 


Zul = <0 we 


t=0 


Hence, using Lemma 5, we have 


d 
falda 1] = fe © o(0 wel" =< fa a(n" 


t=0 t=0 


= [fd, feu] 


t=0 


= 4 peli) fenl fel 
at 


since fg(t) represents f,,.A. This proves the first assertion; the second fol- 
lows from the first and from Lemma 1.15. Q.E.D. 


13. Corollary. If g ¢ G and 4, we A, then 


fA, ul] g~* = [gdg—*, gug-*] 


Proof. For fixed g, the map h > ghg~' is an automorphism t of G into 
G for which t,.4 = gdg—?. Q.E.D. 

If geG and if Ae A,, then g~'Ae A,. This process of “translation” 
gives a natural way of comparing tangent vectors at different points of a 
Lie group with tangent vectors at the identity, and hence with each other, 
and hence, ultimately, of differentiating variable families of vectors, etc. 
This is the circumstance which enables us to state the following lemma 


which generalizes the “integrability conditions” for a gradient vector field 
to an arbitrary Lie group. 


14. Lemma. Let g = g(s, t) be a function of two real variables into G 
and let 


=a) =e op Se 
Os ot 
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Then «, 6 € A and we have 


OB _ oo = 
os zy alae 0: 


Proof. We have only to verify this equation at a particular point (s, 2), 
say (s, 2) = (0, 0). We next note that we may assume 9(0, 0) = e, for we 
may replace g byh = g~1(0, 0) g(s, £) and prove the result for / and hence 
for the same « and 8. We now go to coordinates where multiplication is 
given by 


m(x, y) = x + y + ale, y) +o 
We suppose g = g(s, #) is given in coordinates by 
& = x(s,t) = sb + te+s?e+ stf+?h+-- 


(where J, c, e, f g are vectors in R”). Then 


~ 


eee eee 
Os 
dg 
Sere 
t 


Since ga = , eB = _ we may use Lemma 8 (equation (10)) to obtain 
s 


G+ a(sb + tc + ++,d) = b+ 2se + 2+: 
B + ash + te ++, B) =c + Isf t+ 2th + -- 

These equations give & and f to first order (by comparing coefficients): 
G@ = b + 2se + 2tf — a(sh + tc,b) +: 


B =c + 2sf + 2th — a(sb + te,c) + °° 


~~ 


Hence Ls = 2f — a(c, b) 
t io,0) as 
op = 2) = a,c) 
@8|<o,0) 
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But by formula (12) of Lemma 8, we have 


fo 
[cx, B] (0:0) an a(b, c) = a(c, b), 


giving the result. Q.E.D. 

Matrices and linear transformations play a central role in the study of 
Lie groups and Lie algebras. We therefore now briefly describe and con- 
sider the particular Lie group of all non-singular n x n matrices. 

We let A(n) be the set of all real n x n matrices. Then A(m) is an n?-di- 
mensional vector space, and it is therefore also a C® manifold. It is also 
an (associative) algebra, since it is endowed with a multiplication (matrix 
multiplication). The determinant of S (written det S) is clearly a real- 
valued C® function of S since it is a polynomial in the entries of S. Since 
the non-singular matrices are characterized by the equation det S # 0, 
such matrices form an open set in A(n), and therefore have a C® structure 
induced by A(n). The general linear group of order n, denoted GL (n), is de- 
fined as the group of all non-singular n x n matrices. It is clearly a group, 
and in fact a Lie group of dimension n?. Indeed, multiplication has al- 
ready been shown to be C®” and by “Cramer’s Rule” the inverse opera- 
tion S > S~} involves only polynomial operations and division by a non- 
zero determinant. GL (n) is not connected since the values of det S are all 
non-zero numbers, a disconnected set. 

A similar analysis shows that if we permit complex entries in the ma- 
trices of GL (n), we also obtain a Lie group. We then use the notation 
GL (n, C) and the (real) dimension is 2n?. However, we shall now confine 
our detailed comments to the real matrices and merely remark that the 
analysis of GL (n, C) is entirely similar. 

The identity e of GL (m) is the identity matrix J. If G is an open set of a 
vector space V, the identity mapping:Ident:G > V gives a coordinate 
system covering all of G, and therefore, using this coordinate system, the 
tangent space to G at a point P é€ G is identified with V itself in a natural 
way. Thus, the tangent space A of GL (n) may be taken to be A(n)—the 
linear space of all matrices. Then, for example, a matrix A € A(n) is re- 
presented (in the sense of Definition 1.19) by the curve S(t) = I + tA. More 


generally, any curve S’(¢) with S(O) = J represents the tangent vector 
dS’ 


(matrix) A = 
t=0 

In the same way, A(n) is also identified with the tangent space at any 

So € GL (n). Definition 1 of this section is entirely consistent with standard 

matrix notation. For a tangent vector at S € GL (n) is given by a matrix 2 
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and is represented by the curve S + tA at ¢ = 0. The left-translate of this 
curve by T is the curve 7(S + td) = TS + tT4, which by Lemma 2 re- 
presents T in the sense of Definition 3.1. Thus the tangent vector TA (and 
similarly AT) of Definition 3.1 is obtained by matrix multiplication. 

We may now compute [A, w] for A, u € A(n) (the Lie algebra of GL(n)). 
We let S(¢) represent A, so that S(0) = Jand S(O) = A. Then by using the 
ordinary calculus of matrices and Definition 7, we have 


d 
A, a) = — —1 
[2 u] = © (Sus-*) 


a — wS~} 
t 


t=0 
= Au — pa. 


We remark that if V is any (finite dimensional) vector space, and if E(V) 
is the algebra of linear mappings of V into V, and if GL(V) is the group of 
non-singular linear mappings of V into V, then the above analysis shows 
that GL(V) is in a natural way a Lie group whose Lie algebras is E(V). The 
Lie bracket in E(V) is given by the formula [o, t] = ot — to. 

We summarize the last few paragraphs in the following Lemma. 


15. Lemma. Let GL (n) be the Lie group of all non-singular x n ma- 
trices, and let A(n) be the algebra of all n x n matrices. Then A(n) is iso- 
morphic with, and identified with the Lie algebra of GL (n), where the Lie 
bracket operation in A(n) is given by the formula [S, T] = ST — TS. 
Under this identification, the tangent vector represented by a curve S(t) 
in GL(n) with S(O) = Jis given by the matrix A = (dS/dt)|, =>; a similar for- 
mula identifies the tangent vector at any matrix of GL (n) with a matrix of 
A(n). The translation operations A > g/ and A — Ag is given by matrix 
multiplication of the matrix g and the matrix /. 


4. The Exponential Function 


In a discrete group, any element g generates a subgroup, consisting of 
all powers of g, which is cyclic and abelian. For Lie groups, infinitesimal 
elements (A € A) generate a subgroup which is abelian and parametrized 
by a real parameter ¢. The “infinitesimal generation” is suggested as fol- 
lows. If g(t) is generated by (e + Adt), we mean g(t + dt) = g(t) (e + Adt). 
(Compare with g"*! = g"g.) Thus, g + dg = g + gddt and dg/dt = gi, 
and we have the exponential. 


60 LIE GROUPS AND THEIR LIE ALGEBRAS [I, 4 


1. Lemma. Let 4 ¢ A. Then the equation 
— =gi, g(0) =e (1) 


has a unique solution g = g()¢G for —c <t< +0. 


Proof. By Lemma 1.24, equation (1) has a local solution near ¢ = 0, de- 
fined for 0 < t < a witha > 0. Call this solution g,(2). We extend g,(?) 
to all t > 0 by induction. Let g,(t) be defined for 0 < t < na. Then define 
2n4+1(t) by the formulas: 


Ent+ (0) = £n(0) : OR—Sa—aria 
=g,(na)gi(t— na) na<t< 


so that g,,4.,(4) is an extension of g,(¢). It is trivial by induction that g, + 1(0) 
satisfies (1) for ¢ € [0, (2 + 1) a]. In this way, we construct a function g*(?) 
= gj (t) which satisfies (1) for t > 0: 
+ 
dex (0) =gi()4, 0<t < «, (0) =e. 
dt 
Finally, we define 


is () = g=(—1 7 t<0 
and we find that () =g-4-) coo < 


Gh aw a = 
= oO) Ss 2 eee) a a | Se S 
7 ane ) me a(s) 


= =¢°,(-) (A) =e102 


so that g; (2) satisfies (1) for —co < t < 0. Since g7 (0) = g} (0), we have 
constructed g,(¢) for all -co < t < ~. 

Uniqueness is trivial but we prove it now and omit such proofs in simi- 
lar arguments. If g,(¢), g2() both satisfy (1), then let S = the set of values 
of t where g,(t) = g(t). Then S is closed since g,(é) and g,(f) are conti- 
nuous, while S is open because of the local uniqueness of solutions of (1). 
Since 0 € S, Sis non-empty. Hence S is the set of all real numbers, since 
the real numbers are connected. Q.E.D. 


s=—t 


Remark. By Lemma 1.25, g,(¢) is C® as a function of (A, 2). 


2. Definition. Let g,(t) be the solution of equation (1) of Lemma 1. Then 
we put exp (A) = g,(1). We also write exp (A) = e’. 
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We remark that while 2 ¢ A, e+e G. Thus, the exponential function 
brings us from the Lie algebra into the Lie group. 


3. Lemma. The solution of equation (1) is g(t) = exp (tA). Thus, 
d 
Fy exp (td) = [exp (tA)] A 


Proof. Let g,(¢) be the solution of (1) and let s be an arbitrary real num-- 
ber. Let A(t) = g,(st). Then 


dh _ EO 


= tha = h(t) (sda 
es al 5g, (st) (t) (sd) 


Moreover h(0) = e. If we compare this latter differential equation with (1). 
we have 


Ssalt) = A(t) = 8,(st) (2) 
Putting ¢ = | in (2) gives exp (sd) = g,(s), which is the result. Q.E.D. 


4: Theorem. For fixed A4¢A, the mapping ¢ > exp (tA) is a homo- 
morphism of the additive group of reals into G. Thus, 


exp (S + 4) A = exp SA exp dA. 

Proof: Let so be fixed and let A(t) = (exp sgA)~1. exp [(59 + 4) A]. Then 
h(0) = e and it follows by Lemma 3 that - = hA. Therefore h(t) satisfies 
(1). Using Lemma 3 again, it follows that A(t) = exp ta. Hence 

exp tA = (exp SoA) * exp (59 + tA 
which is the desired result. Q.E.D. 

5. Corollary. exp tA and exp sA commute. 

6. Corollary. If 7 is an integer, (e*)” = e"* Moreover, (e*)~' = e7*. 

7. Corollary. e7/ = Ae. 


Proof. We have 
(t+ Day, 


aga ae ee” (= e 
Hence, using Lemma 3, and taking derivatives, 


Aa 
e*e'44 = ele 


RARY 
METHOD!ST COLLEGE LIB 
Fayetievitle, N. C. 4% 144 
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Now set ¢ = 0. Q.E.D. 


8. Corollary. The equation 2 = Ah (h(O) = e) has the unique solution 
g=el, 

Corollary 8 follows immediately from Lemma 3 and Corollary 7. 

The following lemma connects the exponential function, a homo- 
morphism f, and the induced map f, of the Lie algebras. 


9. Lemma. Let f:G — G’ be a homomorphism, and let f, be the in- 
duced homomorphism of the Lie algebras A > A’. Then, for any Ae A, 


fle’) = eA (3) 
Proof. Let g(t) = e'*. Then 


d 
“= gh; (0) =e. 
dt 


We now apply f, to both sides of the first equation and use Lemmas 1.21 
and 3.5 to obtain 


< (fet) -1(#) = fx(gd) = f(g) 7x4); Sele) = &’. 


Thus, fg satisfies the differential equation defining the exponential, and 
has the correct initial condition. Hence 


fig(d) = et 
Now put ¢ = 1. Q.E.D. 


Remark. If / is a local homomorphism, equation (3) is valid for A in 
some neighborhood of 0 in A. This is clear from the above proof and the 
remark following Lemma 3.5. 

In the next section, we shall prove a “converse” of Lemma 9, showing 
that a homomorphism of Lie groups may be deduced from a homo- 
morphism of their Lie algebras. Formula (3) gives the recipe which will 
be used. 

If we deal with the Lie algebra of matrices, the exponential takes on its 
usual] form. This is because (cf. Lemma 3.15) equation (1) reduces to the 
matrix equation 

dS (t) 


a = SOAs SO) = 
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It is very easily verified that the solution of this equation is 


Siar ae = 122 = SRN 


Hence, for matrices, 


exph=I+ d+ oi + (4) 


In this particular case, the various properties of the exponential given in 
Theorem 4 through Corollary 8 may be verified by a direct computation. 
The following lemma records equation (4) for later reference. 


10. Lemma. Let f(z) = e* for complex values of z, and let 2 be any 
n X n matrix interpreted as an element of the Lie algebra of GL (n). Then 


fo) An 
expA=f(A)= ¥ on 
n=0 U 


We now show how the exponential function gives a useful coordinate 
system for a Lie group. 


11. Lemma. The mapping 2 > exp A is a C® homeomorphism of some 
neighborhood of 0 in A onto some neighborhood U of e in G. 


Proof. We already know that the map g:A > exp/ is C”. We have 
& e4| = A, and thus by Definition 1.19 and Lemma 1.21, f,(A) = A. 
t=0 


Our assertion now follows from Lemma 1.18(c). 


12. Definition. If U is a neighborhood of e as in Lemma 11, and g « U, 
we define 2 = log g as the inverse function of g = e”. 


Remark. For matrices a neighborhood of J consists of all matrices 
I + X, where |X| < 1. These have inverses given by 7 + X)-* =I —X 


XS ey 
+ X?2.... We may easily show that, log (7 + X) = X — oy a meee. 
ze 
To see this, we note that log (1 + z) = z— —-+°:,andexpz=1+2z 


2 


2 
ae ai + --- are related by the formulas 


exp log (1 + z) =1+4 2; logexp(z)=z for |z| <1. 


By Lemma 0.35, those formulas remain true for matrices. This shows that 
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P ee Gan. ; 
the log function defined by log (1 + X) = X — = + a is the inverse 
of the exponential function for |X| < 1. 
Lemma 11 shows that the function log g is a coordinate function for a 
neighborhood of e. The coordinate space is the Lie algebra A. We formu- 
late this as a definition. 


13. Definition. Let G be a Lie group, A its Lie algebra. The logarithmic 
coordinate system of G is the coordinate system (p, U) about e, where p: U 
— A, with p(g) = log g for g € U it being understood that U is chosen so 
that log g is single valued and C® in U. 


Remark. In this coordinate system, e* has the coordinate expression A 
if A is small enough. Further, the curves g(f) = e’* are expressed by the 
lines tA. Moreover, if 2 ¢ A, the coordinate of A is A = 4. For, e' repre- 
sents A at ¢ = 0. Hence ¢A is the coordinate expression for a curve re- 
presenting A, and differentiating, we obtain 7 = A. 

Out of an infinity of possible coordinate systems, we distinguished one. 
We now show that our logarithmic coordinates are particularly useful. 
Until now we have always assumed homomorphisms to be C®. We now 
show that continuity of a homomorphism / is sufficient to ensure that fis 
Ce 


14. Theorem. Let f:G — G’ be a group homomorphism of the Lie 
groups G and G’. Let f be continuous. Then f is C®. 


Proof. By Lemma 2.6, it is sufficient to prove that fis C® at e. Let V 
and V’ be spherical neighborhoods of 0 in A and A’ such that if we write 
2V = {AA = 2A,, A, € V}, etc., then the exponential is a homeomorphism 
from 2V onto a neighborhood of e in G, and similarly a homeomorphism 
from 2V’ onto a neighborhood of e’ in G’. If U = exp V, U’ = exp V’, 
we assume V is so small that f(U) c U’. It then follows that for Ae V, 
there is a unique we V’ such that f(exp 2) = exp uw. We maintain that 
S(exp (4/2)) = exp (u/2). For, suppose f(exp (A/2)) = exp p’. Then exp 2p’ 
= [flexp (4/2))? = flexp (4/2)?] = flexp 2) = exp. Thus, 2u’ = p, 
which is what was asserted. It follows by induction that f(exp (2~” A)) 
= exp (2~"u). Therefore, using the fact that fis a homomorphism and the 
known properties of the exponential, we have 


Flexp (k 2-"4)) = [flexp (2-4) ]* = exp [k + 2-"u] 


for any integer k. That is, f(exp (tA)) = exp (tu) for each dyadic rational r. 
By continuity, this same formula must hold for each real t. We have there- 
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fore shown that for each 4 € V there is a uw € V’ such that 


f(exp td) = exp (ty) 


Next let 4,,...,4, be a basis for A, 4,e V, and let fee ea ay Salisty, 
S(exp tA;) = exp (tu,). We now define a mapping of n-space into G by the 
formula 


n(t*, ..., ) = exp (¢*A,) - exp (0"u,). 
The mapping 7 is clearly C®. In logarithmic coordinates 7 is expressed near 
t = 0 by the formula 
H(t) ~ A, Hoe + A, bee 


since the exponential exp (z'/,;) is expressed by ¢'A; and multiplication is 
always given by the sum, to first order. Since /,, ..., A, are independent, 
this shows that the linear part of 7 is non-singular and therefore by the 
implicit function theorem (Lemma 1.18c) 7 maps some neighborhood V! 
of R" onto a neighborhood U! of e in G, and 7 and 7~1 are C®. Now 


Fg) = flexp (t°A1) +++ exp (0"4,)) 
S(exp (t'A,) ++ flexp (t"A,)) 


exp (f1) +*- exp (fun) = 110) 
where 7; is also C®. But this formula shows fy = 7,. Hence f = 44y7* in 
the neighborhood U! of e in G, and fis C® in U'. Q.E.D. 


Remark. It is actually sufficient for Theorem 14 to assume that fis con- 
tinuous only at e. 


5. The Campbell-Baker-Hausdorff Theorem 


The theorem whose name is the title of this section gives the formula 
for multiplication in a Lie group in terms of the logarithmic coordinates on 
the Lie group. Recall that if A, 4 ¢A and 4, w are sufficiently close to 0, 
then 4 and yu are the logarithmic coordinates of g = e* and h = e*. In this 
coordinate system the multiplication function m(A, 4) is given by 


efet = eA: mA, B) = log (e*e") 


Hausner and Schwartz, Lie Groups 5 
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From general considerations, we know that m(A, w) = 4 + mw + +++. The 
Campbell-Baker-Hausdorff formula gives a complete analytic expression 
for m(A, ) in terms of iterated Lie brackets of the elements 2 and yw. For 


example, the quadratic term is 4[A, yu]. 
To avoid circumlocution in stating the formula of Campbell, Baker, and 


Hausdorff, we introduce some useful notations. 


1. Definition. Let A be a Lie algebra, 2 ¢eA. Then Ad / is the linear trans- 
formation in A defined by the formula 


(Ad 4) (4) = [A, #] 
Note, e.g., that (Ad 4)? w = [4 1, 14, II]. 


Warning: If A is the Lie algebra of all n x n matrices, Ad A must be re- 
garded as an n? x n? matrix, since it operates on A — an n? dimensional 
space. 

According to Lemma 3.15, the set of all linear transformations on the 
space A form a Lie algebra with the bracket operation [S, T] = ST — TS. 
The reader will easily verify that the Jacobi identity implies the following 
statement. 


2. Lemma. The mapping 4 > Ad 4 is a Lie algebra homomorphism. 


3. Lemma. Let A be the Lie algebra of a Lie group G, and let A, we A. 
Then 


e‘ue* = (exp (Ad 2)) ps (- w+ [A, pw] + = [A, [A, #]) + =) 


Proof. Let 
w(t) = ewe"; w(0) = p (1) 


For each ¢, and ¢, we clearly have 
H(to oe t) = gene = eu (tg) raed 
Therefore, by Definition 3.7, we have 


kia 


‘ d t =i 
HO) aD) ie *u(to) e-) 


_ E oe 
t=0 dt 


t=) 


= TA, u(to)] = (Ad A) (uo) 
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Thus, (2) satisfie the differential equation 


oe = (Ad 4) u(t); w(0) = p (2) 


But this equation is readily seen to have the solution 


t?(Ad A)? 
2! . 


= (exp (¢ Ad 4)) (uw) (3) 


Hence, finally, using formulas (1) and (3), we have 


w(t) = w + Ad A) w+ foe 


e‘ue* = w(1) = (exp (Ad A) u 


This is the required result. Q.E.D. 
The next lemma shows how e? evolves as A varies over an arbitrary path. 


4. Lemma. Let A(¢) by a C® curve in A, the Lie algebra of G. Let 


Zz ae a i 2 A 
y(z) = (e Diy eee erent (4) 
Then 


en < = @—Ad (0) (20) (5) 


Proof. Let g(s, t) = e*, and let 


afs, t) = gt Em eo MO MOUD = A) 


Os 
ay Og ~sact) O  sact 
,t)=g '—=e —e (6) 
BCs, ) = 8 7 5 
Then, by Lemma 3.14, we have 

op Ow 

—-—— + [&, ] = 

os at ie 


Hence 


- V0) + [A(D, 6] = 0. 


S 
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We now fix ¢, set A = A(t), 2’ = A’'(0), and write the last equation as fol- 
lows: 


- = (—Ad 4) B + 2’; BO) =0 7) 
iS 


where the initial condition follows from (6). But equation (7) may be solved 
explicitly in terms of an everywhere convergent power series in s: 


B(s, 2) = B(s) = sd’ + <(-Ad Dear = (=Ad een ae 


Putting s = 1, and using formula (4), we have 


BL, t) = BL) = (—Ad 4) a’ 
Using formula (6), we have the stated result. Q.E.D. 


5. Theorem. (Campbell-Baker-Hausdorff.) Let A be the Lie algebra of 
a Lie group G. Then for A, u in a sufficiently small neighborhood of 0 in 
A, we have 


Bec e | view Aarne cee 


10) 
where y(z) = (z log z)/(z — 1) is analytic near z = 1. 


Proof. Let U be a neighborhood of e in which the logarithm exists, and 
let V be a neighborhood of e so small that for g, he V we have ghe U. 
Finally, let N be a spherical neighborhood of 0 in A such that if A e N then 
e* eV. We now fix A, we N, and put 


F=I@ =TI@, A, p) = log (ee). 
Then, by the definition of the logarithm, 
eet = eg (8) 


We now compute Ad /(t) in terms of Ad 4 and Ad um. For each vy € A, we 
have 


Oy eT & felt ye tH e+ (9) 
Thus, by Lemma 3, we have 


(exp Ad I") » = (exp Ad A) (exp Ad tu) » 
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and therefore 
exp Ad I" = (exp Ad 4) (exp ¢ Ad 4) (10) 


We now assume that A and w are sufficiently small so that 


|(exp Ad A) (expt Ad yw) — 1| < 1 for 0 <t <1. Then we may take 
logarithms in (10) and we have 


Ad I’ = log [(exp Ad A) (exp ¢ Ad )] (11) 


Differentiating (8), we have 


d 
BLA 0s Fn 
dt 


-ra) d 
prey Ca 
dt 


Hence, by Lemma 4, we have 
p-Ad LM) LO =u (12) 


where 9(z) = (e? — 1)/z. If |z — 1| < 1, we have (—log z) = (z — 1)/ 
(z log z). Thus, setting y(z) = (z log z)/(z — 1), we have 


y(z) o(—log z) = 1 (13) 


We now substitute the linear transformation (exp Ad A) (exp ¢ Ad y) for 
z in (13) and use formula (11): 


pl(exp (Ad 4)) (exp (¢ Ad w))] o(-Ad Id) = 1 (14) 


This equation gives the inverse of p(— Ad J(¢)) and permits rewriting (12) 
in the form 
I(t) = ylexp Ad A) (exp ¢ Ad p)] (4) (15) 


Finally, we integrate (15) from 0 to 1 and recall that (1) = log (e*e*) and 
I'(0) = A, thereby obtaining the result. Q.E.D. 


Remark. The first few terms are 


log (e*e) =A+ Lt F 4 [A, “] a =: [A, [A, ay at an [us [u, Aq] snes 


70 LIE GROUPS AND THEIR LIE ALGEBRAS [les 


The Campbell-Baker-Hausdorff formula gives a direct relationship be- 
tween the Lie algebra of a group and the local structure of that group. For 
the remainder of the present section, we exploit this relationship. We first 
give a converse of Lemma 3.12. 


6. Theorem. Let A and A’ be the Lie algebras of the Lie groups G and 
G’ and leto:A — A’ bea Lie algebra homomorphism. Then there exists a 
local Lie group homomorphism f sending some neighborhood of e in G 
into G’, and such that f,, = o. Any two such local homomorphisms agree 
in some neighborhood of e. 


Proof. According to Lemma 4.9, if such a local homomorphism f ex- 
isted, we would have 


HOS ee (1) 


for 2 in some neighborhood of 0 in A. Since the mapping 2 > e* isa 
homeomorphism of a neighborhood of 0 in A onto a neighborhood of e in 
G, it follows that fis uniquely defined in some neighborhood of e in G. To 
show that f exists, we let U be a neighborhood of e in G in which the 
logarithm exists, and put 


f(g) = exp (o(log g)) gel. (2) 


This makes (1) valid for small A. 

We now verify that f, = o and that fis a local homomorphism. We go 
to logarithmic coordinates in G and G’, and suppose that m(A, «) and 
m'(d’, w’) express multiplication in G and G’ respectively. By (1), we have, 
simply, 

Fla) = ofA) (3) 


for every A. Thus, o is the “‘linear part” of /, By Lemma 1.16,f.0) = oA) 
But in logarithmic coordinates, 2 = A, and therefore f,,(A) = o(A), which 
VeliNes faa os 

To prove that fis a local homomorphism, we must prove that f(m(A, #)) 


= m' (f(A), Aw), ie. o(m(A, 1) = m'(o, ou). But according to the Camp- 
bell-Baker-Hausdorff formula, 


m(A, #) = | yl(exp Ad 4) (exp Ad tu)] (u) dt + A 


where y(z) is a certain function of z analytic near z = 1. Now, since o pre- 
serves Lie brackets, we have o[(Ad A,) (A,)] = [Ad (o/,)] (oA3). By re- 
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peated application of this result and use of power series (recalling that o 
is linear and hence also continuous), we have 


o[m(A, u)] = 0 | wl(exp Ad A) (exp Ad ty)] (u) dt + 4 


Oo 


| vl(exp Ad (0A) (exp Ad t (o1)] (op) dt + oA 


0 
= m'(a/, op) 
for all sufficiently small A and mw, and our proof is complete. Q.E.D. 


7. Corollary. Let A and A’ be the Lie algebras of G and G’ respectively. 
Then A is isomorphic to A’ if and only if G and G’ are locally (C”) iso- 
morphic. If G and G’ are simply connected then A and A’ arc isomorphic 
if and only if G and G’ are C® isomorphic. 

The proof is an easy consequence of the preceding theorem, Lemma 3.12, 
Theorem 2.7 and Corollary 2.8. The following corollary is also immediate 
from Corollary 2.8. 


8. Corollary. If A, A ‘are the Lie algebras of the Lie groups G, G’ and if 
G is simply connected, then the correspondence f > f, = o isa 1 — 1 
onto correspondence between C® group homomorphism /:G > G’ and 
Lie algebra homomorphisms o:A > A’, 

In section II.7.12, we shall prove the “global existence theorem” that 
every (abstract) Lie algebra is (isomorphic to) the Lie algebra A of a Lie 
group G. By Corollary 2.7, we see that this puts the family of simply con- 
nected Lie groups in a natural 1 — 1 onto correspondence with the family 
of abstract Lie algebras. 


Remark. The Campbell-Baker-Hausdorff formula shows that when log- 
arithmic coordinates are used in the neighborhood of e, the multiplica- 
tion function m(A, 1) is analytic —not merely C®. If (p, U) is alogarithmic 
coordinate system, we may cover all of G with the translates (pg~*, gU) 
of this coordinate system. It is fairly clear, and simple to prove, that if 
these coordinate systems are used on G, then G becomes an analytic mani- 
fold, that is, the change of coordinates in overlapping coordinate systems 
is analytic. Further, multiplication and the taking of inverses become ana- 
lytic. It is then possible to recast all of our results and strengthen C® con- 
clusions to analytic ones. However, we shall have no need for these re- 


sults. 
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6. Subgroups and Sub-algebras 


In this section, we relate properties of Lie subgroups of a Lie group to 
properties of corresponding Lie sub-algebras of its Lie algebra. As before, 
we let G denote a Lie group and A = A(G) its Lie algebra. 


1. Lemma. Let H be a Lie subgroup of G (see definition 2.12) with Lie 
algebra A(H). Then the bracket operation in A(H) is induced from the 
bracket product in A = A(G) by the natural embedding of A(#) in A(G) 
given in Lemma 1.30. Hence, A(H) is closed under the bracket operation; 
ie., if A, we A(H) S A, then [A, vu] e ACA). 


Proof. Let i: H > G be the inclusion map defined by i(h) = h. The em- 
bedding as described in Lemma 1.30 identifies 4 € A(H) with i, € A(G) 
= A. Therefore the result we wish to prove is [i,,A, i,u] = i,[A, u] for A, 
€ A(H). But i is clearly a homomorphism of H into G, and hence the 
present lemma follows from Lemma 3.12. Q.E.D. 


2. Definition. Let be a Lie algebra, and let A’ € A. A’ is called a Lie 
sub-algebra, or simply a sub-algebra of A if it is a Lie algebra under the 
operations in A; i.e., if A’ is a vector subspace of A which is also closed 
under the Lie bracket operation of A. 


Lemma | may therefore be restated, “‘If His a Lie sub-group of G, then 
A(H) is a Lie sub-algebra of A(G).”’ We now show that the Lie sub-alge- 
bras of A(G) determine all the connected Lie subgroups of G. 


3. Theorem. Let G be a Lie group with Lie algebra A. Then the corres- 
pondence H + A(#H)is a1 — 1 onto correspondence between the class of 
all the connected Lie subgroups H of G and the class of all sub-algebras 
of A. 


Proof. Lemma | shows that if H is a Lie subgroup of G then A(H) is a 
sub-algebra of A = A(G). We first show that this correspondence is 
onto. 

Let A’ be a sub-algebra of A. Using the Campbell-Baker-Hausdorff 
theorem, we shall construct a local subgroup L of G (cf. Definition 213); 
We take ’ as the coordinate space for L and we let g: A’ > G according 
to the formula 


g(1’) = exp i’ 
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We know already that g is regular in some neighborhood of 0 in A and 
hence in some spherical neighborhood V’ of 0 in A’. Thus, g injects the 
manifold V’ into G, and g(V’) is a submanifold L of G (cf. Definition 1.28). 
We now show that L is a local subgroup of G. To do this, we express mul- 
tiplication in the coordinate space V’ using the Campbell-Baker-Haus- 
dorff theorem: 


mA, wy) =A + wl + B[V p’] + + 


where “‘...”’ involves iterated bracket operations on 4’ and w’ and the series 
converges for A’, u’ in some neighborhood V” of 0 in V’. Since A’ is closed 
under the bracket operation and is also closed under the operation of 
taking limits (it is a finite dimensional vector space), we see that if V” is 
small enough, the C® function m(A’, uw’) maps V” x V" into V’. This shows 
that L is a local subgroup of G with germ U = g(V"). By Theorem 2.14, 
V is a neighborhood of e in some unique connected submanifold H. The 
Lie algebra of H—which is to say, the tangent space at e—is clearly 1’. 

To show that the correspondence H > A(A)is 1 — 1, suppose that the 
connected Lie subgroup H’ had the same Lie algebra A’ as the subgroup 
H which was constructed above. Then for some 6 > 0, the mapping 
i > exp 4',= g(4’) would be a C® homeomorphism for all 2’ € A’ satisfying 
|A’| < 6. Thus, H’ would contain a neighborhood of e which was also 
a neighborhood of e in H, and therefore H = H’ by uniqueness result 
stated in Theorem 2.14. 

(Note that we have used the obvious fact that if 2 ¢ A(H) ¢ A(G), then 
exp A4¢ H © Gis uniquely determined by the general definition of the ex- 
ponential function regardless of whether / is considered to be an element 
of A(H) or of A(G). Indeed, if 2 ¢ A(A), we have exp (i,,4) = i(exp A) by 
Lemma 4.9.) Q.E.D. 

We now show how certain properties of subgroups (and groups) may 
be determined from corresponding properties of their sub-algebras (and 
algebras). 


4, Definition. Let A’ be a sub-algebra of the Lie algebra A. Suppose that 
[A, A] S A’; ie. if Ae A, 2’ € A’, then [A, 4’] € A’. Then A’ is called an 
ideal of A. 


5, Definition. Let HW be a Lie subgroup of G. H is an invariant subgroup, 
or normal subgroup, if for h e H, g € G we have ghg~* € H and if the map 
(g, h) > ghg-' is C® from G x H onto H. 

It follows from this definition that if His an invariant subgroup of G, and 
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if 4’ ¢ A(H) while g € G, we have gd’g~' € A(H) and the map g > i: i 
is a C® mapping from G into A(A). For if 4’ € ACA) andif #’ = ae 


t=O 


we have gi’g7' = gh! e A(H) since gh(t) g~‘ is a curve in 
t=0 


H. We now relate Definitions 4 and 5. 


6.Lemma. Let H be a connected Lie subgroup of the connected Lie 
group G. Then # is an invariant subgroup of G if and only if A(#) is an 
ideal of A = A(G). 
Proof. Suppose, first, that H is an invariant subgroup of G. If ue A(H) 
and g eG, it follows that gug~* e A(A). os if Ae A, then e**ue~** is a 


C® curve in A(H) and therefore [A, 4] = — <(etue*9 e A(H). 


Conversely, suppose A’ = A(H) is an ane ie AG). By the use of 
the Campbell-Baker-Hausdorff theorem (Theorem 5.5) and equation (8) 
of Lemma 3.7, we may compute 


log (ee? e NY =N 4+ [A] 4 -- 
for |A|, |A’| sufficiently small. If Ae A, A’ € A’, this formula shows that 


log (ee e~*) e A’ and therefore e*e*’e~? € H. Since 2 > exp A(A' > exp 1’) 
is a homeomorphism near / = 0, there exists a neighborhood U of e inG 
and a neighborhood U’ of e in H such that gh’g~1 € H for h’ € U' and 
ge U. Since ghjh) --- hng~* = (ghig—1) --- (ghig~'), and since U’ gene- 
rates H, it follows that ghg~1 e H for he H, ge U. Finally, since U a 
nerates G, and since (g, +++ 8,) A(S1 ++ Bx)~* = B1(82°* Sah(B2 Bn) *) Bi" 
we see by induction on n that ghg-' ec HforgeG,he H;i.e. that His an 
invariant subgroup in the sense of abstract group theory. It is plain from 
the above argument that the mapping (g, h) > ghg~1! is C® from G x H 
into H, and this completes the proof. Q.E.D. 


The correspondence given in Lemma 6 between ideals and invariant Lie 
subgroups suggests a correspondence between quotient groups and quo- 
tient algebras. 


7. Definition. Let A be a Lie algebra, and let J be an ideal in A. The fac- 
tor algebra or quotient algebra A/I is defined as the set of all cosets A + J 
made into a Lie algebra by the usual algebraic method: 


QA+D+@+D=A+p4+1 
cA+N=c+I 
[Ae Ee 1) = papel 
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Remark. Since J is an ideal it follows easily that these definitions are 
single-valued and that A/J is a Lie algebra. The standard ‘homomorphism 
theorems’ of abstract are also clearly valid in the context of Lie algebra 
theory: If o: A> A’ is a Lie algebra homomorphism with kernel 
I= o~'(0), then Jis an ideal of A, o(A) is a sub-algebra of A’ and there is 
a natural isomorphism between the image Lie algebra o(A) and A/J. 


8. Lemma. Let G be a Lie group and let N be a closed normal Lie sub- 
group (cf. Definition 5). Let G/N = G’ be the factor group of G by the 
subgroup N and let / be the natural map of G into G’, i.e. the map which 
sends each g € G into its coset gN. Then we may define a topology for G’, 
a family of open sets U, covering G’ and a family of coordinate systems 
(P,, U,) in such a way that G’ becomes a Lie group, that fis a C” map of 
G onto G’ which maps open sets onto open sets, and that f,, maps the Lie 
algebra of G onto the Lie algebra of G’. 

This statement should be compared to Theorem 2.11. We omit the 
proof which is quite similar to the proof of that theorem, except for the 
details concerning the C® structure of G’. We note that it is essential that 
N be closed. For N = f~4(e) must be closed if fis to be continuous since 
the inverse image of a point under a continuous mapping is a closed 
set. 

Recall the example immediately preceding Definition 1.28 of a normal 
one-dimensional subgroup which was dense in an n-dimensional torus — 
hence not closed. We now show that such pathological normal subgroups 
do not occur when G is simply connected, so that for simply connected 
groups, the correspondence between ideals and normal subgroup, and 
between quotient algebras and quotient groups is complete. 


9. Theorem. Let G bea simply connected group, and let N bea connected 
invariant Lie subgroup. Then JN is closed. If Jis the Lie algebra of N, 
then the Lie group G/N has as Lie algebra A/J. Thus, there is a 1 — 1 cor- 
respondence between quotient algebras 4/J and quotient groups G/N for 
which N is a connected normal Lie subgroup of G. 


Proof. Let A be the Lie algebra of G, J < A the Lie algebra of N. Then 
Tis an ideal by Lemma 6 and we let A’ = A/J be the quotient Lie algebra. 
We now use the theorem -—- which we will prove much later in the present 
book —that every Lie algebra is the Lie algebra of some Lie group (cf. 
Theorem II.7.12). Let G’ be a group whose Lie algebra is (isomorphic to) 
A’. Now let o: A — A/I be the natural Lie algebra homorphism defined 
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by o(A) = 4 + J. According to Theorem 5.6 there is a local homomor- 
phism f from G into G’ with f, = o. Using Theorem 2.7, we may extend 
f to be a homomorphism in the large from G into G’. We put N = f~ '(e), 
and we first show that N < N. To see this, note that for A sufficiently small 
with 2 eI we have f(e*) = e's? = e% = e° = e (cf. Lemma 4.9). Thus a 
neighborhood V of e in N satisfies V N. Since N is connected, V gen- 
erates N, and since W is a subgroup, we have N © N. 

We can now show that Nis closed. Take U’ to be a neighborhood of the 
identity in G’ in which the logarithm exists. Let L be a spherical neighbor- 
hood of 0 in A so small that 4 + exp / is a homeomorphism from L onto 
a neighborhood U of e in G, such that f(U) € U’, so that expoL € U’. 
We maintain that N 0 U < N. Forifge No U, we haveg = e’, AeL, 
with e = f(g) = e’*? = e”*. Hence oA = O since the logarithm is unique in 
U’, and hence oA = 0 or A € I (by definition of c); consequently g = e* e N 
since J is the Lie algebra of N. Thus, N a U € N. To show that WN is 
closed in G, we first note that W = f-1(e) is closed in G. Now let go ¢ N. 
If we first suppose go € N, then we maintain g)U does not meet N. For 
supposing the contrary we would have gju = n where ue U, ne N, and 
thus g5'n = ue Uand gp ‘ne N (since g516¢N,neN SN). Thus goin 
EUANEN. Setn, = g,1nEN. Then gy = mn_' € N which is a con- 
tradiction. If, on the other hand, gy ¢ N, then there exists a neighborhood 
V of go such that V A N = ¢ (Wis closed). Since N ¢ Nwe have V AN 
= ¢. Hence in any case there is a neighborhood of gy ¢ N which does not 
meet N; and therefore WN is closed. 

We must now show that G/N has the Lie algebra A’ = A/I. (is the Lie 
algebra of N.) To see this, we let f be natural map f: G > G/N given in 
Lemma 8. We have fle’) = e*** for 16 A. We now prove that f,2 = 0 if 
and only if Ae J. Since f, is onto this will show (by the algebraic iso- 
morphism theorem cited in the remark following Definition 7), that A(G/N) 
is isomorphic in a natural way with A(G)/J. 

Suppose then 4 ¢ J. Then e is a curve in N and hence f(e) = e°, or 
et = e'/+ Taking the derivative at t = 0, we have f,,4 = 0. Conversely, if 
fxd = 0, we have f(e) = e+ = e, Hence exp the N. Taking deriva- 
tives at ¢ = 0, we obtain 2 € J. Theorem 9 is thereby proved. Q.E.D. 

Another aspect of the correspondence between properties of groups and 
properties of their Lie algebra is seen in the following results. 


10. Definition. A Lie algebra A is commutative or abelian if eal = 6 
for all A, we A. 
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VI Theorem. If G is a commutative Lie group, then its Lie Algebra A is 
commutative. Conversely, if the Lie algebra A of G is commutative, and if 
G is connected, then G is commutative. 


Proof: First, suppose G is commutative. Let 


be arbitrary elements of A. Then for fixed t we have, 


g(t) ug*() = cs sHh(s)g0)| = gh) u 
ds t=0 S|s=o0 
Hence 
ul =£@@ug-%)| =Sy| <0 
dt t=0 E lt=o 


and A is commutative. 
Conversely, if A is commutative, it follows from the Campbell-Baker- 
Hausdorff theorem that 


1 Ber 
ee" = et tet /2fA,p1+ = ett# 


for A, w sufficiently small in A. Hence e*e" = e“e* and therefore gh = hg for 
h, g in a sufficiently small neighborhood of e. But by Lemma 2.2, a neigh- 
borhood of e generates G if G is connected. But if the generators of a 
group commute, the group is commutative, giving the required converse. 
OED: 

The following theorem shows that in the special case of closed sub- 
groups, the possible pathologies of subgroups do not occur. 


12. Theorem. Let H be a subgroup of the Lie group G (in the algebraic 
sense), and suppose that H is closed in G. Then H may be given a C™ 
structure in such a way as to make H into a Lie subgroup of G, whose topo- 
logy is the subspace topology. The C® structure of H is uniquely deter- 
mined by this latter condition. 


Remark. In brief, a closed subgroup of a Lie group is a Lie subgroup. 


Proof. We let 4, be the set of 2 e A such that exp 4/4 € H for all t. Since 
His a subgroup this condition is implied either by the statement exp tA « H 
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for all ¢ satisfying |¢| < 6 for some 6 > 0, or by the statement exp the H 
for all positive ¢. We first show that A, is a subalgebra of A. It is clear that 
if A ¢ A, and if c is any scalar, then cA ¢ A,. To show that A, is closed un- 
der addition, we note that for small ¢ 


log (exp tA exp tu) = 1(A + pw) + O27) 
Thus, 


t t 
lon (exp + Aexp 1) = Be) +i) + O(-5) as H > © 
n n n Rr 
and 


t ane 
log (cxe — A exp ~n) = tA+p)t+ 0(7) as NM — ©O 
n n n 
If A, we Ay, it follows that 
t i Ne 
(exe — Aexp “n) eH 
n n 
Letting n — oo and using the hypothesis that H is closed, we have 


t ate 
lim (ex + Aexp <n) = exp 7(A + we fF. 
n n 


noo 


for all t. Hence A + « € A,. To show that A, is closed under the bracket 
operation, we may use formula (9) of Lemma 3.8 to obtain the statement 


log (exp tA exp tu exp —td exp —tu) = 27[A, uw] + O(t3) 


ieee ast— 0. 


a ek t 
log (exe —Aexp—p exp — ar exp — <x) = log (z (=. A; x) 
n n n n n 
t? 
_? Un), (<5) 
n? ne 


asin — © 
If A, uw € H, it follows exactly as above that 


n> oo 


exp ?7{A, wu] = lim (z j A, “)) eH, 
n 


i 6] SUBGROUPS AND SUB-ALGEBRAS 79 


Hence [A, «] € A, since exp ¢[A, x] € H for all positive 4. Thus A, is a sub- 
algebra of G. 

We let A, bea subspace of A whichis complementary toA,:4 =A, + A, 
and A, m A, = (0). Since 2 > exp 4 is a local homeomorphism it 
follows readily that there exist neighborhoods L of 0 in A, and L, of 0 in 
A, (i = 1,2) such that the mapping (A,, A.) > (exp A,) (exp 2;) is a 
homeomorphism of L, x L, into G. We assume that L is small enough so 
that the mapping A > exp Aisa homeomorphism, and we may also assume 
iat 2, =. 

We next show that there is a neighborhood U of 0 in L such that 


(exp 0) nee — exp U 4 exp L;. 


To prove this assume the contrary. Then if U,, is any sequence of neighbor- 
hoods approaching 0 there exists a sequence of points h, € H such that 


h, > e, yet h, éexp Ll. 


We write h, = (exp 4;,,) (exp 42,,) where A;,,¢€A,. Hence /,,, + 0 as 
n— oo (i = 1,2). Multiplying 4, by exp (—4,,,) if necessary, we see that 
without loss of generality we may assume 

hy = EXP 42,03 Ar.n #93 Arn 95 Arn € Az 


Passing to a subsequence of A,,, if necessary, and using a standard com- 
pactness argument we may assume 


Aa, n = 4nftn 


where the scalars a, go to 0, where a, > 0, and where u, > Mo € A, and 
to ¥ 0. We shall prove that wo € A;, and this will give the desired contra- 
diction since A, 7 A, = (0). For any ¢ > 0, write [t/a,] = j(), so that 


80 LIE GROUPS AND THEIR LIE ALGEBRAS iG 


j(n) is an integer, j(n) > co, and a,j (nm) = t + o(1). We have 


eXp a,b, € H 
Hence 
(exp aie a eH 
But 
log (exp Gnfln)” = J) Anlln > tHt0 
Hence 


EXP Anbln > EXP to 


Since H is closed, it follows that exp tuo € H for all positive t. Hence 
Mo € A, which is our contradiction. 

We may now proceed to complete the proof of our theorem. According 
to Theorem 6.3, the subalgebra A, is the Lie algebra of a connected Lie 
subgroup H, which is generated by elements of the form exp 4, where 4, 
is in some neighborhood L, of 0 in A,. However, we have seen that the set 
exp L, is a neighborhood of e in H (using the subspace topology in #). If 
we let Hy be the connected component of the identity in H, and give Ho 
the subspace topology, it follows by Lemma 2.2 that Hp is generated by 
exp L,. (Lemma 2.2 was purely topological in statement and proof.) Thus 
H, and Hp are identical as point sets, and we shall now show that they 
agree in their topologies. We already know that H, has more open sets 
than H,;1.e. that any open set of Hy (using the subspace topology) is open 
in H,. (This is because the inclusion map of H, in G is continuous.) Con- 
versely, suppose that U is open in H, . By the definition of the topology of 
H,, if Po € U, there exists a neighborhood N of e in H, such that P)>N 
¢ U. But by what has been proved above, we may write N= V nH 
where V is an open set in G. Thus (P)V) © H © U, and by the continuity 
of the group operations, it follows that U is open in H if H has the sub- 
space topology; i.e. Uis open in Ho. This shows that the topologies of Ho 
and H, coincide i.e., that H, has the subspace topology. But H is the dis- 
joint union of H, and all of its open cosets (Lemma 2.3). Thus H is easily 
given a C® structure ‘by translation’ from the C® structure on Hp. Finally, 
H itself is easily seen to have the subspace topology. 

The uniqueness of the C® structure of H is an easy consequence of 
Theorem 4.14. For if H’ is a Lie subgroup of G whose points are those 
of H, and if H’ also has the subspace topology, then the inclusion map 
i: H > H'isclearly acontinuous homomorphism. Hence, by Theorem 4.14, 
it is C®. The same result applied to the mapi-!: H’ — H implies our result. 
QED. 
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Remark. If H is a closed subgroup of G, we shall always give H the C® 
structure whose existence and uniqueness is shown in the above theorem. 
It is easily seen that in this case, the tangent space A, of H consists of all 


d 
vectors of the form ee , where P(t) is a C® curve of G, P(0) = e, and 
P(t) H forall H. % |r=0 


7. Important examples—the classical matrix groups 


Much of part II of this book is concerned with the classification of an 
important special type of Lie Algebra, the so called semi-simple algebras. 
We shall see that the Lie algebras of the “classical groups” include almost 
all the possible semi-simple algebras. It therefore is appropriate that we 
acquire some familiarity with these groups. Since these groups have very 
simple concrete representations (as groups of matrices), they serve very 
well to illustrate some of the preceding theory, as well as that which is to 
come. In what follows, we work strictly with real groups and algebras. 
For complex algebras and groups analogous results may be stated. The 
connection between the real and complex cases is developed in part II. 

We recall (Lemma 3.15) that GL (n) is the Lie group of all non-singular 
n X n matrices and that A(n), the Lie algebra of all m x n matrices is its Lie 
algebra. ([A, B] = AB — BA.) The first of the classical groups is the sub- 
group of matrices having determinant 1: 


1. Definition. The Special Linear group, SL (n) is the subgroup 
{A|A € GL (n) and det A = 1} of GL(n). 


Remark. SZ (n) is an (n? — 1) dimensional Lie group. For it is defined 
by one equation (det a,; = 1) in n? variables. SL (n) is clearly closed in 
GL (n) and it follows from Theorem 6.12 that it is a Lie group. We aim to 
calculate its Lie algebra —but first, a lemma. 


2. Lemma. Let det: A — det (A) map GL(n) into the multiplicative 
group of real numbers, and let det, be the corresponding “gradient” 
map of tangent vectors to GL (n) into the additive group of real numbers. 
Then 


a) det, A = tr A. 
b) exp (tr A) = det (exp A). 
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n 
Proof. Recall that if A = (a;;), tr A (the trace of A) is the sum S a,;;. To 
calculate det, A (evaluated at 1), we use the formula ae 


1 + Hels, O29 (Okie 


Q21 


det (1 + ¢A) = 


Qn1°*" Lt tae 


I 


1 = tai, GP 990 aE Ga) 4= 990 


l+ftrd+-::: 


to first order in ¢. Hence, using Lemma 1.21, 


dets A = dets ch (i + Ap) = kad det (1 + AZ) 
dt I dt 


=0 t=0 


tee tre 


This proves part a). To prove b) we note that the map A > det A isa 
homomorphism of GL (m) into GL (1) (the multiplicative group of the reals). 
Hence, by Lemma 4.9, part b) follows. Q.E.D. 


Remark. Similar considerations may be used to prove the familiar result 
tr (AB) = tr (BA). Indeed, GL (1) is commutative. Hence, since A — det A 
is a homomorphism it follows by Lemma 3.12 that 


detx [A, B] = [det A, det. B] = (V 
or 


tr [4B — BA] = 0. 


3. Theorem. The Lie algebra of SL(n) consists of the set of all n x n ma- 
trices of trace 0. 


- Proof. If P(2) is any curve SL (n) with P(0O) = 1, then 


Thus, all matrices in SZ(n) have trace 0. 


ek, IMPORTANT EXAMPLES——THE CLASSICAL MATRIX GROUPS 83 


Conversely, if tr A = 0, then by Lemma 2 
det exp 7/2 = exp tr i/ = exp0 = 1 


Hence exp td is a curve in SL(n). Plainly, “ exp7A| = A. Hence 
t=0 
4é A(SL (n)). (See the remark following Theorem 6.12, which justifies 
treating exp tA as a curve in SL (n).) Thus, A(SL(n)) consists of all matri- 
ces of trace 0, which is the required result. Q.E.D. 
The next groups which we consider are the orthogonal groups of various 
orders. 


4. Definition. Let R" consist of m x 1 matrices (i.e. column me) Ye) 
that the canonical inner product in R” is given by (x, y) = x'y = y Xii- 
t= 


(A' is the transpose of the matrix A.) A matrix A is called eS eeral if it 
preserves this inner product: (Ax, Ay) = (x, y). The orthogonal group 
O(n) is the (closed) group of all orthogonal matrices. 


Remark. A is orthogonal if and only if A‘A = 1. For, (Ax, Ay) = 
= (Ax) Ay = x*(AtA) y = x'y if and only if A*A = 1. 


5. Theorem. The Lie algebra of the orthogonal group O(n) consists of 
all skew-symmetric matrices A(A + 2° = 0). 


Proof. If A(s) is any curve in O(n) which passes through the identity 
when s = 0, then —": 
A(s)' A(s) = 1, AO) = 1. (1) 


Differentiating equation (1), we have 


t 
Ee 4 = 0. 
ds 


ds 


aA 
Substituting s = 0, and setting =| = A, we have 


=0 
A+ 2 = 0. 


Thus all matrices in the Lie Algebra of O(n) are skew-symmetric. 
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Conversely, suppose A + A‘ = 0. Then if A(s) = exp sd, we have 


2 = A, and 


ds |= A(s)' A(s) = (exp sd)‘ (exp sd) 


= (exp sd‘) (exp sA) 


= (exp (—sA)) (exp sd) = 1 
and A(Z) is in O(n). 
Thus A(O(n)) consists of all skew-symmetric matrices. Q.E.D. 
The final family of classical groups (one for each integer n) are the sym- 
plectic groups. 


6. Definition. Let J be the following skew-symmetric matrix: 


01 0 
—-10 
01 
-10 
J= 
0 01 
= 170 


Define (x, y> = x'Jy. A symplectic matrix of order 2n x 2n is a matrix A 
preserving this inner product: ¢<Ax, Ay> = <x, y>. The symplectic group 
S,(2n) is the (closed) group of all symplectic matrices. 


Remark. A is a symplectic matrix if and only if 4'JA = J. (Cf. the re- 
mark following Definition 4.) 


7. Theorem. The Lie algebra of S,(2n) consists of all matrices J satis- 
fying AJ + JA = 0. 


Proof. If A = A(s) is any curve in S,(2n), then 
AJA=J AO=1 (2) 
Differentiating equation (2), we have 
dA' dA 


—JA+A' J—=0 
ds ds 
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2 aA 
Setting al = A and substituting s = 0, we have 
=0 


NI + JA =0 (3) 


Thus any matrix in the Lie group of S,(2n) satisfies (3). 
Conversely, suppose (3) is satisfied. Then if A(s) = exp sd, then 


dA 
— =A, ang 
ds \5=0 
A(s)' JA(s) = (exp sa‘) J(exp sd) (4) 
But from the definition of J, we have J? = —1. Hence, right-multiplying 
(3) by J, we obtain 
= JAl (5) 


Thus, equation (4) implies 
A‘JA = (exp s(JAJ)) J(exp sd) 
= (exp — s(JAJ—*)) J exp sa 
= J(exp —sd) J~1J exp sd = J 


and A(s) is in S,(2n). 
Thus, A(S,(2n)) consists of all matrices satisfying equation (3). Q.E.D. 


Part Il 


Complex Semi-Simple Lie Algebras 


The theory developed in Part I of the present book shows that con- 
nected Lie groups are very well described by their Lie algebras. Now a Lie 
algebra is a finite-dimensional Jinear algebraic structure; one expects to be 
able to push the theory of such structures quite far. In Part II, we shall de- 
velop the algebraic theory of Lie algebras, ultimately obtaining a com- 
plete structure theory for a certain class of these algebras, the so-called 
semi-simple algebras, and a certain amount of structural information for 
algebras in general. 

Since our methods will be the methods of linear algebra, it will be im- 
portant for us to work with vector spaces and algebras over the complex 
field. We will develop the structural analysis first for Lie algebras over the 
complex field, and then show how the analysis of the real case can be re- 
duced to that of the complex case. 


1. Basics 


We begin by repeating an earlier definition, generalizing it at the same 
time to include the complex case. 


1. Definition. A real (resp. complex) Lie algebra A is a vector space over 
the real (resp. complex) field furnished with a bilinear product [A, p] satis- 
fying the identities [A, 1] = —[u, A] and 


(A, w], »] + (lv, 2], 4] + [f», 2], u] = 0 (Jacobi identity). 


In what follows, we will always suppose, unless the contrary is explicitly 
specified, that a Lie algebra is finite dimensional. 

In the present Part II the term Lie algebra (unqualified) will be used on- 
ly in statements true both for real and for complex Lie algebras. 
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A simple construction leads from real Lie algebras to complex Lie al- 
gebras. 


2. Definition. Let A be a real Lie algebra. Let A be the set of all formal 
sums A + iv, A,u¢A. We define addition, multiplication by complex 
numbers, and a product [A + iu, 2’ + iw’] by the formulae 


QA+iw+ (A+ i)=At+a)+iut yp) 
(x + iy) A + ip) = (XA — yp) + ify + xp) 
[A + ip, a’ + ip’) = ([A, a] — [a wD) + iA, v1 + [e, A’). 


It is easily verified that with these definitions A becomes a complex Lie al- 
gebra. The complex Lie algebra A is called the complexification of the real 
Lie algebra A. 


3. Definition: Let V be a real (resp. complex) vector space. A represen- 
tation @ of a real (resp. complex) Lie algebra A on V is a mapping which 
assigns to each A € A a linear transformation (A) on V, and which is such 
that 


(i) e(@A + Bu) = xe (A) + Bo (yu) for all A, we A and scalars «, B; 
(ii) @[A4, u] = ofA) e() — of) of). 


The set of linear transformations on a vector space V, taken with the 
product [A, B] = AB — BA, is readily seen to form a (possibly infinite 
dimensional) Lie algebra. Whenever we deal with linear transformations 
on a vector space, the expression [A, B] will be understood to mean 
AB — BA. 

The following definition gives the appropriate generalization of the no- 
tion of “eigenvalue” to representations of a Lie algebra. 


4. Definition. Let 0 be a representation of a complex Lie algebra A ona 
vector space V. Then 


(a) A linear functional « on A is said to be a weight of 0 if there exists a 
non-zero vector v € V such that o(A) v = a(A) v for each A € A. The vector 
v is said to be a weight vector belonging to the weight «. 

(b) If x is a weight of @, a vector v is said to be a generalized weight vec- 
tor belonging to the weight « if there exists an integer N sufficiently large 
so that (o(A) — «(A) D” v = 0 for all A € A. The linear space of all genera- 
lized weight vectors belonging to the weight « is called the weight space of 
the representation @ belonging to the weight «, and will be written V,. 
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If « is not a weight of the representation g, we write for convenience 
ae Ue _— 

Any linear transformation on a finite dimensional vector space admits 
an eigenvalue. Our first aim is to generalize this statement to Lie algebras. 
A few preliminary results are necessary before we can single out the class 
of Lie algebras for which the generalization is valid. 


5. Definition. (a) Let Ay and A, be linear subspaces of a Lie algebra A. 
Then by [A,, 4,] we mean the linear space generated by all the products 
[Ao, Ai], Ao EA, A, E Ay. 

(b) An ideal J of a Lie algebra A is a subspace such that [/, A] ¢ I. 


6. Lemma. Let / and J be ideals in a Lie algebra. Then [/, J] is an ideal 
included in J and J. 


Proof. That [J, J] S J q Jis obvious. We have [[A, u], »] = —[[v, 7], A] 
— [[, A], wl e [, J] for each Ae I, we J, and v € A by the Jacobi identity. 
Thus [[/, J], A] © [/, J], proving that [/, J] is an ideal. Q.E.D. 


7. Definition. (a) If J is an ideal in a Lie algebra, we define the descend- 
ing sequence of ideals I" inductively by J’ = J, J"*! = [I", I], and the de- 
scending sequence of ideals J inductively by 1°? = J, J@*Y = [J™, 7]. 

(b) A Lie algebra A is solvable if A™ = 0 for n sufficiently large. It is 
nilpotent if A" = 0 for n sufficiently large. 


8. Lemma. (a) Let A be a Lie algebra, J an ideal in A. ThenJ™ ¢ J", 
(b) A nilpotent Lie algebra is also solvable. 


Proof: Statement (a) follows by induction from Definition 7(a); state- 
ment (b) is an immediate consequence. Q.E.D. 

We now prove that any finite dimensional representation of a complex 
solvable Lie algebra admits a non-zero weight vector. 


9. Theorem. Let A be a solvable complex Lie algebra, and @ a represen- 
tation of A in a finite dimensional vector space V. Then there exist a vector 
v # 0 in V and a weight « of @ such that o(A) v = a(A) v for all Ae A. 


Proof. We proceed by induction on the dimension of A. If A is 1-dimen- 
sional, our theorem reduces to the statement that a linear transformation 
has a non-zero eigenvector. 


Next suppose that our assertion is known for any solvable complex 
algebra whose dimension is less than k. Let the dimension of A be k. 
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If A~ = A, it would follow by induction that A™ = A for all n, con- 
tradicting the solvability of A. Thus A® is a proper subspace of A, and 
there exists ak — 1 dimensional subspace M of A containing A®?. Since 
[M, M] < [A, A] = A™ € M, Misa subalgebra of A. It follows easily 
by induction that M” ¢ A™; thus M is solvable. 

Hence, by inductive hypothesis, there is a weight 6 defined on M, and a 
non-zero vector v, € V, such that 


ou) v1, = Blu)v, = we M. (1) 


Let 2 be an element of A not belonging to M. Since M > A®, we have 
[4, w]e M if we M. Thus [0(A), o(u)] € e(M) if uw € M; and therefore for 
each real t we have exp (t Ad (0(A))) e(u) €e(M) if we M. Using Lemma 
1.5.3, it follows that for each t, —00 < t < oo, there exists a v(t, u)e M 
such that 

exp (— 0 (A)) o(u) exp (fo (A)) = o((Z, w)). 
Hence 
: exp (—fo (A) o(u) exp (to (A) v1 = BOCt )) 11, 
ine 

e(u) exp (te (A) v1 = BOC, 4) exp (te (A)) 21. 


This shows that, if « €¢ M, the non-zero vector exp (fg (A)) v; is always an 
eigenvector of the linear transformation o(). Now the various eigenspaces 
of o(u) are closed sets having no vector but zero in common; hence a con- 
tinuous curve cannot pass from one eigenspace to another without passing 
through zero. It follows that exp (to (A)) v; belongs to the eigenvalue f(w) 
of o(u) for all ¢. Differentiating with respect to ¢ and putting ¢ = 0, we 
find that if V, is space of vectors defined by the condition (1), then 
o(A) Vs = Vg. Thus the space V, contains a non-zero eigenvector v of the 
linear transformation 0(A), belonging to a certain complex eigenvalue y. If 
we define a linear functional « on A by putting a(/) = y anda(u) = B(u) for 
pe M, it is clear that e(v) v = a(v) v for vy € A; thusa is a weight of A and 
v is a non-zero weight vector belonging to this weight. 

This completes our inductive step and the theorem follows. 
Q.E.D. 

If T is a linear transformation in a finite dimensional complex vector 
space V, then V is the direct sum of all the generalized eigenspaces 
V, = {v\(T — AD’ v = 0 for N sufficiently large}. The following theorem 
generalizes this important decomposition to an arbitrary nilpotent com- 
plex Lie algebra. 
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10. Theorem. Let A be a nilpotent complex Lie algebra, and @ a repre- 
sentation of A on a finite dimensional vector space V. Leta;,1 <i < N, 
be the weights of the representation o, and let V,, be the weight space be- 
longing to the weight «,. Then each of the spaces V,, is invariant under 
each of the transformations o(A), 4 ¢ A; and we have the direct sum de- 
composition 

V= Vos O-- @ ate 


Proof. We proceed by induction on the dimension of A. If this is 1, then 
our assertion reduces to the known fact that V decomposes into the direct 
sum of the generalized eigenspaces of any single linear transformation 
in V. 

Next suppose that our assertion is known for any nilpotent complex al- 
gebra whose dimension is less than k. Let the dimension of A be k. If A? 
= A, it would follow by induction that A” = A for all n, contradicting 
the nilpotence of A. Thus A? is a proper subspace of A, and there exists a 
k — 1 dimensional subspace M of A containing A”. Since [M, M] < A? 
© M, Mis asubalgebra of A. It follows easily by induction that M” <€ A”; 
thus M is nilpotent. 

Hence, by inductive hypothesis, we have a direct sum decomposition 


V— Va. -- © Vez, (1) 


where f,, ..., 6, are weights defined on M, and where Vz, is the weight 
space belonging to the weight 6,. Moreover, o(u) Vs, S Vg, for i = 1, 
.., Kand we M. 

Let A be an element of A not belonging to M. Let J € A. Then it follows 
by induction on g that 


eA) (eA) — al)? — (eA) — af) (A) = - 5 (eA) — aI)! e([Ad (A)] 4) 
x (e(A) — aD)t-*~? 


for each complex number «. A second induction shows that there exist in- 
tegers C(q, i) such that 
o(4) (o(A) — aI)* ~ (0(A) — oD)" (A) 


Ca 


a C(q, i) e([Ad A}'+* 4) (o(2) — ate- 2, 


ESE] BASICS 91 


In this last identity, put A = wu, where « ¢ M. Moreover, let v be a vector 
in one of the spaces Vz,, put« = B,(u), let r be such that (o(u) — Bu) Drv 
= 0, and take q > r. Then we find 


— (ow) = Bw) D* 0) v = Cla,H) o(tAd (Av. 


Since A is nilpotent, [Ad (u)]' 4 = 0 for i sufficiently large. Thus we find 
from the last displayed equation that (e(u) — B(u) D* o(A) v = 0 for q suf- 
ficiently large. 

In this way, we have proved that the spaces Vz, are invariant under the 
linear transformation e(/). Therefore, each of the spaces V,, decomposes 
as a direct sum 


Ve,=VPO- OVP (2) 


of generalized eigenspaces corresponding to the distinct eigenvalues 
2, ..., Zn? of the restriction o(A)|V,,. Arguing just as in the preceding 
peiaerarit we see that each of the spaces V , 1 < i < ny, is invariant 
under each of the operators o(u), u € M. Thus, since A = M + (A), each 
of the spaces V{?, 1 <i< nj, 1S invariant under each of the operators 
o(A), Ae A. Define linear functionals a” on A by putting a}?(u) = Bu) 
for ze M, «® (A) = z;,,1 <i <ny;. 

We shall now show that no operator o(A)|V{” has any eigenvalue but 

‘) (A). Suppose that this is false: then there exists an element A in A such 
te o(A)|V? has an eigenvalue y # «{(A). Let V be the generalized eigen- 
space of o(/)|V” corresponding to this eigenvalue. Then, arguing just as 
in the second paragraph above, we see that V is invariant under each of the 
transformations o(A), A€ A. By Theorem 9, there exists a non-zero vector 
> € Vanda linear functional é on A such that e(A) v dD = (A) v. Plainly then 
a(A) = y. But, since V S V{, every vector in V is a generalized eigen- 
vector of o(A) belonging to the eigenvalue «/(A) if either Ae M or A = A. 
Therefore we must have «{?(A) = G(A), so y = «}(A), a contradiction. 
This verifies our assertion that if A € A, o(A)|V{ has no eigenvalue but 
wy). 

It is then plain that V{” is the weight space corresponding to the weight 
«(A). It follows from (1) and (2) that V is the direct sum of the spaces 
V‘“. On the other hand, we have already seen that these spaces are in- 
variant. Thus we have successfully concluded the inductive step of our in- 
ductive proof, and the present theorem follows. Q.E.D. 

As we observed during the proof of the preceding theorem, if A is a nil- 
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potent Lie algebra then Ad (A) is a nilpotent operator for each Ae A. The 
following important theorem is just the converse of this statement. 


11. Theorem. Let A be a Lie algebra, and suppose that Ad (A) is nil- 
potent for each 2 € A. Then A is nilpotent. 

We prepare for the proof of Theorem 11 with the following lemma and 
corollary. 


12. Lemma. Let A be a Lie algebra of dimension k, and let Ad (A) be 
nilpotent for each 4 € A. Let @ be a representation of A in a finite dimen- 
sional space V, and suppose that @(A) is nilpotent for each A¢ A. Then 
there exists a non-zero vector v’ € V such that e(A) v’ = 0 for all A. 


13. Corollary. Under the hypotheses of the preceding lemma, V has a 
descending sequence V=V) 2V,2V.2V32°: BV, = {0} of 
subspaces such that o(4) V; S V;,, for all Ae A. 


Proof of Lemma 12. We proceed by induction on the dimension k of A. 
If this is 1, our result is obvious. Suppose then k > 1, and that Lemma 12 
is known to hold for any proper subalgebra Ay of 4; we shall show that 
it holds for A. 

Since any 1-dimensional subspace of A is a subalgebra, A surely admits 
proper subalgebras. Let 4) be a proper subalgebra of A of maximal di- 
mension. Then, if A) € A9, Ad (A,) defines a linear transformations of A 
which leaves the subspace A, © A invariant. Thus Ad (A)) induces a linear 


transformation of the factor space A/Ag, which we call Ad (AQ). It is easy 
to see that 29 > Ad (Ao) defines a representation of Ay on the vector space 


A/A,. Moreover, since Ad (Ao) is nilpotent for each Ay € Ag, so is Ad (Ao). 
Thus, by inductive hypothesis, there exists a nonzero vector uw € A/A such 


that Ad (A,) wu = 0. That is to say, there exists a vector A€ A, 1¢ Ao, 
such that [A, Ap] & Ao. 

It is then clear that (A) + Ao defines a subalgebra of A whose dimen- 
sion exceeds the dimension of Ay by 1. Thus, if Ay is to be a maximal 
proper subalgebra of A, its dimension must be k — 1, and we must have 
(A) + A = A. By inductive hypothesis, the space Vp = {vlo(Ao) v = 0, 
Ao€ Ao} contains non-zero vectors. If v € Vo and Ag € Ag, then e(Ao) o(A) v 
= eA) eo) v + o([Ao, A]) v = C. This shows that Vo is invariant under 
the nilpotent transformation o(A), so that Vy contains a non-zero vector v’ 
such that o(A) v’ = 0. Q.E.D. 
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Proof of Corollary 13. Let V* be the space of linear functionals on V, 
and define a representation 9* of A onV* by putting [o*(A) v*] (v) = v*(o(A)v) 
for each ve V. By the preceding lemma, there exists a non-zero ose V* 
such that e*(A) vi = 0 for Ae A. The space V, = {v|v*(v) = 0} has then 
the property e(A) V © V, for A < A, and an evident induction establishes 
Corollary 13. Q.E.D. 


Proof of Theorem 11. Apply Corollary 13 to the representation 4 > Ad(A) 
of A, to obtain the existence of a descending sequence A = A, See 
2 --- 2A, = {0} of subspaces such that [A, A,] © A,,,. Then plainly 
A* & A,, and A is nilpotent. Q.E.D. 

We conclude this section with a Corollary which will be used later. 


14. Corollary. Let A be a complex nilpotent Lie algebra, @ a represen- 
tation of A in a finite dimensional space V, {«} the weights of the repre- 
sentation @, and, for each x € {x}, let V, be the weight space belonging to 
the weight «. Then, if A, we A and « € {a}, each vector v € V,, is a genera- 
lized eigenvector of o(A) e(u) belonging to the eigenvalue (A) «(y). 


Proof. By Theorem 10 each of the spaces V, is invariant under eachof the 
operators o(A), Ae A. Thus, passing from consideration of the represen- 
tation @ to consideration of the representation 2 > @(A)|V,, we may sup- 
pose without loss of generality that V, = V. By Theorem 9, there exists 
a non-zero vector v9 € V such that e(A) v9 = a(A) vo. Thus e([A, u)) vo 
= (0(4) o(u) — ou) 0A) vo = (a(A) (2) — a() 0(2)) v9 = 0. This shows 
that a([A, w]) = 0 for all A, we A. Consequently o’(A) = o(A) — a(A) I de- 
fines a representation of A in V. Plainly, each of the operators @'(A) is nil- 
potent in V = V,. Thus, by Corollary 13, so is @’(A) e’(u) + (A) o'(u) 
+ (mu) 0'(A) = e(A) o(u) — o(A) a(u) J, and the present Corollary follows 
at once. Q.E.D. 


2. Cartan’s Criterion 


1. Definition. (i) A Lie algebra A is simple if it is of more than one di- 
mension and contains no proper ideals J. 

(ii) A Lie algebra A is semi-simple if it is of more than one dimension 
and contains no non-zero ideals J such that J” = 0 for all sufficiently 
large n. 

The reader will easily verify that a simple Lie algebra is semi-simple. In 
what follows, we shall show that a semi-simple Lie algebra A can be de- 
composed as a direct sum of ideals, each of which is a simple subalgebra 
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of A. The methods which we use in proving this first structure theorem 
will open the way to a complete structural analysis of all simple (and hence 
all semisimple) Lie algebras. 


2. Definition. Let A be a Lie algebra. Then the symmetric bilinear form 
(A, ) defined by (A, w) = tr (Ad (A) Ad (w)) is called the natural bilinear 
form of A. 

Our efforts in the present section will principally be directed to proving 
the following basic result, known as the “Cartan Criterion”’. 


3. Theorem. A Lie algebra A is semi-simple if and only if its natural bi- 
linear form is non-singular. 

Before we can prove Theorem 3, however, we must begin to penetrate 
into the structure of Lie algebras. The following definition prepares the 
way. 


4. Definition. Let A be a complex Lie algebra, and M a nilpotent sub- 
algebra of A. By the Jacobi identity, the mapping u« — Ad (w) is a repre- 
sentation of the Lie algebra M on the vector space A. This representation 
is called the adjoint representation of M on A. The weights y of this repre- 
sentation are called the roots of M (in A); the weight space A, belonging 
to the weight y is called the root space belonging to y. 


5. Lemma. Let A be a complex Lie algebra, and M a nilpotent subal- 
gebra of A. Let y and y’ be roots of M, and A,, A, the corresponding root 


spaces. Then 
Ass A,] = Avast > 
so that, in particular, [A,, A, ] = {0} if y + y’ is not a root. 
Proof. Using the Jacobi identity, we find by induction that 
(Ad (u) — (~ + 6) 1)? [A, 7] 


a (;) [(Ad (u) — al) 2, (Ad (1) — BD?-* 9] 


for fe M, A, ve A, and all complex numbers « and f. From this identity 
it is plain that [4,»]eA,,, if AeA, and ve A,, proving our Lemma. 
OED, 


6. Corollary. If A is a complex Lie algebra and M a nilpotent subalgebra 
of A, the root space A» corresponding to the root 0 is a subalgebra of A 
and includes M. 
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Proof : By the preceding lemma, [49, Ap] S Ag; thus Ag is a subalgebra 
of A. Since M is nilpotent, [Ad (u)/? (u') = 0 for sufficiently large p if 
B, B' € M; thus Ap 2 M. Q.E.D. 

The following definition singles out a class of subalgebras of a Lie al- 


gebra A which will be of the greatest use to us in analysing the structure 
of A. 


7. Definition. Let A be a complex Lie algebra. Let M be a nilpotent sub- 
algebra of A, and let Ay be the root space corresponding to the root 0 of 
M. Then M is a Cartan subalgebra if M = Ag. 


8. Lemma. Let 4 be a complex Lie algebra, for each A € A let n(A) be the 
number of eigenvalues of the linear transformation Ad (A), and let A, be 
chosen so that n(A,) = sup n(A). Then the set M of all w ¢ A which are 

AEA 


generalized eigenvectors of Ad (49) belonging to the eigenvalue zero is a 
Cartan subalgebra of A. 


Lemma 8 plainly has the following consequence: 
9. Corollary. Any complex Lie algebra has a Cartan subalgebra. 


Proof of Lemma 8. Let A, be the one-dimensional subalgebra spanned 
by Ao, so that Ay is plainly nilpotent. Then clearly M is the root space be- 
longing to the root 0 of Ay; hence, M is subalgebra of A by Corollary 6. 
Let 0, «,, ..., «, be the distinct eigenvalues of Ad (Ao), and let e > 0 be 
given. If ~ € M and the complex number z is sufficiently small, then, by 
Lemma 0.27, Ad (A) + z) has an eigenvalue within a distance ¢ of each of 
O&1, ...,%,. On the other hand, since M is a subalgebra of A, M is invariant 
under Ad (A) + zu). Thus, for sufficiently small z all the eigenvalues of the 
restriction Ad (Ay + zu)|M lie within a distance e of 0. 

Since (Ad (Ay + zu)) (Ao + z4) = 0, zero is always included among 
these eigenvalues. Thus, if there existed arbitrarily small z for which 
Ad (Aj + zu)|M had a non-zero eigenvalue, it would follow that for some 
sufficiently small z Ad (A) + zu) had more eigenvalues than Ad (Ao), 
which is impossible. Thus Ad (Ay + zu)|M is nilpotent for all sufficiently 
small z, i.e. there exists an integer p such that (Ad (Ap + zu))? M = 0 for 
sufficiently small z. This identity must then hold for all complex z; hence 
(Ad (Ao) + z Ad (u))? w’ = 0 for vw’ € M and all z, so that (Ad (u))? u’ is 
zero for each u and yp’ € M. By Theorem 1.11, M is nilpotent. Let Ay be 
the root space corresponding to the root 0 of M. Then Ap) > M by Co- 
rollary 6. On the other hand, since Ay & M, Ag is included in the root 
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space belonging to the root 0 of Ay. That is Ag & M, so that Ap = M, 


and M is a Cartan subalgebra of A. Q.E.D. 
In what follows we will have use for a simple generalization of Lemma 5. 


10. Lemma. Let A be a complex Lie algebra and M a nilpotent sub- 
algebra of A. Let 0 be a representation of A on a vector space V (possibly 
infinite dimensional). Let 9’ denote the restriction to M of the represen- 
tation o, so that 9’ is a representation of M on V. Let y be a root of M, 
and « be a weight of 0’; let A, and V, be the root space and weight space 
corresponding to this root and weight respectively. Then if Ae A, and 
ve V,, we have 0(A) v € V,,,. In particular, if + y is not a weight of 0’, 
o(A) v = 0. 


Proof. Since o is a representation of A, we find by induction that 


(o(:) ~ + Z)DP O(a v = ¥ (2) (Ad (w) = 2)" A) (Qu) = Ze 


for we M, AeA, ve V, and all complex numbers z and Z. From this iden- 
tity it is plain that e(A) ve V,,, if Ae A, and ve V,. Q.E.D. 


The proof of the following lemma uses a device which, as we shall see 
later, is the key to the structure theory of semi-simple algebras. 


11. Lemma. Let A be a complex Lie algebra, M a Cartan subalgebra, 
and @ a representation of M on a finite dimensional vector space V. Sup- 
pose that A = A’. Then if tr ((o(u))) = 0 for all yw € M, each operator 
o(u), uw E M, is nilpotent. 


Proof. Let {x} be the roots of Min A,and A= )° @ A, thedecompo- 
ee . . mein} 
sition into root spaces given by Theorem 1.10. By Lemma 5, [A,, Ag] 


SA, y,;sinceA=[A,A]= ) [A,,A,],itfollowsthatA,= > [A, Ag] 


pela} ee) 
a+p=0 


= ) [A,,A_,]. That is, every vector Aj ¢M is a linear combi- 
OX» aE{a} 


nation of vectors of the form [A,, A_,], where «, —« € {x}, A, €A,, 
A g@eae.. 

Suppose then that «, —axe{a}, and that 24,6€4,, A_.eA_,. Put 
= [A,, A_,]. Let {77} be the set of weights ofp, andletV = Y @ Vatine 


e,e . . . nein) 
decomposition into weight spaces given by Theorem 1.10. By Lemma 10, 
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04.) vE V4, if ve V,, while o(A_,) ve V,,-.- Thus the subspace 


Ve om oy ov, ntka 


—-a<k<+0 


of V is invariant under 0(4,) and o(A_,). Hence 
tr (Q(@)|V’") = tr (@ [A,, A-a])IV) = tr (0a) (4-4) —0(A-2) OA) HV’) 


= tr (le AJIV'] feA_-)IV'] — [oA-)IV'] [o(A.)|V'1D) = 0. 


On the other hand, since (e(u) — (y(u) + ka(u)) 1)? V4.4, = 0 for p suf- 
ficiently large, we have tr (0(4)|V,,413) = (j(u) + ko (u)) dim (V,,4,,). Thus 


O=QWDIV) = YW y+) 


I 


a __ (les) + kes (w) dim (Vy +23): 


—-o<k< 


It follows that for each weight 7 


24 > k dim (V/, eke) 
Me emer ag) a 


That is, n(u) = r,,.«() where r,,, is rational. Now, by Corollary 1.14, 
each vector in V, is a generalized eigenvector of (o(u))* belonging to the 
eigenvalue (7(u))?. Thus 


0 = tr ((o(u))*) = es ((u))? dim (V,) = es On, a) (o(u))? dim (V,). 


This makes it plain that every term in the sum = iw dim (V,,) must 


be zero. Thus 7(u) = 0 forue[A,, A-,]. See ies = Lies Wall 
the eigenvalues 7(A)) = 0 of (Ao) are zero for each Ay € M, and thus e(Ao) 
is nilpotent. Q.E.D. 

We record an identity from the preceding proof for future use. 


12. Corollary. Let A be a complex Lie algebra, M a Cartan subalgebra 
of A, and @ a representation of M on a finite dimensional vector space V. 
Suppose that A = A?. Let {n} be the set of weights of 9, and let {a} be the 
set of roots of M in A. Let V, and A, be the corresponding weight spaces 
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and root spaces. Let u € [A,, A_,]. Then 4(@) = 7,,.(u), where the num- 
ber r,,, is rational, and is given by 


y k dim (Vista) 


—-o<k<+0 


ee? 0 dim (72a) 


ear ck <t100) 
We are now in a position to prove Cartan’s Criterion: 


Proof of Theorem 3. First suppose that the algebra A is complex. Let 
(A, 4) be its natural bilinear form. If this form is not non-singular, then 
Ao = {A\(A, w) = 0 for all 4A} defines a non-trivial subspace of A. 
Since (Ad(») A, uw) = —tr(Ad([A,]) Ad(u)) = —tr([Ad (A), Ad (»)] Ad(u)) 
= —tr (Ad (A) {Ad (”) Ad (uw) — Ad (uw) Ad (»)}) = —(A, Ad (x) ), for 
y, 4, u2EA, it follows that Ad (A) (Ao) © Ao. Thus [A, Ao] S Ao, Le., 
Ag is an ideal of A. We shall show that Ap is solvable. 

Suppose that this is false, i.e., that 19 is not solvable. Then the decreas- 
ing sequence A) > AY’ > AP 5B -.- of ideals eventually reaches a non- 
zero ideal A, = A® such that A, = A{” = A?. Regard the subalgebra 
A, of A asa Lie algebra in its own right, and let M © A, bea Cartan sub- 
algebra of A,. Then uw > Ad (uw) defines a representation of M on A; 
since M < Ay, we have tr ((Ad (w))”) = 0, ie., (u, uw) = 0 for we M. 
Thus, by Lemma 11, Ad (w) is nilpotent for each u € M. But then by the 
definition of root spaces each A, € A, belongs to the root space of M in 
A, corresponding to the root « = 0. Thus, by Definition 7, M = A,; thus 
A, is nilpotent, and A, = A? is impossible. Thus we have proved that if 
Ais a complex semi-simple algebra, the natural bilinear form of A is non- 
singular. 

Conversely suppose that A has a solvable ideal M. Then, for n suffi- 
ciently large, M“” = P will be a non-zero ideal such that P@ = 0. For 
@eP we therefore have Ad(u) A & P, Ad(u) P = {0}. Consequently 
(Ad (u) Ad(A))? = 0 for we Pand Ae A, so that (u, A) = tr (Ad (wu) Ad (A)) 
= 0 for all we P and AeA, so that the natural bilinear form of A is 
singular. 

Next we consider the case A real. Let A be the complexification of A. 
Let (A, 2’) be the natural bilinear form of A, and (1, uv’), be that of A then 
it is easily seen that for each A, v, 2’, »’ € A we have 


(A + iv, W + i')e = (A, 1’) — 0,0) + iA, »’) + i’, »). (1) 


Thus A has a non-singular natural bilinear form if and only if A does. 
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For each ideal M of A, put M = {A + iv|A,v © M}, so that M is an 


ideal of A. It follows readily by induction that M® = M ™: thus if A has 
a solvable ideal, so does A. Suppose conversely that / has a solvable ideal. 
Then by what has already been proved for complex Lie algebras (cf. the 
final statement of the first paragraph of the present proof), A 

= {ue Al(u, w’), = 0, uw’ € A} is a solvable ideal of A. It is plain from (1) 
that if (A + iv) € AG, then A+ i0 and y + i0 both belong to A. Thus, if 
we lew A, = { EA A + ive As for some v}, we have Ai, = Ay, and 


therefore, as we have already remarked, A” = (Ay), so that Ag is solv- 
able. This shows that / has a solvable ideal if and only if / has a solv- 
able ideal. The real case of Theorem 3 now follows immediately from its 
complex case, which we have already proved. Q.E.D. 


13. Corollary. A real Lie algebra A is semi-simple if and only if its 
complexification A is semi-simple. 


14. Corollary. Let A be a semi-simple Lie algebra, and (A, ) its natural 
bilinear form. Then A contains no non-zero ideal M such that (A, u) = 0 
for all A, we M. 


Proof. Suppose that such an ideal M existed. First let A be complex. 
Then if in the second paragraph of the preceding proof we replace Ay by 
M, the argument of that paragraph would show that M is solvable, con- 
tradicting the semi-simplicity of A. This proves our assertion if A is com- 
plex. 

Next let A be real, and A its complexification. Define M as in the final 
paragraph of the preceding proof. Then, by formula (1) of that proof, 
(1, t’)e = 0 for u, uw’ € M. Thus, by what we have already proved M = {0}, 
and hence M = {0}. Q.E.D. 


15. Corollary. The natural bilinear form of a Lie algebra A satisfies the 
identity (Ad (A) wu, vy) = —(u, Ad (A) »), A, u,v E A. 

The Cartan Criterion has the following important structural theorem 
as an elementary consequence. 


16. Theorem. A Lie algebra A is semi-simple if and only if A may be 
written as a direct sum A = A, ® --: @ A,, where each A, is an ideal of 
A which, regarded as a Lie algebra in its own right, is simple. 


Proof. First suppose that A is semi-simple. If A is simple, we have noth- 
ing to prove. If not, A contains an ideal A’. Let k be the dimension of A, 
and j the dimension of J’, so that 


A” = {AEA (A, 1’) = 0 for AV’ EA’} 
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is k — j dimensional; here, of course, (A, «) is the natural bilinear form of 
A. Since (Ad (v) A, w) = —(A, Ad (») w) for A, u,v € A by Corollary 15, we 
see easily that A” is an ideal. Thus A’ n A” = A’” is an ideal. But if 
we A’, it is plain that (uw, “) = 0. By Corollary 14, A= 0 Hence 
A= A' @ A’; that is, A is the direct sum of two ideals. Regard the sub- 
algebras A’ and A” of A as Lie algebras in their own right. If either, say 1’, 
has an non-zero ideal P such that P” = 0 for sufficiently large n, then P 
is also a solvable ideal of A, contradicting the assumed semi-simplicity of 
A. Thus both A’ and A” are semi-simple algebras, and now an evident in- 
duction gives the asserted direct sum decomposition of A into simple 
ideals. 

Suppose, conversely, that 1 = A, ® --- ® A,, where each A, is an 
ideal of A, which, regarded as a Lie algebra in its own right, is simple. Let 
(A, u); be the natural bilinear form of the algebra /,, and (A, 4) that of A. 
Then if A,, u, € A,, it is easily seen that 


3 Ais > Hi) = > (Ai, Hii: 


By Theorem 3, all the forms (A, 4); are non-singular; hence by the above 
formula (A, 4) is non-singular, and applying Theorem 3 once more, we see 
that A is semi-simple. Q.E.D. 


17. Corollary. If A is a semi-simple algebra, A? = A. 


Proof. Use the decomposition given by the preceding theorem, to ob- 
tain A? = Aj @ AZ @ --- @ A?. Since each A, is simple, its ideal A? can- 
not be proper, so we must have A? = A;. Q.E.D. 


3. Structure of Simple Complex Algebras 


The road to a complete structural analysis of all simple (and hence all 
semi-simple) complex algebras now lies open before us. 

Throughout the present section we let A be a semi-simple complex Lie al- 
gebra, M a Cartan subalgebra of A, {x} the set of roots of M in A, A, the 
corresponding root spaces, (and A, = {0} if x is not a root), and let (A, HL) 
be the natural bilinear form of A, so that by Theorem 2.3 (A, #4) is non- 
singular. 


1. Lemma. If 4,¢A,, 4,¢A,, and « + 6 # 0, then Ad (A,) Ad (Ag) is 
nilpotent, so that (A,, Ag) = 0. 
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Proof. By Lemma 2.5, [Ad(A,) Ad (A,)]” maps A, into sail: 
ao + 8 # 0,not all y + n(x + B) can be roots, and hence a sufficiently 
high power of Ad (A,) Ad (A,) maps A, into zero. Since A= Y @A,, 


7 € {a} 
Ad (A,) Ad (Ag) is nilpotent, and thus its trace (A,, Ap is 210, © ew. 


2. Corollary. If x is a root, so is —a. If 2, € A,, there existsaA_,€ A_, 
Suciithat (4,, A_.) = 1. 


Proof. If not, then, by the preceding lemma, (/,, 2,) = 0 for 2, € A, and 


A, ¢€A,,no matter what y. But since A = )) @ A,, the natural bilinear 
VE {a} 
form would then be singular. Q.E.D. 


3. Corollary. The restriction of (A, uw) to M = Apo is non-singular. 


Proof. If yu, 0 # we M such that (uw, 2) = 0 for all Ae Ao, then by 
Lemma | we would have (u, A) = O for all A € A,, no matter what y. Thus, 
since A = ) @ A,, it would follow that (wu, 4) = 0 for all 2 eA, and the 


YE {a} 
natural bilinear form would then be singular. Q.E.D. 


4. Lemma. If ue M and «(w) = 0 for all «, then uw = 0. 


Proof. The spaces A, are invariant under all the maps Ad (), uw « M. By 
Theorem 1.9 (and since the nilpotent algebra M is also solvable) there 
exists a non-zero vector A € A, and a linear functional y on M such that 
(Ad (u) — y(u) DA = 0, we M. Since each / € A, is a generalized eigen- 
vector of Ad (w) belonging to the eigenvalue A(u), we must plainly have 
y = B. Thus Ad (uw) A = B(u) A for we M. Consequently, 


B([z, w']) A = Ad ([p, w']) 4 = (Ad (w) Ad (w’) — Ad (w’) Ad (u)) 4 


= (BH) B(u’) — Blu!) Bw) A = 0, 


i.e. B([u, 2’]) = 0 for all u, w’ e M. Using this identity, the reader will veri- 
fy at once that e(u) = (Ad (u) — B(u) DIA, defines a representation of M 
on A,, and that each operator o() is nilpotent. Thus, by Corollary 1.13, 
o() o(u’) + Bu) elu’) + Bu’) o(u) is nilpotent for w,y'eEM, ie., 
(Ad (u) Ad (u’) — B(u) B(u') DIA, is nilpotent. HenceusingA = )) © A, 
we have SEG} 


(u, ow’) = tr (Ad (u) Ad (w’)) = 2 o(u) o(u’) dim (A,), uw’ € M 
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If x(u) = 0, we have consequently (uw, u’) = 0 for all pe M, and thus 
pe = 0 by Corollary 3. Q.E.D. 

5, Corollary. [u, “’] = Oif uv, we M. 


Proof. We saw in the course of proving the preceding lemma that 
a([u, “']) = 0 if « € {x}. But then, by the statement of the lemma, [w, wu] 
='0,,O:E.D. 

The following Lemma is a special case of Corollary 2.12. 


6. Lemma. If u € [A,, A_,] we have 


y k dim (A, + kx) 


iii 


—-0<k<+00 


7. Lemma. If « 4 0 is a root, A, is 1-dimensional, while A,, = A3, 
ee 


Proof. Let 4,¢A,, and, using Corollary 2, pick A_,¢A_, so that 
(A,, A_..) = 1. Arguing as in the first paragraph of Lemma 4, we may 
also suppose that [M, A_,] © (A-_.). Let V be the subspace of A defined 
by V=(4_,.) ® ¥ @A,,, r an integer. 


>.0 
By Lemma 2.5, V is invariant under the mappings Ad (A,) and Ad (A_,). 
Bote — een ee hen 


tr (Ad (w)|V) = tr ([Ad (4,)|¥] [Ad (A_,)|¥] — tr[Ad(A_,)|V] [Ad ,)| VD) 
= 0. 


On the other hand, since (Ad (uw) — ra(u) J)?|A,, = 0 for P sufficiently 
large, we have tr (Ad (u)|A,,.) = ro (u) - dim (A,,). Thus 


0 = tr (Ad (WIV) = —o (w) + Y ra(w) + dim (4,,) 
= a(u) (-1 + rim (4,,). 


It is clear from this identity that if the present lemma is false we must 


have a(u) = 0. But then f(u) = 0 for all 6 € {x} by Lemma 6, so that by 
Lemma 4, w = 0. This would give 


0 = (, Ad (A,) A_,) = —(Ad (A,) », A_g) 
= (Ad (7) A,, A_4) = a7) (Ay, A_a) = or) 


II, 3] STRUCTURE OF SIMPLE COMPLEX ALGEBRAS 103 


for ally € M, and hence x = 0, contradicting our hypothesis. This contra- 
diction proves our Lemma. Q.E.D. 


8. Corollary. If 2, ¢ A, and A_, ¢ A_,, are such that (A,, 2_,) = 1, then 
the element uw, = [A,, A_,] is non-zero and belongs to M. We have (», 14,) 
= o(v) for each vy € M. Thus yp, is defined by «, independently of the choice 
of A, and A_,. We have wig = ~My» Matp = Ma + Hp. 


Proof. By the last part of the preceding argument, [/,, A_,] 4 0. Then 
—a(v) (A,, A_.) = —(Ad (r) A,, A_,) = (Ad (A,) », A_g) 
= —(v, Ad (/,) A_,) = -—0, [A,, A_,). ve M. 


Thus a(v) = (, u,), » € M. The two final statements follow at once from 
this equation and from Corollary 3. Q.E.D. 

Throughout the remainder of the present section, whenever x € {x\, we 
Shall let u, denote the element of M described in Corollary 8. 


9. Corollary. If A, €¢ A, and uw € M, then [y, A,] = o(u) A,. 


Proof. Every vector in the one-dimensional space A, is a generalized 
eigenvector of Ad (u) belonging to the eigenvalue «(w). Q.E.D. 


10. Corollary. The vectors u,, « € {x}, span M. 


Proof. If ye M and (», u,) = 0 for « € {a} then a(v) = 0 for « € {a} by 
Corollary 8, so that y = 0 by Lemma 4. Let m be the dimension of M. If 
all the vectors 4, were contained in a proper subspace of M, then the con- 
ditions (7, uw.) = 0 would be implied by less than m linearly independent 
conditions, and there would exist a non-zero vector vy satisfying (v, u,) 
= 0, « € {x}, a contradiction. Q.E.D. 


11. Lemma. Let x, 8 € {x}, and let 2, € A,, Ag € Ay be non-zero. Then, if 
« + Bisa root, [A,, Ag] is a non-zero vector of A, +,. 


Proof: Lemma 2.5 shows that all we have to prove is that [A,, Ag] is non- 
zero if x + Bis a root. We prove this as follows: For each y € {a}, let A, 
be a non-zero vector of A,, chosen so that we always have (A,, A_,) = 1, 
so that by Corollary 8 wu, = [A_,, A,]. Let R be the set of integers r for 
which « + rf is a root. An interval r_ <r <r, of integers is said to be 
isolated if r_ € R, rs, €R, [A_g, Ax+r_g] = O and [Ag, Ax+,,] = 9. If such 
an isolated interval is given, then, by Lemma 2.5, the space 


V= Yo OAs 


PH <P, 
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is invariant under Ad (A,) and Ad (A_,). Thus 
tr (Ad (u,)|V) = tr ([Ad (A_,)|V] [Ad (4)17] 
— [Ad (4,)|V] [Ad (A_,)|V)] = 9. 
On the other hand, by Lemma 7 and Corollary 8, 


tr (Ad (u,)|V) aS ((ug) + rB(Uu,)). 


This shows that the ratio — ee pj is equal to the average value A,__,, of 
the integer r over the set {r é Rir_ = y<ir.} here, 7 7 <= 7 scampe 
any isolated interval. If there were any r* € R such that r* > r,, we could 
find a second isolated interval r_ <r <ri44, withr,, > r,. But it is 
plain that the average value of r over this second interval would be strictly 
larger than A,_,,,, which is a contradiction. A similar argument applies to 
r_; so that we see that there can be only one isolated interval, i.e., that R 
itself must be an interval of the form r_ <r <r,, and that [A_,, A. 4,6] 
#Oifre Randr>r_, [Ag, Ax4+8] # Oifre Randr < r,. Our lemma 
is the special case r = 0 of this last assertion. Q.E.D. 


12. Corollary. Let «, 6 € {0}. The set R of integers for whicha + rf e {x} 
is an interval of the form r_ <r <r,, and we have 


Hy) 1 
i, ae 


13. Lemma. If «, 8 € {x}, B(u,) = (Ua, Mg) is real. 


Proof. Using Lemma 6 and Corollary 8 we may write B(u,) = = Tx, p(Mas Ha) 
where r, , is rational. Since A = p> & A, and each vector in A, belonesto 


the eigenvalue f(u,) of Ad (u,), ne hee 
tr (Ad (u,) Ad (u,)) = & Cuy 
Bs (r.,)* (o(u,))? 


I} 


(Ha> Ma) 


= 1(Ux, Ma)? 
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where r is rational and positive. Thus (w,, “,) is non-negative, and B(u,) 
= (My, Up) = T,,p(Mas Ma) is real. Q.E.D. 


14. Definition. If A is a semi-simple Lie algebra and M a Cartan sub- 
algebra, M, is the real subspace of M spanned by the vectors p,, « € {x}, 
i.e., the smallest subset of M closed under addition and under multiplica- 
tion by real numbers which contains all the vectors u,,, « € {a}. 

Note what is obvious: M, is a real vector space. 


15. Corollary. The dimension of the real vector space M, is equal to the 
dimension of the complex vector space M. 


Proof: Let m, and m be these two dimensions. Then since by Corollary10 
M is spanned by vectors in M,, it is clear that m, > m. On the other hand, 
using Corollary 10, let ,,, ..., M@x,, be a basis for M. If « € {x}, we may 
then write “4. = Cyfy, + +++ + Cmfly,, With complex coefficients c;. By Co- 
rollary 3, the matrix (w,,, 4.,) is non-singular. Thus the system of equations 


(Ua Me;) a »» CMa; > Hie)s I = i 8:89) m 
J=1 
may be solved by Cramer’s rule. Using Lemma 13, we see that all the co- 
efficients c; are real. Thus m, < m. Q.E.D. 
For the remainder of the present section, we let | denote the dimension of 
A, and m the dimension of M (which, as we have just seen, equals the di- 


mension of M,). 


16. Lemma. The symmetric bilinear form (yw, v) in the space M, is real, 
and (u, “) > 0 if we M, is non-zero. Thus M, taken with the inner pro- 
duct (u,v), is an m dimensional real Euclidean space. 


Proof. Lemma 13 and Definition 14 show that (y, v) is real on M,. We 
saw in the final paragraph of the proof of Lemma 4 that 


(u, W) = 2 (olu)y? dim (A,). 


By Lemma 13, Lemma 4, and Corollary 8 this is a sum of non-negative 
terms, not all of which are zero. Q.E.D. 
17. Definition. A set 17 < {a} is called a simple set of roots if 


(a) The set of linear functionals « € IT (defined on M,) are linearly in- 
dependent. 
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(b) Every root f € {x}, B # 0,may be written as 8 = ). kx, where the 


a€iT 
coefficients k, are unique, all integers, and are either all non-positive or all 


non-negative. 


18. Lemma. There always exists a simple set of roots. 


Proof. Let MM; be the set of real-valued linear functionals 6 on the space 
M,, or, equivalently, the set of complex valued linear functionals f on the 
space M which assume exclusively real values on the subset M, of M. By 
Lemma 13, Corollary 3, and Corollary 8, every root belongs to M,. Intro- 
duce some basis f,, ..., 8, into the real vector space M,, and using this 
basis, make M, into an ordered vector space by writing y, > 2 if the first 
non-zero coefficient of the vector y, — v2 relative to the basis 6;,...,Bm iS 
positive. In this way, M, is totally ordered, and we have y,; + y2 > Oif 
y, > Oandy, > 0, —y < Oify > 0. Calla vector ye MY positive if y > 0. 
Call oe M, positive if the y e M, defined by y(u) = (uM, Mo) Is 
positive. 

Let A, be the set of positive roots, A_ the set of negative roots, so that 
A_ = —A,, and {x} = A, U A_ vu {0}. Call a positive root decompos- 
able if B =a, + &2, with «,,a, > 0, «1,0, € {x}. Let II be the collec- 
tion of all indecomposable positive roots. 

Since B = «, + «2 witha, > Oanda, > Oimplies f > «, andf > «2, 


it is plain that each positive root may be writtenas 6 = ) k,x, where each 
a€ IT 


k,, is a non-negative integer. Thus, using Corollary 2, it follows that each 


negative root may bewrittenasS = > k,«, where eachk, isa non-positive 
a€ ll 


integer. This makes it clear that both (a) and (b) of Definition 14 will fol- 
low by Corollary 8 if only we can show that the vectors u,, « €J/, are 
linearly independent. 

This we prove as follows. If «, B e1I,« # 8, anda — £ is a root, then 
either « — f or B — x is a positive root. Suppose to be specific that a — p 
= y Is a positive root. Thena = £8 + y is decomposable, a contradiction. 
This shows that if, 6 ¢ Tanda ¥ B,x — Bis nota root. By Corollary 12 
and Corollary 8, (u,, 4g) < 0. Now, suppose that we had a linear relation 
by = en ie with real coefficients c,. Let /7, be the subset of JT for which 


Bta 
Cz > 0, and //_ the subset of JT for which Cz < 0, so that 


oo d pes d, =< fiir a 
Bs =D ple ee pp = wt — ps 
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with real positive coefficients d. Since My > O for all B € IT, we cannot have 


u = 0. But therefore, by Lemma 16 and using (Ug, Uy) < Ofor BF y, we 
ave 


(Ua, ut) =a (ut, a) — » d,d, (Ug, Hy) 0: 
yells 
On the other hand, for the same reason 


(u,.,@*) = 2 d,(U,, My) <0 
v2 + 


a contradiction. This shows that the vectors u,, « € JT, are linearly in- 
dependent, and completes our proof. Q.E.D. 


19. Corollary. Let /7 be a simple set of roots. Then 


(i) The vectors u,, « € 17, form a basis for M,; 

(ii) Every root 8 # 0 may be built up from roots « € /7 and their nega- 
tives by an iterated sequence of additions 8, + £,, both terms f, and B, 
always being non-zero roots, and f,, 8, ¢«l7 u —I; 

(iii) The smallest Lie subalgebra of A containing all the spaces 4, and 
A_,, «El, is A itself. 

(iv) Every element of A may be written as a linear combination of ele- 
Mente on ghe Tom. [A.,. Aq.) ---) 4a, wheten, e427, 7 = 1.7 


Proof. By Definition 17, the roots « € [J form a basis for the space M; 
of the preceding proof. Suppose that we use this basis to introduce a par- 
tial ordering into M,, as in the preceding proof. Then, as that proof shows, 
the set of all positive roots which are indecomposable in the sense of the 
preceding proof forms a simple set of roots, and hence a linearly indepen- 
dent set of roots. But it is plain from Definition 17 that each « € // 
is indecomposable. Since a basis cannot be enlarged and still remain 
linearly independent, it follows that // is identical with the set of all in- 
decomposable roots. But then it follows immediately that every root 
B > 0 (resp B < 0) can be built up from the roots a € IT (resp x € — 17) 
by aseries of additions 6, + 62. It follows, using Lemma 11, that if A, ¢ Ag 
where f > 0, A, belongs to the smallest Lie subalgebra Aof A containing 
all the vectors a « € IT. Similarly, using Corollary 2, A, ¢ A if Be {x} 
and B < 0. ThusA > A,if B 4 Oand Be {a}. Hence A contains all the vec- 
tors “4g, so, using Corollary 10, A@ Ag and thus d= > @AN= A. 
This proves (iii). eae 
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By the Jacobi identity, if A,,..., Ap, 41, ---> AE A, we have 
(ee (Aas tok ees Ap lier eri tall 
= —[[[L-- is Ao J, And. Aad L-- 41,42]. Aa- all 
+ ((EL..- tr, 42]---], Ao) OL Ai, Aa) 1 Aaa], Aa. 


It therefore follows inductively using what we have already proved, that if 
B > Oand A, € Ag, then A, may be written as a linear combination of ele- 
ments [[... [Ax,» Aasl> ---] 4, With o,, ..., «, € 17. This proves (iv). More- 
over, by Lemma 11, it follows that there exists a sequence «,, ...,%,¢€ IT 
such that B = 0, + --- + «, and such thatw, + --- + x, 1S a positive root 
for each k > 0. Statement (ii) now follows immediately by Corollary 2. 

Statement (i) follows by Corollary 10, Lemma 8, Corollary 3, and De- 
finition 17. Q.E.D. 

In formulating the following basic result on isomorphism we let A and 
A’ be two semi-simple complex Lie algebras, and Mand M’ Cartan sub- 
algebras of A and A’ respectively. Let M, and M, be the real subspaces of 
M and M' respectively described by Definition 14. We let (A, u) be the 
natural bilinear form of A, and (A’, w’) that of A’. For each root « of M in 
A, we let A, be the corresponding root space, and let uw, be the vector de- 
scribed by Corollary 8; similarly, for each root « of M' in A’, we let A; be 
the corresponding root space, and let wz; be the vector described by Corol- 
lary 8. 


20. Lemma. Suppose, assuming the notations explained just above, that 
IT and IT’ are simple sets of roots of A and A’ respectively. Let ¢ be a one- 
to-one linear mapping of the real vector space M, into the real vector 
space M,, such that 


(i) For each « € I, d(u,) = pi, where «’ € IT’. 
(ii) The transformation « — «’ defined by (i) maps JJ onto JT’. 
(iii) We have (P(Ha)s (ug) a (Ua, 7) for Om, B edi, 


Then A and A’ are isomorphic; indeed, @ may be extended to an isomor- 
phism of A onto A’. 


Proof. For each « € IT U (—J1) we choose a vector 4, €A,, making 
sure that (4,, A_,) = 1, so that [A,, A_,] = mu, by Corollary 8. Similarly, 
for each x’ € II’ U (— JT’), we let a, € Al, and suppose (Ay; Ae 
so that [A,,, AL] = ui. We shall first prove 
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(a) If wo, ..., «, is a sequence of elements of JJ U (—TIZ) such that 
& + --- +a, = 0, then we have 


PIL .-- [nos Aas Anz] ---J Aap) = [0 --+ [aror Aas Avrahs «J A’ap- 


To prove (a), define the rank of the sequence xo, ...,«, as the pair 
[p, k], where 
ae if xe (11) 


a; ell 


c= ane o> ell. 

oj€(— IZ) 
If p = i, (a) reduced to¢([A,, A_a]) = [Ay, AL yg], ie. tob(u,) = wi, which 
is simply (i). We shall suppose that (a) is known for each sequence 
Gy +++ dg € ITU (—L) and such that dy) + --- + d, = 0 of rank [q, k’] 
such that either g < p or gq = p and k’ < k, and show that this implies 
(a) for the sequence «9, ..., «,. This double induction will evidently prove 
the general validity of (a). We may assume, of course, that p > 1, and for 
the sake of definiteness, that x, e /7. By Corollary 19 it follows that the 
sequence %, ...,%, contains as many elements of // as of (—J/). Thus 
Oo, -.-,%p, Must contain a pair «;,«;,, of successive elements such that 
0; E (ID), O41 € —IT. Unless x, = —a;41, 4,, and A,,,, commute by De- 
fmcon 17 and Lemma 2.5 so that 


neal 


Peel, Aa lie Jets] S05 ah Ope/and 
Tee ee ee ae 
See (ieee el etal y | ss<]s Aas 


The corresponding identity holds for the vectors Aa} ee Ax, so that in 


case x; # —c;+, (a) follows by inductive hypothesis. If«; = —aj41, we 
have [A,,. 44,1] = Ms,» SO that using the Jacobi identity we find 


(ieee, ; ele ose] 
= igs (a legs PS ee a reed a en Fe 
eee ee) (ie) Mian ede tel: Agj2u], Aajcal oso Aspe 


and a corresponding identity for the vectors A, hye , A,. Since by hypo- 
thesis and by Corollary 8 we have ae = (us, Lx, = (Hass Mat) 
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= aj(ui.), (a) also follows in this case by inductive hypothesis. Thus the 


proof of (a) is complete. 
Next we prove the following statement: 


(b) If xf, ..., 06 and 66,.-., By are elements: of 174 (—JZ) such that 
Oo + +a, + Bo + + + By = O, and if we put 


[ops nop — Delany Aa tas) el ter 
and define [Bo, ..., Bal, [%o, ---» pl, [Bo. ---» Bg] similarly, we have 
[[xo, en: [Bo. ee Pall = P([Xo, seeglenls [Bo> oe eal: 


It is easiest to prove (b) by proving the following slightly more general as- 
sertion: 

(6) Tag, 25 0pn Pos --> bes and Vosmerey are elements Of.7) aqua) 
such that % + --- +a, + Bo ++ +6, +o + --- + y, = O, then 


P(LL.-- [[lo0, «+++ %p]> [Bos -++» Ball Ayo] -+-] AyD 
=f. [blebs i051, (Bose dal: 
To prove (b'), we have only to note that by the Jacobi identity 
[Dex flee, .. 10, ..- Banana | 
= —[f:. es...< ae, ee ee 
l=. Ullro, «1551s bose Al eave Aals 


a similar identity holding for the vectors A. Thus (b’) follows by induc- 
tion on p from its special case p = 1, which is simply (a). 

From (b), it is easy to prove the following statement (c), which is for- 
mulated in terms of the notations introduced above: 

(c) Ifo, ...,a, and fo, ..., 8, are arbitrary sequences of elements of 
IT J (—ITD) such that «) + +++ + x) = By + ++ + B, ¥ 0, then the ratio 
of the parallel vectors 


[Oa <o05 plead Waser. Dal 
is the same as that of the vectors 
[®o> eae lane: ea 


If xo +--+ +a, = 0, statement (c) is merely (a). Let % + «+ + hp 
= y # 0. By Corollary 19 (iii) and Lemma 11, there exists a sequence 


II, 3} STRUCTURE OF SIMPLE COMPLEX ALGEBRAS 111 


V1. +++» 7 of elements of JJ U — JT such that y, + --- + y, = y and such 


that [y,, ..., y-] # 0. It then follows by (b) that the ratio of the parallel 
vectors 


[[oo. ate ls [v1> ae and ([B1 seals [71> cea yell 


is the same as that of the vectors 


[[xo, Mes Onls esse rll and Weise eOols ecg elie 


Statement (c) now follows from Corollary 8. 

It is now easy to complete the proof of our Lemma. We extend ¢ to a 
mapping ® defined on all of A be requiring that B({«,, ...,«,]) = [«1, 
-..,%p] for alla,,...,0,¢€ 21 U —JI. By Corollary 19 and (c), @ is a linear 
transformation mapping A onto A’. The symmetry of the relationship be- 
tween A and A’ makes it plain that ® has an inverse Y defined by 
Y([oi, .-->%p]) = [o1, ...,o,]. Thus ® is one-to-one. Using the identity 
1, it is easy to prove by induction on q that 


DU ono eee es Oo |i, @e- 5%, |), P( [Bis ass Pell: 


Thus @ is an isomorphism of A with A’. Q.E.D. 
The following theorem recasts Lemma 20 in a form which will facilitate 
our subsequent calculations. 


21. Theorem. Suppose, assuming the notations explained in the para- 
graph immediately preceding Lemma 20, that // and JI’ are simple sets 
of roots of A and J’ respectively. Let « > «’ be a one-to-one transforma- 
tion of [7 onto JZ’. Suppose that for each non-negative integer n, and each 
«, P € IT,« + nB isa root of M in A if and only ifaw’ + np’ isa root of M’ 
in A’. Then A and A’ are isomorphic. 


Proof. We shall show that the hypotheses of the present theorem imply 
the hypotheses of Lemma 20. By Definition 17, each root f € {a}, B # 0, 


can be writtenas B = })) k,x, where all the k, are integers, and all either 
aoe lT ~ 
non-positive or non-negative. Similarly, each non-zero root 8 of M’ in A’ 


can be written as B = ) kia’, where all the ky, are integers, and all either 
a’ €IL’ s 
non-positive or non-negative. We call f (resp. f) positive if all the k, (resp. 
ki.) are non-negative, negative otherwise. We call > |k,| (resp. Y: [k,-}) the 
5 a a’ EIT’ 
rank of 6 (resp. f). = 
We first show 


(a) If B = > k,x is a root, then )' k,o’ is a root. 
ae€ll a’ EIT’ 
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This we prove by induction on the rank of . If this rank is 1, we merely 
have one of our hypotheses. Suppose that the rank of B isk > 1, and that 
(a) is known for all roots whose rank is less than k. We suppose for the 
sake of definiteness that B is positive. By Corollary 19, there exists an 
X €1T such that By = B — Xo is a root. Put n, = k, if x +X, My =Ka.— 1, 
B= ¥. kx’, By = ¥ nx’. Then, by inductive hypothesis, Bo + no 

neue a’ EIT’ 
and (>. 7,«’) + no’ are either both roots or both not roots ifn < 0. Let n_ 
a’ E/T’ 
be the non-positive n, largest in absolute value, for which By + na is a 
root. It follows by Corollary 8 and Corollary 12 that f is a root if and only 
if 
= (Us; Ha) Bee fe) (Ugo; Mog) = uh n_, 
well (Caps Hoo) (Uo » Hag) 2 
and f’ is a root if and only if 
a's fa’ iB" ’ a 1 
-> ee Hare) _ _ Win Hat) bn 
o’€IT” (Ua'> bx’) (Ha'g> Ux’) 2 
But, by hypothesis, and using Corollary 8 and Corollary 12 once more, 
Gas Heo) Meat) eI. 
(Has Moy) (Yaar Ha'o) 
Thus f is a root if and only if f’ is a root, proving (a). 
Puce — 2, hae foreach B = > k,« € {x}. Then from (a) and Corol- 
a CIT” aelT 
lary 12, we deduce that 
(b) ( 1X9 ahs B’ 
Kideoitipy Mie a) a, B € {x}, “a, Pp # 0. 
(Hp, Mpg) (up, Mp’) 
We saw in the final paragraph of the proof of Lemma 4 that 


(u, 0) = ¥ (ow)? dim(A,), eM 
aE {a} 
so that by Corollary 8 and Lemma 7 


(44) = ¥ (4,4), bem 
aE{} 
Thus 


(u aT )-t = (Lys Mg)? 
ey de (Hg Mp)” 
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and similarly 


aT ON ( ne g)? 
(ups Me)? = ceases 
w'€fa’s (Ug, fap’) 
But then, by (b), we have 


(Mp:> Mp) = (Ug, Mg), BE {ox} 


Using (b) once more, the hypotheses of Lemma 20 are verified. 

Now define the linear transformation ¢ on M, by ¢(u,) = ui, «eT 
(c.f. Definition 17). Then the hypotheses of Lemma 20 are satisfied, and 
our theorem is proved. 

The following corollary gives useful auxiliary information about the 
isomorphism whose existence is asserted by Theorem 21. 


22. Corollary. Suppose, under the hypotheses of the preceding theorem, 
that for each « € IT we choose vectors A,, A_,, As, AL4, such that 
Aeeevle,, Ange. i such a way that (A,. 4_,) = Go, 4L,) = 1. 
Then the formula 


Df: Ancls Aol cords Ag = eee 1A s Avsl Ae beled. | 
X1,...,%,€ 1/1 U —II, defines an isomorphism of A onto A’. 


Proof. Examination of the first and of the final paragraph of the proof 
of Lemma 20 will show that the isomorphism between A and 1’ construct- 
ed in the course of that proof has the properties described in the present 
corollary. Q.E.D. 

Theorem 21 shows that the structure of A is entirely determined by the 
geometric configuration of the m vectors constituting the set {u,}, « € IZ, 
in the m-dimensional Euclidean space M,. Analysis of this geometric con- 
figuration now leads rapidly to acomplete understanding of the structure 
of A. 

Throughout the remainder of the present section, we let II be a simple set 
of roots. 


23. Lemma. If x, 8 € IJ and « # f, then 


2 
4 — Was Ue)” ==) ab 2, Ol 3s 
(U, Hx) (ug; Ls) 


Hausner and Schwartz, Lie Groups 8 


ell Ny ,p = 
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Moreover, if 7,,, # 0, then one of 


2 (Ux Lp) and 2 (Uy, Lg) 
(My fa) (Mg: Lg) 


is —1, and the other is —n, ,. 


Proof. By Corollaries 12 and 8, n,,, is an integer. By the Schwarz in- 
equality, this integer is at most 4; and, if it is 4, we must have uw, = —p,. 
But then, by Corollary 8,« = —f, is impossible since «, B € IT by Defini- 
tion 17(b). Thus 7,,, < 3, and all our assertions are evident (cf. Corol- 
last?) (OED: 

For the rest of present section, if, B € II, we shall use n,,, for the integer 
defined by formula [*]. 


24. Definition. If x, 8 ¢ JJ and « # £, we call « and f neighbors if n,,¢ 
# 0, and simple neighbors, double neighbors, or triple neighbors according 
as ,,, is 1, 2, or 3. If and f are double (or triple) neighbors, we say that 
the doubling (or tripling) is on Bifx + 26 (ore + 3f)isa root of win A. 

We now begin to analyze details of the geometric configuration of the 
vectors u,, « € LT. 


25. Lemma. There exists no sequence «,, 2, ...,%, 2 > 3 of distinct 
elements of /7 such that «, is a neighbor of «;,, and «, a neighbor of «,. 


Proof. Write u, = u,/|u,| if € I, where |u,| is the length of u,. Then 
since the vectors “, are linearly independent (cf. Definition 17) we have 


0< [> lp = Dy (us, U,;) = y V tay, < c 
Q.E.D. : ae! fon : 


26. Lemma. Let the neighbors of an « € /7 be n in number, where we 
agree to count a double neighbor twice and a triple neighbor 3 times. Then 
ns 3. 


Proof. Let the distinct neighbors of « be «,, ...,%,. As in the proof of 
the preceding lemma, write u, = y,/|u,|. By the preceding lemma, the 
vectors u,,, ..., ¥,, are orthogonal unit vectors. By Definition 17, the vec- 
tors U,, U,,, -.-, Uy, are linearly independent. Thus, by Pythagoras’ theo- 


Dp Pp Dp 
rem, | pee (site) = 42 Lys SORnat Y nw OED: 
=1 i=1 i=1 
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From this point to the end of the present section, we wish to restrict our 
attention to simple complex Lie algebras. The following Lemma gives an 
easily applied criterion for a semi-simple algebra to be simple. 


27. Lemma. The semi-simple Lie algebra A is simple if and only if any 
two elements « and f of IJ can be connected by a sequence 


O = %1,%2,... 2%m—-15 %, = B 
of elements of J/, each of which is a neighbor of the next. 


Proof. First suppose that JZ does not have this property, so that J7 may 
be divided into two disjoint subset /7 = IZ, U I,, in sucha way that no 
ao € JI, is the neighbor of any f € I7,. Then, by Definition 24, Defini- 
tion 17, and Lemma 11, we have [A,,, Ai] = Oifae IZ, and Be I7,. 
It follows readily by induction that if A, (resp. 4) is the Lie subalgebra of 
A generated by all the subspaces A.,, « € IT, (resp. « € IT), we have 
[A,, A,] = 0. Thus A, + A, is a subalgebra of A, and, by Corollary 19 
(iii) A, + A, = A. Then plainly A, and A, are ideals in A. Were A simple, 
we would have A, = A, = A, and therefore [A, A] = 0, an impossibility. 
This shows that if /Z is not connected in the sense of the present lemma, 
then A is not simple. 

Conversely, suppose that A is not simple, so that by Theorem 2.17 we 
may write A = A“ © A®, where A™ and A™ are ideals of A. Both A“ 
and A‘ are invariant under the operators Ad (uw), where u € M; hence, 
by Theorem 1.10, A = Y @ Af”, andA™ = } © A, where A® 

xed) ne A?) 
and A‘) are respectively the sets of weights of the representations 
p> Ad (u)|A™ and uw > Ad (u)|A™ of M. Thus the decomposition of A 
into root spaces of M must be given by A = 2 © AY @® y © AY. 
ae Ao ae A? 

Since the root space A, corresponding to non-zero root « of M in A is one- 
dimensional, we must therefore have either A, ¢ A™ or A, ¢ A™ for all 
0 # we {a}, and in particular, for all € IT. Since [A_,, A,] # 0, we can- 
not have A, = A™ and A_, = A; thus if 4, = AM, A_, c A™. If 
we let IZ, (resp. I7,) denote the set of « € JJ such that A, ¢ A™ (resp. 
A®)), it follows by Corollary 19 (iii) that neither /7,, nor //, is null. The 
set IJ is plainly the disjoint union of J7, and //,; since [A,,, A+] = Oif 
«é€IJ,, and Be /7,, no« in I, is the neighbor of any f € /7,. This com- 
pletes the proof of the converse part of the present lemma. Q.E.D. 

The following corollary disposes completely of the case in which any 
« € IT has a triple neighbor. 
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28. Corollary. Let A be simple. If /7 contains any element « with a triple 
neighbor f, it contains no elements other than « and f. 


Proof. This follows immediately from Lemma 26 and Lemma 27. 
Q.E.D. 

For the rest of the present section, we suppose that now € //has a triple 
neighbor. 


29. Lemma. Let A be simple. Let « € /7 have the double neighbor . 
Then no element y € /7 other than « or f has either a double neighbor, or 
more than two single neighbors. 


Proof. First suppose that there exists ay € I7, y #«, y 4 B witha double 
neighbor. Then, using Lemmas 25, 26 and 27, and interchanging « with B 
if necessary, we may find a sequence a, = %, &2 = B, X3, ..., X15 Op 
of distinct elements of J/, such that, and«, are double neighbors, «, _ ; 
and «, are double neighbors, «; is a simple neighbor of «,_, and «;,, if 
2<i<n-— 1,and noq, has any neighbors «, in the sequence but «;+, 
and &j-1- Put uy = asf lHasl> ue ted (Ma. ee SNE Han—1)/ bas aa Han-als 
and u3 = M,,/|M,,|. This gives three unit vectors, linearly independent by 
Definition 17. By Lemma 23, u, and u3 are orthogonal. We have 
{Pal aes ee [Pan al? and (Ua;> Tees) = —4 [Maal fon2i= 7 <a 1 by 
Lemma 23. Thus 


Hos nee a ON = (ee == [eels 

and therefore (u5,u,) — (u,, %) = me) by Lemma 23. But then 
1 = |u2|? = (u2,u,)? + (uz, u3)*, contradicting the linear independence of 
Uy tie Uy. 

Next suppose that there exists ay € [/, y # «, y # B with three distinct 
neighbors. Then, using what we have just proved, Lemma 25, and Lem- 
ma 27, and interchanging « with f if necessary, we may find a sequence 
O&, = X02 = B, X35, ...,%n, Xn 41 Of distinct elements of /7, such that «, and 
, are double neighbors, «; is a simple neighbor of «,_, and «;,, if 
2<i <n, %4, 1S a simple neighbor of «,_,, and no «; has any neighbor 
a; other than the ones just described. Put uy = wy,/IMa,], U2 = (My, 
Tee Se Moyea) ee seer Pon -ails uz = Coy! |Mon|s a = Mens! |HMan +1: This gives 
four unit vectors, linearly independent by Definition 17. By Lemma 23, 
u,, U3, and u, are orthogonal. We have |y,,|? = + = [3,-,|7 mand 


(Laj> Majer) = —4|Ua,|? for 2 <j <n — 1 by Lemma 23. Thus 


[Mas Sec Bag -al” a | Mas]? = [exp oales 
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and therefore (u,, u;) = —4 V2, (up, u3) = —4,(u>, 44) = —4}. But then 
1 = |u2|? = (uz, uy)? + (uz, u3)? + (uz, u4)?, contradicting the linear 
independence of u,, u2, U3, U4. Q.E.D. 


30. Corollary. Let A be simple. If any element of JT has a double neigh- 
bor, then the elements of JJ may be enumerated in a sequence «,, «2,..., 
Om, Such that x; has«,;_, and «;,, as neighbors, but has no other neigh- 
bors. 


Proof. This follows by Lemma 25, Lemma 27, and the preceding Lem- 
ma. Q.E.D. 


31. Corollary. Let A be simple, let some element of /7 have a double 
neighbor, and let JJ be enumerated as in the preceding corollary. Let 
m > 4. Then either «, or «,, has a double neighbor. 


Proof. If this is false then by the preceding corollary // contains a sub- 
set 7, of 5 roots 8,, 82, 83, Ba, Bs, each 8; having B;_, and B;,, as its 
only neighbors in //,, such that £3 is a double neighbor of £,, and such 
that no f; other than 8, or 64 has any neighbor which is not simple. Put 


ine He, oD Up, ee Mes. a eps ae? Mpa. 
Ip, He, lp, ps IMe.| 


so that by Definition 17 the vectors u and v are linearly independent. 
Using Lemma 23 we find that 


[ulJ? = 12 + 27 + 3? -2-6=6 
and similarly 
|v? = 3. 


Using Lemma 23 once more, we find that 

(u, v)? = 4 -Q- a Tigi, = Is. 
But then, by Schwarz’ inequality, 18 = (u,v)? < |u|? |v|* = 18. This 
contradiction proves the present lemma. Q.E.D. 


32. Corollary. Let A be simple, and let some element of // have a double 
neighbor. Then the elements of /] may be enumerated in a sequence 
O15 +++5%m, Such that x; has «;_, and «;,; as neighbors, but has no other 
neighbors, and such that either 
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(a) «, has «x, as a double neighbor, the doubling being ona, while no«,; 
other «, or «, has a double neighbor; or 

(b) «, has x, as a double neighbor, the doubling being on «2, while no 
«, other than «, or x2 has a double neighbor; or 

(c) n = 4, x, has «3 as a double neighbor, the doubling being on «2, 
while no «, other than «, and «3 has a double neighbor. 


This completes our analysis of the structure of a simple set of roots of a 
simple complex Lie algebra in case any root has a double (or triple) neigh- 
bor. We now turn to analyse the remaining case, in which every pair of 
neighboring roots is a pair of simple neighbors. 

The following lemma is in close analogy with Lemma 29. 


33. Lemma. Let A be simple. Let « € IT have three distinct neighbors. 
Then no other element of // has three distinct neighbors. 


Proof. By Lemma 29, no element of // has a double neighbor, and, by 
Lemma 26, no element has more than three neighbors. Now suppose that 
the present lemma is false. Then, using Lemmas 27 and 25, we may find a 
sequence B,%1,%2 = 0, ...,%,, y of distinct elements of J/, such that «,; 
haso,;_,; and«,;,,assimple neighbors,2 <j < n — 1, Bhasa«,asasimple 
neighbor, y has«,_, aS a simple neighbor, and such that no element of the 
set [Jy = {B, 01, ..., %,, vy} has any neighbor in J/, other than the ones 
just described. Put uy = pg/litg|, U2 = My,/|Marls 


u3 = (a AP 08 Sp as op sero ioe lstea = Hoy |\fornl » Ms = L,/|w,\. 


This gives five unit vectors, linearly independent by Definition 17. 
By Lemma 23, u,,u.,u4, and us are orthogonal. We have |y,,|? 
= = |M,,-,/7 and (M,,5 Maja.) = —4 |Ma,|? for 2< j <n—1by Corol- 
lary 23. Thus 


[Mos oa ia 45 HD as | cca = eal 


and therefore (u,,u3) = (uz, U3) = (U4, U3) = (Us, U3) = —4 by Lem- 
ma 23. But then 1 = |w3|? = (w,, u3)? + (uz, U3)? + (U4, U3)? + (us, U3), 
contradicting the linear independence of u,,...,u5. This contradiction 
proves our lemma. Q.E.D. 

The following lemma is in analogy with Corollary 31. 


34. Lemma. Let A be simple, and suppose that no two neighboring ele- 
ments of // are either double or triple neighbors. Then JT contains 
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(a) no set IT) of seven roots «,, 2, ...,%7 such that «, neighbors «, 
neighbors, «4 neighbors«s neighbors «3, «, neighbors «, neighbors «3; 
and such that no «, in [7 has any neighbor in J7, but the ones just de- 
scribed. 

(b) no set /7, of nine roots f,, ..., Bg, ysuch that 8, neighbors B,;_, and 
By+1 for 2 <j <7, y neighbors §,, and such that no element of J7, has 
any neighbors in /7, but the ones just described. 

(c) No set IT, of eight roots «,, ...,« and B such that «,; neighbors 
oj, anda,,, for2 <j < 6, B neighbor «4, and such that no element in 
IT, has any neighbors in JT, but the ones just described. 


Proof. (a) If a set I7) as above exists, put 


ye ee) eae eer yee a 
[Macs | [Maal [Hal [Mas| 
Vi al a, ye Mos 
[Ma |Ma| [Mas| 
(b) If a set ZZ, as above exists, put 
(ee eee... 4 Fee.) eee EAs 
Mp,| [Hp,| Me. | Ips! [Hp,| 
uy = Pe 5 i = bs 
[H,l IMpel 
Then w,,..., U4 (resp. ui, ..., 44) are 4 linearly independent vectors. The 


vectors U4, U5, “4 are unit vectors; by Lemma 23, we have 
|u|? = 3; |u|? a a; |u3|? = 2; |u|? a 3; 
lu, |? = 17 + == 4 5S? — 1.2 — 2.3 — 3.4 — 4,5 = 15. 


By Lemma 23, the vectors u,, u2, U3 (resp. ui, U2, 43) are mutually ortho- 
gonal. Moreover, by the same lemma 


1, (us, U4)” =1; 


1, (U3, ua)” = 4. 


(ij, 44)? = Wl, (Us; 4) 


(ui, ua)? = 2, (Ua, 44)? 
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But then either the inequality 


2 2 2 1 1 I 

i PA Be (u,, U4) (uz, U4) (u3, He =e 

|u|? |u|? us| 3 3 3 

or ; 
fi Lond , 7\2 / 7\2 i| 

ence (uy, U4) (uy, U4) (u3, U4) = 3 - Soe 


us|? |u|? |u|? 12 
is contradicted. 
(c) If a set I7, as above exists, put 


Has ay Lx2 ae Mas 


uy = 3 
IMas| | Mal [Has| 
“= ites, 4. 5 aS on 
Mal Mag| | as| 
uz = Baa > ug = et 
A Hel 


The vectors uw; and uv, are unit vectors; the vectors u,, U2, U3, U4 are line- 
independent. By Lemma 23, the vectors u,, u,, and u,4 are orthogonal. 


Thus 
u 2 Ur : 
@1 =r = (#5) + rant ts) eae 
|, | |u| 
But, using Lemma 23 and Definition 24, we have 
(u,, U3) = (uo, U3) = —4:3= -—}3 
(ug, U3) = Sh 
ju,|? = jul? =1+4+9-4-2-24+6=6. 


Thus the right-hand side of inequality (*) above is 2- 6-1-2 +1 = 1, 
giving a contradiction, and completing our proof. Q.E.D. 

Lemma 34 concludes our analysis of the configuration of the vectors 
{ux}. We now wish to state a theorem summarizing the results of Lem- 
mas 23-34. In doing this, we find it convenient to define a certain class of 
geometric symbols. 


35. Definition. Let A be a semi-simple complex algebra, and let J7 be a 
simple set of roots of A. Then the Dynkin diagram or chromosome of A 
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(relative to the set 7) is the linear graph I" defined by the following three 
conditions: 


(a) the vertices of I'are in 1 — 1 correspondence with the elements of J7. 

(b) two vertices of I’ are connected by a single line if and only if the 
corresponding elements of J/ are simple neighbors; by a double line if and 
only if the corresponding elements of JJ are double neighbors; by a triple 
line if and only if the corresponding elements of /7 are triple neighbors. 

(c) a vertex of J" is distinguished by an asterisk if and only if the cor- 
responding element « € /7 has a double or triple neighbor f; the doubling 
or tripling being on «. 


The following decisive theorem then summarizes the content of Lem- 
mas 23-34. 


36. Theorem. Let A be a simple complex Lie algebra; let /7 be a simple 
set of roots of A. Let 7 have m points. Then the Dynkin diagram of A 
(relative to /7) is of one of the following types: 


hype A, O-—-O - +: O—O—_O in el Of 
Type Bm: O—O -:- O—O0_® m >2, or 
Type Cm: O—O--: O—@I_D m >3; or 
Type Dm: CeO asl m >4; or 

Type E,,; eee ole 6<M< 8. or 
Type Fa: O—c___®)-—_o or 

Type Go: o=—6)) 


Two simple complex algebras with the same Dynkin diagram are isomor- 
hic. 

: We shall see below that the converse of the final assertion of the above 

theorem is valid: If two simple complex Lie algebras are isomorphic, their 

Dynkin diagrams are the same. Thus, the type of the Dynkin diagram of 

A is a characteristic of A, and we may speak of a simple Lie algebra as an 

algebra of type A, B, Eg, F4, Gz, etc. The four classes A, B, C, and D of 
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simple Lie algebras are called the principal types of simple algebras; the 
five remaining algebras E,, E,, Eg, F, and G, are known as the exceptio- 
nal simple algebras. 

Not finally that while Theorem 36 gives a complete classification of 
simple complex Lie algebras, it does not assert that an algebra of each of 
the types which it describes actually exists. This additional assertion is true, 
however, and we turn now to the task of establishing it, and of describing 
the various types of simple algebras in more detail. 


4. Models of the Simple Complex Algebras 


Theorem 3.36 describes all possible simple complex Lie algebras. Our 
first aim in the present section will be to show that all the Lie algebras de- 
scribed by Theorem 3.36 actually exist. We will accomplish this aim by 
the pleasantly explicit method of displaying a specific model of each of the 
algebras. The following simple lemma will facilitate our computations. 


1. Lemma. Let 4 be a complex Lie algebra, M a subalgebra of A such 
that M? = 0. Suppose that {«} is a set of roots of M in A, including the 
root zero, and that 

(i) If x € {a}, —a € {ax}. 

(ii) The root spaces A,, « # 0, x € {ox} are 1-dimensional. 

@iIf 0 #4,E€A,, 0 #4 A, E€A_,, and « £0, it follows that 
[Ay, 4-4] # 0. 

(iv) For each we M, there exists a wu’ € M such that a(u) and «(p’) 
are complex conjugates for all « € {a}. 

(v) No non-zero uw € M satisfies o(u) = 0 for all « € {x}. 

(vi) A=M®@ > A,. 


a E {ax} 
a#O 


Then A is semi-simple. Moreover, {cx} is the set of all roots of M in A. 


Proof. If the set A of roots of M in A contained any element other than 
those in the set {x}, then A = )’ © A, would contradict (vi). This proves 
our final assertion. ac" 

For the rest, choose 0 # 4, € A, for alla € {x}, a # 0. 

Then, by hypothesis (vi), we may write any pair A, 4’ of A as A = Le 
+) Chg, 2 = w' + ¥ cia, with complex coefficients c,, c’, and with 


a € {a} a € {x} 
“#0 “#0 


Ht, we M. By Lemma 2.5, the operator Ad A, Ad Ag maps A, into 
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Ay sat Hence, the n-th power of this operator maps A Into ran) 
Since there are only finitely many roots, (Ad 2, Ad Ag)" = 0 for large n if 
a+ 6 # 0. Thus 


(A, 4’) = tr (Adp Ad pw’) + ¥ c,c) tr (Ad A, Ad A_,) (1) 
a€fa} 
ax#0O 


=) (a(wo(u') + ¥ acl tr (Ad A, Ad A_,). 
a {a} aE {a} 
a#0 


As we have already noted (cf. Corollary 2.16) (Ad (v) 4,4')= —(A, Ad(v)A’) 
for v, A, a’ eA, and thus the set A of A such that (A, 4’) = 0 for all 
WV € Ais an ideal in A. By hypotheses (iv) and (v) and by (1) it follows that if 
A® +# 0, A® contains a pair 4,, A_, of vectors. But then by hypothesis 
(iii) [A,, A_,] is a non-zero element of A, which by Lemma 2.5 belongs 
to M; impossible by hypotheses (iv) and (v). This shows that the natural 
bilinear form of A is nonsingular: Hence, by Theorem 2.3, A is semi- 
simple, and our Lemma is proved. Q.E.D. 

Now we turn to the examination of specific Lie algebras. The first con- 
crete model we consider is the Lie algebra A,_, of all n x n complex 
matrices of trace 0. We let e;; denote the n x m matrix whose k, i-th ele- 
ment is 6,,0;,. Then the matrices e,,, i # j, 1 < i,j <n, and e; — enn, 
1 <i <n, forma basis for A,_,. We have e;;e,, = 5;,e;,. Let M denote 
the set of all diagonal matrices in A,_,. Then M® = 0. Define linear 
formsw,;,1 < i < n,onM by putting w,(e;; — enn) = 1, ie); — enn) = 9, 
j # i. Then, if i # 7, the matrix e;,; is a root vector belonging to the root 
w, — w,if 1 < i,j <n; ifi 4 n, the matrix e;, is a root vector belonging 
to the root (wm; + @, + ++ + @,_,); and if i 4 n the matrix e,; is a root 
vector belonging to the root —(w,; + @, + --+ + @,_,). Thus by Lem- 
ma 1, w,; —,,i Aj, and +(@; + @, + ++ + @,_-1), 1 <i <n is the 
full set of roots and A,_, is semi-simple. By Definition 3.17, a, — @2, 
W2 — W3, 0025 Da_-2 — Wy_-1, ANd Wy + °*> + Wa-2 + 20,-1 form a 
simple set of roots. By Definition 3.24, each of these roots is a simple neigh- 
bor of the following root. Thus, by Lemma 3.27, A,_, is a simple Lie al- 
gebra. Plainly, A,_, is of type A,—, in the sense of Theorem 3.36. 

Next we consider the Lie algebra S,, of all n x n matrices skew-symme- 
tric with respect to the non-singular symmetric bilinear form xy, + X2Vn—-1 
+ +++ + x,y, in n-dimensional vector space. The algebra S, then consists 
of all matrices {C;,} satisfying C,41-in+1-7 = —Cyi, 1 < i,j <n. Let 
M denote the set of all diagonal matrices in S,, so that M = 0. Then, 
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employing the notation e;, as in the preceding paragraph, we see that the 
matrices €;; — @n41-int1-i2 | < i < n/2, form a basis for M. These ma- 


trices, together with the matrices e;; — @n41-j,n+1-1> where i # j and 


either 
Y _, ati 
Il <i Ss 5 SOM 


n>i> i and j<n+1-—i; or 


nA) gad 7 Sey 


ee 


form a basis for S,,. Define linear forms w;, 1 < i < n/2, on M by putting 

OC — Cnt1-inti-d) = 1, @fesy — Cno1-sne1-s) = 0 for i #7 if 

1 < i,j < n/2. Then if 1 < i,j < n/2, the matrix e,, — @.41~-j,n+1-1 De- 
n-+1 


longs to the root w, — w, of Min S,. Ifn >i > andj<n+1—i, 


the matrix e;; — €n+1-j,n+1~-i belongs to the root —(@,41-; + @,;) of M 


: 5 ae F , : 
Si = fo a andi <n+ 1 — j, the matrix e;, ;— €n)41~-j,n+1-1 


belongs to the root w,41,-; + @; of Min S,. If is even, those statements 
cover every matrix in the above-described basis for S,,. If nis odd, we have 


Sandie 


ee : Tate 
the additional matrices e,,; — €,41—j,p, Where p = 


; ae. 
and e;,, — €y,n41-, Where again p = 


and 1 <j < p,inthebasisfor 


S,. The first set of matrices belong respectively to the roots —@, of M in 
S,; the second to the roots w,; of M in S,. Thus, the non-zero roots of M 
in S,, are 


n even; n = 2m: @, — @; and +(@, + w),1 <i,j <miF¥j; 

nodd; n= 2m + 1: @, — w,, +(@; + @,), and +@,,1 <i,j<m, 
i# fj. 

It follows by Lemma | that S, is always semi-simple. Moreover, by De- 

finition 3.17, we have the following simple set of roots: 


2m = nN €VEN: @; — @2, 02 — W3, sco Omang = Opa (Oey ap 


2m + 1 


li 


n odd: w, — 2,2 — @3, ...,@m—1 — Ona Cae 
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By Definition 3.24, each of the first m — 1 of these roots is a simple neigh- 
bor of the next. Moreover, by Definition 3.24 


nN = 2M even: Wp»_2 — Wm—1 is a simple neighbor of a, + Wm: 
n= 2m + | odd: @,_; — @,, is a double neighbor of w,,, the doubling 


being on o,,. 


Thus, by Lemma 3.27, S,,, and S_+, are simple. Plainly, S},, is of type 
Dm and Som41 18 of type B,, in the sense of Theorem 3.36. 

Next we consider the Lie algebra Sp,,, of all 2m x 2m matrices skew- 
symmetric with respect to the non-singular skew bilinear form x, 2, 


+ t+ + XmVnti — Xme1Vm — *°° — XamV1- The algebra Sp.,, consists of 
all matrices {c,;} such that Com+41-1,2m+1-j = —Cyi€i8;, Where e, = 1 if 
l<i<m,e, = —lifm+ 1 <i < 2m. Let M denote the set of all dia- 


gonal matrices in S,,so that M“ =0. Then, employing the notation e;,as 
in the preceding paragraphs, we see that the matrices uj; — @2m41—i,2m+1~-i> 
1 <i < m, forma basis for M. These matrices, together with the matrices 


Ci; — €C2m+i1—j,2m+1—-i, Where i # j and 1 <i,j<m 
€:; + Com4s1—j.2mei-i1, Where 2m 2izm+1andj<2m+1-i 
< 


Cy erat ejeneiet; Wocte 2m 27 > m+ land 7 < 2m + 1— 7 


form a basis for Sp2,,. Define linear forms w, on M as in the above dis- 
cussion of S, (” = 2m). Then, as above, the matrix e;; — @2m+1-j,2m+1-t» 
where i 4 j and 1 < i,j < m, belong to the roots w, — w, of M in Spom. 
The matrix ¢;; + @2m41-j,2m+1-1, Where 2m >i >m-+ 1 andj < 2m 
+ 1 — i, belongs to the root —(2,,41-; + @,) of M in SP3,,. The matrix 
C13 + Com+1—j,2m+1-i, Where 2m > j>m+1 and i< 2m+1—-j, 
belongs to the root @2m41,-; + @; of M in Sp2,,. Thus, the non-zero 
roots of M in Spo are 


@,—-@,i#j and +(@,+0); 1<ij<m. 


It follows by Lemma | that Sp2,, is semi-simple. Moreover, by Defini- 
tion 3.17, we have the following simple set of roots: 


Oy, — Wa, W2 — D3, «0-5 Om—1 — igs LD es 


By Definition 3.24, each of the first m — 1 of these roots is a simple neigh- 
bor of the next. Moreover, © —1 — @m is a double neighbor of 2,,, the 
doubling being on ®,-; — ®m- Thus, by Lemma 3.27, Spam is simple. 
Plainly, Spom is of type C,, in the sense of Theorem 3.36. 
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This completes our construction of a complex Lie algebra of each of the 
non-exceptional types. We turn now to the construction of a complex Lie 
algebra of each of the fixe exceptional types, using a method due to 
Freudenthal. We begin these constructions as follows. Let V be a finite 
dimensional complex vector space, and V’ its conjugate space. Let A bea 
complex simple Lie algebra. Let @ be a representation of A on V; and let 
o’ be the representation of A on V’ defined by 


(o'(A) v') (v) = —v'(e(A) v), AEA. (1) 


Then, for each v'e V’ and ve V,v'(o(A) v) defines a linear functional on A. 
By Theorem 2.3 and Lemma 0.5, there exists a unique element v’ - ve A 


such that 
v’(o(A) v) = (A, v’* 2), (2) 


where (A, 4’) is the natural bilinear form in A. We suppose additionally that 
there exists a skew-symmetric trilinear form <(v,, v2, v3> in V, and a simi- 
lar form in V’, such that 


<exp (0(A)) v1, exp (o(A)) v2, exp (0(A)) v3> = CX1, 02,03) (3) 
<exp (0'(A)) vi, exp (0'(A)) v2, exp (0'(A)) v3> = <v1, v2, 03> 
for AEA, v1, V2, 03 € V~, vi, v5, vy EV’. Thus, differentiating, we have 
<o(A) 01, V2, 03> + (v1, O(A) v2, 03> + (V1, 02,0(A)v3> =0 = (4) 
Co'(A) v1, 02, 03> + <v1, e'(A) 02, 03> + Cv1, 02, 0'(A) 03> = 0 
for AEA, v;, 02, v3 € V, v}, v5, vs € V’. The formulae 
(vy X V2) (v3) = (04, 02, 03) 
v3(v1 X v2) = <0}, V2, 03) (5) 


define skew-symmetric bilinear mappings of V x V into V’ and V’ x V’ 
into V respectively. We suppose finally that the following identity, which 
generalizes a familiar identity of vector analysis, holds: 


(v, x v2) (v;, x v>) = (vi ° v2, v5 ; v1) aa (v, ° V2, v4 at) (6) 


If all these hypotheses are satisfied, we may define a skew-symmetric bi- 
linear product on the direct sum vector space A © V @ V’, which turns 
this vector space into a Lie algebra, as follows. Since the product is to be 
bilinear we have only to define each of the products [a, b], where a € A or 
V or Vand b € A or V or V’, in such a way that the identity [a,b] = — [b, a] 
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and the Jacobi identity holds. We take the product [A, 4’] of two elements 
of A over from the Lie-algebra structure of A, and put 


[v, A] = —[A, vo] = —0(A) v; (7) 
[v’, A] = —[A, o'] = +0'() 0’; 

[v1, V2] = vy X v2; v1, v2] = v4 x v5 
[v, v'] = —[v’, o] = —v'- 0 


fordeA,v,,02,vE V, v1, v5, v' € V’. The skew-symmetry of the product 
defined thereby is evident. In verifying the Jacobi identity [[a, b], c] 
+ [[b, c], a] + [[c, a], b] = 0 we may suppose that c € A if any of a, b, ¢ 
eA. Then, if b € A also, the identity follows either because A is a Lie al- 
gebra or because @ is a representation. (And hence —o’'(A) is a representa- 
tion!) Ifbe V or V’ and ae V or V’, the identity follows from an appro- 
priate combination of (1), (2), (4), and (5). Thus, e.g., the expression 
(d, u), where wu € A and 


d = [[v, v’], 4] + [[v’, A], v] + [[A, v], v’], is equal to 

— ([v' v, A], mw) + (9A) 0" + 0, w) — (0 A) ®, ») 

+v'(o([u, A]) v) + (0'(4) v') (eH) v=) — v'(@(u) ofA) ») 
+v'(o([u, AD) v) + v'((o(A) eo) — o(m) ofA) v) = 0 

by (2) and the identity (Ad (v) A, w) = —(A, Ad (v) ) valid for A, u,v € A. 
The only remaining cases of the Jacobi identity are then the cases a, be V, 


ce V',a,be V',ceV,a,b, ce V, anda, b, ce V’. In the two latter cases, 
the Jacobi identity follows by (5), (4), and (7). Thus, e.g., we have 


ll 


[le v2], v3] + Ee2s v3) 01] + [es, v1} 22] 
= +(v, X 02)° 03 + (V2 X03) ° 01 + (V3 X 4) * V2. 
If we call this expression d, and form (d, «) with uw € A, then we get 
+ (v1 X 02) (Q(w) v3) + (2 X V3) (O(H) 01) + (Ws X 01) (QC) P2) 


= <v1, V2, O(M) V3> + Co(u) 01, V2, U3) + {v,, OU) V2, 03> = 0 
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by (5) and (4). In the two former cases, the J acobi identity follows by (5), 
(2), and (6). Thus, e.g., we have 


[[v1, v2], v'}] + [[v2, i ee [[v’, vi], v2] 
=(v, X02) XU — OO a) tr o(v’ * v1) v2. 


Applying a linear functional wu’ € V’ to either side of this equation, we ob- 
tain. 
{vy X 02, 0',u'> — u'(o(v' * v2) 01) + u'(Q(v' : 04) v2) 


= (v1 X m2) 0’ xu’) — ((v' + &2), (uv) + ("+ 01), U"* 02) 
= 0 


by (5), (2), and (6). This verifies that, with the skew-symmetric product 
which has been defined, A ® V @ V’ becomes a Lie algebra. 

To obtain a first example of a Lie algebra constructed in this way, we 
let A be the algebra of 3 x 3 matrices 2 = (A) of trace zero, and put 
(o(A) v); = Atv, for each vector v = (v,) in 3-dimensional space V; here 
and in what follows we adopt the familiar ‘“‘summation convention’’, ac- 
cording to which we sum over any index which occurs both as a super- 
script and as a subscript. We define the skew-symmetric triple product 
<u, v, w> of 3 vectors in the usual way by 


<u, Uy Wl ce ETUV We, 


where e'/* = ¢,,, = 0 if any two of i, j,k are the same, and where «‘/* 
is the sign of the permutation (} ; 2) otherwise. We put similarly 


2 } bE 
<u’, v’, w’> =i cp wide ed 


for u’ = (u"), v’ = (v'!), w’ = (w"') in the space V’. Since exp (@(A)) is a 
matrix of determinant | for each A € A, the identity (3) is easily verified, 
and the identity (4) follows. It is easily checked that the natural bilinear 
form in A, ie., the trace of the mapping » > Ad (A,) (Ad (A) ()), is 
6tr(A,A2). Thus the product v’-v of v' eV’ and ve V is the matrix 
4 {(v'Pv, — 4 di(v’) (v)}. We have therefore 


(ul: u,v’ + v) = 3° (W’'() ou) — 4° uu) v'(@). (8) 


Let u,ve V, u, ve V’. Since e'*e,,,, is the sign of the permutation 
imn), we have e*e,,,, = 3 if j = land k = m, —3ifj = mandk =], 
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and zero otherwise. Using this fact, we find using (8) that 
(ux v) (ux v') = sw’) '@) — uv’) 'W) 
= (u’:v,v'-u) — (v': 0, u' + uv). 


This verifies the identity (6); so that A ®@ V @ V’ is a Lie algebra. We 
analyzed the Lie algebra A earlier in the present section, and saw that the 
subalgebra M of diagonal matrices is a Cartan subalgebra of A. We may 
use this fact to analyze the algebra.A © V © V’. In the usual way, we may 
regard each of A, V, and V’ as being imbedded in A ®@ V @ V’. In parti- 
cular, A is a subalgebra of A ®V@® V’. 

As we saw in the paragraph immediately following the proof of Lem- 
ma 1, M has the basis e,, — 33, €22 — €33, and the roots +(w, — w,), 
+(2m, + w2), and +(@, + 2 ). If v,, v2, vy are the standard unit vec- 
tors [1, 0, 0], [0, 1, 0], and [0, 0, 1] in V, then it is easily seen that v; is a 
root vector of Mc A@®V@ V’ belonging to the root w; if i = 1 or 2, 
and to the root —(w, + w,)if i = 3. Similarly, if v1, v5, v5 are the stand- 
ard unit vectors in V’, then it is easily seen that vj; is aroot vector of M 
belonging to the root —w, ifi = 1 or 2, and to the root w, + w, ifi = 3. 

Therefore the roots of Min A®V@V' are +@,, +(@; — @)), 
+(@, + @2), 2m, + 2), and +(w,; + 2m,). By Lemmal, A®V 
@® V’ is semi-simple. By Definition 3.17, a, — w, and w, form a simple 
set of roots which by Definition 3.24 are triple neighbors, the tripling 
being on w,. Using Lemma 3.27 we see A ® V @ V’ is a simple algebra. 
This algebra is plainly of type G, in the sense of Theorem 3.36. It is 14- 
dimensional. 

We may construct the 248-dimensional algebra of type Eg, in a very 
similar way. We now let A be the set of all 9 x 9 matrices 2 = (A}) of trace 
zero, so that A is 80-dimensional. We let V be the set of all tensors v,;, of 
3-indices, skew-symmetric in the three indices, so that V’ is the set of all 
tensors vj, of 3-indices, skew-symmetric in the three indices. Each of 
these spaces is 84-dimensional, so that the dimensions of A@®VO®V'i1s 
248. We define the skew-symmetric triple product of three elements of V 
by <u v w» = Ce hadaealakd sce Frm) ee 
where efJkmnora — &; 11 mnopg iS Zero if any two of its indices are the same, 
and is the sign of the permutation (/ 52 22 2p 4) Otherwise. The skew- 
symmetric triple product of three elements of V’ is defined similarly by 


- -79-i1 ijk, tl 10 
a, v’, w’> = 2 ae) e Ei jkimnop4 sig Pa ce 


Hausner and Schwartz, Lie Groups 9 
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We define the representation o(A) of A on V in the manner customary in 


tensor analysis: 
L 
(0A) *) ii. = Ars + Avie + Axvijn- 


: d 
It follows readily from the differential equation ae exp (to (A)) 
= ¢ (A) exp (te (A)) that : 
(exp (@ (A)) Die = Gi0F Oem 


where a is a matrix of determinant one. From this, the identity (3) follows 
without difficulty, so that the identity (4) also follows. It is easily verified 
that the natural bilinear form in A, i.e., the trace of the mapping 
uu > Ad (A,) (Ad (A,) w), is 18 tr (4,42). Thus the product vo’: vof v'eV’ 
and v e€ V is the matrix 


(v': vy = te (oy, 4 ras 4 div'(v)). 
We have therefore 
(u! > u,v! 0) = Ze (UF ay d™Djno — 4 u'(u) v'(0)) (9) 


ifu,veVandu',v’ eV’. 

Since e!/klmnona 6, ymn'o’p'g’ is the sign of the permutation (j. }. & |. ™, 2 
ob a’), we find that 

I ihe ‘nt? nal 
(XD) Gi <n) = 98 - Te eee ee) 

where eft yg is 

(a) zero unless both its unbarred and its barred indices constitute the 
same set of six distinct elements, and 


(b) the sign of the permutation (j. m7 3 2. 2,)if both its unbarred and its 
barred indices constitute the same set of six distinct elements. 


Therefore 
(ux v) (UX 0!) = 9°87 + 6 Dimnte tO — 1 Vin MY! IE® 
+ v'(u) u'(v) — u'(u) v'(v)) 
Using formula (9) above we find that 
(u x v) (u' x v’) = (9? + 8-7-6: 18) (2-53-77-1) (+ u,v’ - v) 


—(v':u,u'+v)), 
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verifying formula (6). This shows that 4 ®@ V @ V’, with the skew-sym- 
metric bilinear product which we have defined, is indeed a Lie algebra. 

We analyzed the Lie algebra A early in the present section, and saw that 
the subalgebra M of diagonal matrices is a Cartan subalgebra of A. Using 
the notations of our earlier analysis, we recall that M has the basis e,, 
— €99, €22 — Cog, +++5 gg — Coo, and the roots +(w; — w;), where a; 
#w;, and +(m, + --- + wg + @,), 1 < i,j < 8. In the usual way, we 
may regard each of A, V, and V’ as being imbedded in A @® V @ V’. In 
particular, 4 is a subalgebra of A @ V @ V’. For each J, m,n such that 
l<l<m<ng 9,let v™™ denote the skew-symmetric tensor whose 
element v{j7” is zero unless /, m, n and i, j, k constitute the same set of 
3 elements, and which is equal to the sign of the permutation (;"" 7) if 
l,m, n and i, j, k constitute the same set of 3 elements. Then v“"” is a 
root vector of M<¢ A+ V+ V’' belonging to the root @, + @, + @,3 
here we write @) = —@, — 2‘: —Wg for notational simplicity. Using 
the notation w, in this way, and making a similar calculation for V’, we 
see that the roots of Min A ® V @ V’ arew, — a,, where 1 < i,j <9, 
ix~j and +(@; + w; + w,), where 1 <i<j<k <9. By Lemmal, 
A@®V@V’ is semi-simple. By Definition 3.17, the roots w, — w2, 
W2 — 03, ...,@7 — Wg, and We + wW7 + wg form a simple set of roots; 
by Definition 3.24, each of the first 7 roots is a simple neighbor of the 
next, and w; — we, is a simple neighbor of ws + w7 + wg. Using Lem- 
ma 3.27, we see that 1 @® V @ V’ is a simple algebra. This algebra is 
plainly of type EZ, in the sense of Theorem 3.36. 

Having constructed a model of the Lie algebra of type Eg, we may use 
the following lemma to construct Lie algebras of types EF, and Eg. 


2. Lemma. Let A bea simple algebra, M a Cartan subalgebra, and let // 
be a simple set of roots of A. For eacha € IT, let 0 # Az, €Ay,. Let Lo 
be a subset of JZ, and let A be the subalgebra of A generated by the 
elements 4,,, « € Z7). Then A® is semi-simple. Moreover, the Dynkin 
diagram I", of A® is obtained from the Dynkin diagram I’ of A by the 
following rules: 

(a) erase all the vertices of I’ which correspond to elements of /7 not 
lying in /7,, together with all lines connecting the erased vertices to any 
other vertex; 

(b) remove the asterisk from any vertex of I’g whose (unique) double or 
triple neighbor has been erased. 


Proof. Let M be the Cartan subalgebra of A, and let {«} be the set of 
roots of M in A. By Definition 3.17, we may write each f € {x} as B 
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= ) n,(B) a, where the integers 7, are either all positive or all negative. 


old . . 
Let A, be the set of non-zero roots f for which the integers 77,(6) are zero 


whenever « € JZ). By Lemma 3.11, Corollary 3.2, and Corollary 3.19 (ii), 
every space A, 8 € Ao, and every vector uz, B € Ao, belongs to AO or 
the other hand, it is plain from Lemma 3.11 that the subspace of A span- 
ned by Ag, B € Ao, and pz, B € Ao, is a subalgebra of A. This shows that 


(oO) — (0) 
A = 2,2 Ay @ M 2 
where M is the subspace of M spanned by the vectors uz, B € Ao. It is 
plain that if B ¢ Ay and A, € Ag, 2, is a root vector of M in A, be- 
longing to the root 6|M. By Corollary 3.8, the vectors 7,, y € /7o, span 
M®>. Since these vectors are linearly independent by Definition 3.17, 
they form a basis for M(0). It is plain from Lemma 3.13 that each of the 
roots B|M© assumes real values on each of the basis vectors ,; thus, for 
each wu € M, there exists a wz’ such that (8|/) (u’) is the complex con- 
jugate of (68|M) (u) for each root B|M©. 

If B,, Bz € Ao, and B,|M© = B,|M, then we have (8; — 82) (ug) = 0 
for each B € Ag, so that by Corollary 3.8 (ug, — Mg,, Hs) = 0 for each 
Be Ay. By Lemma 3.16, it follows that 6, = 6,. Thus each of the root 
spaces of M® in A is one-dimensional. It follows by Lemma 1 that A 
is semi-simple. Since the vectors u,, y € I, are a basis for M, it follows 
in the same way that the set {y|M|y € IZ,} of linear functionals is li- 
nearly independent. Thus, by Definition 3.17, this set is a simple set of 
roots of A. It is plain that fora, B € 2%» we havex + nf € Ag if and only 
if (o|M) + n(B|M) is a root of M® in A®, Thus all the remaining 
conclusions of the present lemma follow by comparison with Defini- 
tions 3.24 and 3.25. Q.E.D. 


3. Corollary. Let the hypotheses of the preceding lemma hold. Then 

(a) The vectors yu, ,« € Io, are linearly independent, and the space M 
which they span is a Cartan subalgebra of A, 

(b) Let Ao be the set of all roots of A which are linear combinations of 
the roots « € /Z,. Then the set of roots of M® in A® is {o| M|a € Ao}. 
All these roots are distinct. The subset {a|M |x € ITo} is a simple set of 
roots of M® in A, giving rise to the Dynkin diagram I'y described in 
the preceding lemma. 

(c) With Ay and M as above, A is the direct sum of M® and of the 
various root spaces A, for which « € Ay. 
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To apply the preceding Lemma and Corollary, let A =A @V 
@ V’ be the algebra of type E, constructed above, and M its Cartan sub- 
algebra, as constructed above. Let w,, ..., wg be the linear functionals on 
M defined in the course of our discussion of A™. By Lemma 2, the Lie 
subalgebra A of A™ generated by the elements /..,, where A; € A%2, 
anda e HI = {wz — 3,03 — W4,...,@7 — Wg, M6 + 7 + Ws} is of 
type E, in the sense of Theorem 3.36. By Corollary 3, the space M@™ 
spanned by the vectors w,, « € IJ, is a Cartan subalgebra of A™, and 
the seven linear functionals «| M@, « ¢ IT, form a simple set of roots of 
M™ in A™. It follows immediately that the seven linear functionals 
Ni = @4;|M™, 1 <i <7, are linearly independent. Using Corollary 3 
once more, we see that the roots of M™ in A™ aren; — n;, where1 < i,j 
<7 and it#jf; t(,+%7; +7, where 1<i<j<k<vi7, and 
+(n + Hz + ++ +7 — 7), where 1 <i <7. If we count these roots, 
and note that M® = AY is 7-dimensional, we see that A@ is of 7 + 42 
+ 70 + 14 = 133 dimensions. 

Using Corollary 3 and the description of the root spaces of the Cartan 
subalgebra M in the Lie algebra A © V @ V’ of type Eg, given above, the 
reader will verify the following statements without difficulty: The Lie 
algebra A™ is the direct sum A™ = A® © V® ® V'®, where A® is the 
set of all 9 x 9 matrices A = (A,,;) of trace zero such that Ajg = Ao; = Oif 
To, Aj = 45, — 0 J F I, and A,, = Aco; V~ is the set of skew- 
symmetric tensors with components v;;, which vanish whenever just one 
of i, j, kis 1 or 9; and V’™ is the dual vector space of all skew-symmetric 
tensors with components (v’)'/* which vanish whenever just one of i, j, k is 
1 or 9. The Cartan subalgebra M@ is the set of diagonal matrices in A®. 

Next let 4 be the Lie subalgebra of A™ generated by the elements 
Asa, Where Az,,€A@, and «oe T® = {n. — 43,93 — Nas No — 17> 
Ns + 6 + 17}. By Lemma 2, the algebra A™ is of type FE, in the sense 
of Theorem 3.36. By Corollary 3, the space M“ spanned by the vectors 
U,, « € IT, is a Cartan subalgebra of A®, and the six linear functionals 
o«|M@®, « e IT, form a simple set of roots of M® in A. It follows im- 
mediately that the six linear functionals &; = 7;45|M°, where i = +1, 
+2, +3, are linearly independent (we choose our notations to emphasize 
a certain symmetry). Using Corollary 3 once more, we see that the roots of 
M® in A@ are +(€,—&) where i<j and i,j = +1, £2, +3; 
+(E, + & +6) where i<j<k and i,f= +1,42,+43; and 
+(€_3 + + + & — &). Calculating as above, we find that the dimen- 
sion of A® is 78. 

Using Corollary 3 and the description of the root spaces in the Cartan 
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subalgebra M in the Lie algebra A © V © V' of type Es given above, the 
reader will verify the following statements without difficulty. The Lie al- 
gebra A® is the direct sum A® = A® @ V® @ V'®, where A@ is the 
set of all 9 x 9 matrices J = (A,) of trace zero such that Aj9 = Ao, = Oif 
f#9, An = Ay =O0 if f #1, and A,; =A, = 0 if j #2, while A, 
= hy = doo; V is the set of skew-symmetric tensors v with components 
v;;, Which vanish whenever one or two but not all three of i, j, k are 1, 2, 
or 9; and V») is the dual vector space of all skew-symmetric tensors with 
components (v’)'/* which vanish whenever one or two but not all three of 
ij, kis |, 2, ot 9. The Cartan subalgebra MM is the set of all diagonal 
matrices in A®), 

The Dynkin diagram of type E, has a certain evident symmetry. We 
may use this fact to construct an algebra of the remaining exceptional 
type F,, as follows. As noted above, 17 = {€_, — &_2,...,62 — és, 
&, + & + &3} is a simple set of roots of A®. Define a linear transforma- 
tion « — «’ in the space M’ of linear functionals on M by requiring 


(&; aay Fi44) ad (E415 _ fens Noes 2) rage aaa (10) 
&, + 6, + & = &, + & + &3. 


Then, by Corollary 3.22, it follows that if for each « e IT uU (—1)) 
we choose an element 4, ¢ A\? in such a way that (A,, A_,) = lifa eZ, 
then there exists an automorphism ® of A® mapping A, into A,, 
« € ITU (—ID). It is plain from Corollary 3.22 that 6? = J. Let A™ be 
the Lie subalgebra of A® defined by (A) = A. We shall verify that A is 
of type F',. To verify this, we have only to carry out the following elemen- 
tary calculations. 

From (10), we see that the transformation 4 —> «’ acts on the roots of 
M® in A@ as follows: 


Gr = 6) = Cage ba iA SoG = Shes ss 


£(i + €) + &) = +(€, + & + &), where {p, q, r} is the complement 
Of =i, —7, —k im the set (—3, = 2 ieee 


+(€-3, +--+ &) = +(€_3 + --- + &3). 


We divide the non-zero roots of M® into two classes: those for which « 
= x’, and those for which « # «’. Into the first class fall the six roots 
+(_i — &),7 = 1, 2, 3, the sixteen roots +(€4, + &42 + £43), and the 
two roots +(€_3; + --- + &), 24 roots in all; into the second class fall all 
the 48 other non-zero roots. 
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We haveé_, — & = (€_2. —€_,) + (€_1— 1) + (€, — &2), and thus by 
Lemma 3.110 # [[Ae_,-<_,, As_,-2,], 2¢,-z,] € Ae_,-<,. It follows immedia- 
tely that ®|Az_,-<, = I. We may show in just the: same way ®|Az,-¢, = Li 
= £1, £2, +3. Since €_, + & + &; = €_, — &:) + & + & + 3), 
we have similarly [Az,+2,42,, Az_,-z,] € Ae. 1+G +2; and, by similar argu- 
ments, have'@| Ay, seys4e.,) = I. Then, since [Az_j42_,ae_,> Age caes] 
Ee Az. Gi ress wensiee that ®|A, = J for each non-zero root « such that 
o =a’. Using®? = J, and using the fact that the automorphism® preserves 
the natural bilinear form of A®, it follows that for each non-zero root « 
we may choose A, € A,, in such a way that @(/,) = A, and (A,,4_,) = 1. 

A basis for A™ then consists of 


(i) a basis for 
M® = {we M|®(u) = pw}; (12) 


(ii) the 24 vectors A,, where « = «’ is a non-zero root of M™ in A®; 
(ili) the 24 vectors A, + A, where « 4 «’ is a non-zero root of M™ in 
Ae, 


By Corollary 3.22 and Corollary 3.8, ®(u,) = wu, for « € IZ, so that, 
noting that two of the elements of JT satisfy « = «’ and that four satisfy 
a #«’', we see that M™ is 4-dimensional. Thus A is 4 + 24 + 24 
= 52-dimensional. 

Since ®(u,) = uw, for « € IT, it follows by Corollary 3.8 that «|M@ 
= «'|M™ for « € IT, and thus for every linear functional « on M®?. It is 
plain that [M, M“] = 0, that each of the vectors i, described above 
under (ii) is a root vector of M™ in A™ belonging to the root «|M™, and 
that each of the vectors 1, + 4, described above is a root vector of M“ 
in A™ belonging to the root «|M™. All these roots take on real values on 
each of the four basic vectors fz_,-¢_, + Me,—é5> Mg-2-é-1 + Mes-%2> 
Me,-2-1) Mey tgates Of M™. Thus, for each 2 ¢ A, there exists a Ae A® 
such that B(A) is the complex conjugate of B(A), B here denoting any ar- 
bitrary root 8 = o{M™ of M® in A. 

If «|M® = B|M™®, then (u,, 4 + O(u)) = (ug, + O(u)) for each 
we M, and thus, by Corollary 3.8, « + «’ = B + B’. Inspection of the 
equations (11) shows that this can only happen if « = f’, ora = 6. Thus 
the root spaces of M in A™ are 1-dimensional. It follows by Lemma 1 
that A is semi-simple and that the non-zero roots of M™ in A™ are the 
linear forms 3(« + x’), where « denotes an arbitrary non-zero root of M“ 
in A, Thus, by Definition 3.17, and using the fact that M@ is four-di- 
mensional, the roots 4(&_, — 2 + & — &3)|M%,4(@-2 — 61+ & 
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— £,)|M®, (E_, — &,)|[M®, and (&, + & + &3)|M@ form a simple set 
of roots. The first of these roots is a neighbor of the second, the third is a 
double neighbor of the second, the doubling being on the third, and the 
third is a neighbor of the fourth. Thus, by Lemma 3.27 A is simple. By 
Theorem 3.36, A“ must be of type F,, and we have constructed an alge- 
bra of every possible type. 

A more explicit account of the roots of A™ will be of use to us later, 
for which reason we derive it now. Let us introduce linear functionals 
1,02, 3,@4 on M™ in such a way that the four linear function- 
als $(€_3 — §-2 + & = E;)|M, 4(E_2 > ep e fo E,)|M™, Cai 
— &,)|M™, and (€, + €&, + &3)|M™ have the form —4$(@, + 2 + w3 
+ 4), @3, 2 — 3, @, — W2. Then it is easily verified that the restric- 
tions to M™ of the six roots +(é_,; — &,), j = 1, 2,3 have the form 
+(w2 — @3), +(@2 + @3), +(@; + 4); the restrictions to M™ of the 
sixteen roots +(&:, + &s2 +43) have the form +(@, — @), 
+(@, + 3), £(@4 + 2), £(@1 + @2), +(@3 — M4), £(W3 + 4), 
+(w4 — @); and the restrictions to M™ of the two roots +(é_3 + -: 
+ &,) have the form +(w, — 4). The remaining roots are the restric- 
tions to M™ of the twelve linear functionals +4(é,; — €.,) + 4(€, — é_,), 
iA# j, i,j = 1, 2, 3, and of the twelve linear functionals +4(€; + €_; + &; 
+ &_, + 2&,,), where no two of i, j, and k are equal, and 1 <i, j,k <3. 
Expressing these roots in terms of the linear functionals w,,@>, 3, 4, 
we verify easily that the 48 non-zero roots of M™ in A™ have the form 
+o, +o,, where 1 <i, j<4 and 137; +0,, 1 =r < 4; ond 
(+o, + w2 + w3 + 4). 

The following theorem summarizes the work of the present section, ad- 
ding a remark on the dimensions of the non-exceptional simple complex 
algebras which the reader will easily verify. 


4. Theorem. There exists a simple complex Lie algebra of each of the 
types described in Theorem 3.36. Moreover, 


(a) The algebra of type A,, is of dimension m(m + 2), m > 1; 
(b) The algebra of type B,, is of dimension m(2m + Lm oar: 
(c) The algebra of type C,, is of dimension m(2m + 1), m > 3; 
(d) The algebra of type D,, is of dimension m(2m — 1), m > 4: 
(ce) The algebra of type E, is of dimension 248; 

(f) The algebra of type E, is of dimension 133; 

(g) The algebra of type E, is of dimension 78; 

(h) The algebra of type F, is of dimension 52; 

(i) The algebra of type G, is of dimension 14. 
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A system of roots for each of the simple complex Lie algebras is derived 
in the preceding paragraphs. 

For later use, we note the following simple consequence of the con- 
structions of the present section. 


5. Theorem. Let A be a simple Lie algebra. Then we may choose a basis 
{1,} for A in such a way that [A;, 4)] = ¥. cl, A,, where all the coefficients 
k 


cs, are rational numbers. More precisely, such a basis may be constructed 
so as to consist of a basis for a certain Cartan subalgebra M of A and of a 
set of vectors 2, which are elements of the various root spaces of A be- 
longing to the non-zero roots of M in A. 


Proof. For the types A,,, Bn, C,, and D,,, this conclusion emerges im- 
mediately from the models we have constructed. Types G, and E, are cov- 
ered by the same remark; we note explicitly that as a basis for the Car- 
tan subalgebra M of Eg to which the present theorem refers, we may choose 
the vectors u,,« € IT; IZ being a simple set of roots of Min E,. Types 
E, and E, were constructed from E, by the procedure described in Lem- 
ma 2 and Corollary 3; by Corollary 3, we get a basis for each of these al- 
gebras by choosing an appropriate subset of a basis of E, of the kind de- 
scribed by the present theorem. In particular, a basis for a Cartan sub- 
algebra of E, and E, is obtained by choosing a subset of the vectors u,, 
o« € IT. Thus our theorem is verified for types E, and E,. Next we con- 
sider the type F,. Let «’ be as in the paragraph preceding formula (10). 
We constructed F, above as the set of all elements of E, satisfying ®1 = 7, 
where® was an automorphism of E, satisfying @A, = A_,,« el U(—JD), 
A, being vectors like those of the present theorem, as applied to Eg. It is 
then apparent from the present theorem (as applied to E;) and from 
Lemma 3.11 and Corollary 3.19 (ii) that @A, = 7,4, for each non-zero 
root x, where r, is a rational number. Thus the vectors i, occuring in (12) 
may be taken to be rational multiples of the vectors A,. As a basis for the 
Cartan subalgebra M™ (cf. (12)) we can take any four linearly indepen- 
dent vectors [A,, A_,], for which « = «’. These are, of course, rational 
linear combinations of the six basic elements of the Cartan subalgebra of 
E, described by the present theorem. Thus the basis (12) of F, has all the 
properties described by the present theorem, and the present theorem is 
verified in all cases. Q.E.D. 


138 COMPLEX SEMI-SIMPLE LIE ALGEBRAS iit 


5. Isomorphisms and Automorphisms 


Our first step in analyzing the structure of a complex semi-simple Ine 
algebra A was to introduce a Cartan subalgebra M of A; every further set 
of objects connected with A, as e.g., the set of roots of M in A, was then 
defined in terms of M. Since A has many Cartan subalgebras, one might 
fear that the introduction of M introduces into our structural analysis an 
irrelevant arbitrariness. The following theorem shows that this is not so. 


1. Theorem. Let .A be a complex Lie algebra, and Jet M7, and M, be Car- 
tan subalgebras of A. Then there exists an automorphism o of A such that 
o(M,) = M3. 

Our proof of Theorem 1 will show, in fact, that the automorphism o 
can be taken to be inner in the sense of Definition 3 below. 

To the proof of Theorem 1, we preface the following simple lemma and 
definition (cf. I.3.13 and 1.5.3). 


2. Lemma. Let A be a Lie algebra, and AeA. Then the mapping 
exp (Ad (A)) is an automorphism of A. 


Proof. If u, » ¢ A, the quantities a,(¢) = {exp (¢ Ad (A))} [u, v] and a,(?) 
= [{exp tr Ad (A))} u, {exp t Ad (A)} 7] are easily seen to satisfy the same 


linear differential equation “ a(t) = {exp Ad (A)} a,(t), i = 1,2; thus 
since a,(0) = a,(0), our lemma follows. Q.E.D. 


3. Definition. If A is a Lie algebra, the group of automorphisms of A 
generated by the automorphisms of the form exp (Ad (A)), A € A, is called 
the inner automorphism group of A, and each of its elements is called an 
inner automorphism. 

Now we give the proof of Theorem 1. 


Proof of Theorem 1. Let 4 = {A € A| Ad (A) has the maximum possible 
number of eigenvalues}. We saw in Lemma 2.8 that if Ae A, then the set is a 


M(A) = {we AlAd (A)" u = 0 for n sufficiently large} (1) 


Cartan subalgebra of A. Suppose, conversely, that M is a Cartan subalge- 
bra of A. Then, by Theorem 1.10, A decomposes as A = M@® y @ A, 
where A, are the root spaces belonging to the non-zero roots « of M 
in A. If we choose uw € M such that «(u) # 0 for each non-zero root, then 
it is plain that M = M(y) in the sense of (1). Hence every Cartan sub- 
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algebra is of the form M = M(u). Thus, if we let 


A = {A€A|M(A) is a Cartan subalgebra}, 


then A > A, and every Cartan subalgebra is of the form M(A) with A e€ A. 

Ifa, and /, lie in A, write A, ~ A, if there exists an inner automorphism o 
such that o(M(A,)) = M(A,). We shall show that if 2 <A, then every A, suf- 
ficiently close to A satisfies A ~ A,. To this end, note that 


d 
apr (Ad (t4)) x Alr=o = Im, A]; 


d 
on the other hand, a (A + tv)|,29 = v. Since A is the sum of the range of 


Ad (A) and the eigenspace of this operator belonging to the eigenvalue 
zero, we have A = M(A) + [A, A]. Thus, by the implicit function 
theorem (cf. Lemma 0.37), it follows that there exists a neighborhood VofA 
in A such that each J, ¢ Vcan be written as 2, = o(A,), where o is an inner 
automorphism, and A, € M(A). By Lemma 0.27, we may choose V suffi- 
ciently small so that M(A,) and M(A) have the same dimension. But since 
A, € M(A) and M(A) is nilpotent, M(A) © M(A,). Thus M(A)= M(A,), so 
o(M(A)) = o(M(A,)) = M(oA,) = M(A,), and therefore A, ~ A. 

The set A is plainly open. If Ae A and we A, then, by Lemma 0.28, the 
eigenvalues of Ad (zA + (1 — z) uw) can be expressed as fractional power 
series in (z — Zo) in the vicinity of any complex number z,. Hence the 
number of eigenvalues changes only at isolated points. If we draw a curve 
from z = 0 to z = 1 not passing through any of these points, we see that 
A is dense. For the same reason, A is connected. Thus, since A = A, A is 
connected also. If we divide A into equivalence classes by the relation 
A, ~ A,, then by what has been proved above, every equivalence class is 
open. Hence there can exist at most one equivalence class, and Theorem | 
is proved. Q.E.D. 

Throughout the remainder of the present section, we let A be a semi- 
simple Lie algebra, M a Cartan subalgebra, {x} the set of roots of M in A, 
and II a simple set of roots. For each0O # «€ {x}, we let A, be the corre- 
sponding root space, and choose A, € A, in such a way that (A,, A_,) = 1 
(cf. Corollary 3.2 and 3.7) so that the vector u, of Corollary 3.8 is given by 
[Ans Azo = Pe. £ 

The structural analysis of A developed in section 3 involves the arbitr- 
ary choice of a simple set of roots. Here again it might be feared that an 
essential element of irrelevant arbitrariness is introduced. The following 
theorem shows that this is not so. 
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4. Theorem. Let JT’ be a second simple set of roots of M in A. Then 
there exists an inner automorphism @ of A mapping M into itself, and 
such that the permutation « > «’ of the roots of M in A defined by uw, 


= o(u,) maps LT onto IT’. 


5. Corollary. Any two simple sets of roots of M in J have the same 
Dynkin diagram. 


6. Corollary. If two semi-simple Lie algebras are isomorphic, their Dyn- 
kin diagrams, formed with arbitrarily chosen Cartan subalgebras and ar- 
bitrarily chosen simple sets of roots of these Cartan subalgebras, are the 
same. 


Proof of Corollaries. Let the two simple sets of roots be JZ and JI’. Let 
@ be the automorphism whose existence is asserted in Theorem 4. By 
Corollary 3.8 and Definition 3.24, if, 6 e J/ then « is a neighbor, double 
neighbor, or triple neighbor of f if and only if «’ is a neighbor, double 
neighbor, or triple neighbor of 6’; and a doubling or tripling lies on « if 
and only if a doubling or tripling lies on «’. This proves Corollary 5. 
Corollary 6 follows in an evident way from Corollary 5 and Theorem 1. 
GED. 

To the proof of Theorem 4, we preface the following lemmas and de- 
finition. 


7. Lemma. If « and f are non-zero elements of |«|, so is 
Wp = p — Ete 9, 
a(x) 


BCs) _ 


a(Ls) 
r_ are the greatest and the least r for which 6 + rx is a root. By the same 


Proof. By Corollary 3.12, we have —i(r_ +7), wherer, and 


corollary, 8 + rx is a root for allr. <r <r,. Sincer, > 0, ae 
OM) 
< —r_, and W,f£ is a root. Since W, maps « into —x« and maps each 


linear functional B satisfying B(u,) = 0 onto itself, it is a reflection in a 
hyperplane in the space of linear functionals in M, and thus W.B # 0. 
Q.E.D. 


. 8. Definition. The group of linear transformations of the space of 
linear functionals on M generated by the reflections W, of Lemma 7 is 
called the Wey/ group (of M in A). The maps W, are called Weylreflections. 
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Since by Lemma 7 the Weyl group permutes a finite set of linearly in- 
dependent functionals (cf. Lemma 3.4) among themselves, it is a finite 
group. 

9. Lemma. Let « € {«},« # 0. Then there exists an inner automorphism 


: of A, mapping M into itself, and such that (11g) = uw, for each B € {ox}, 
# 0. 


Proof. Write €y = 2, + A_4, = A_, — Ay. Then Ad (£5) wy, = (ux) No, 
and Ad (€9) 79 = 2u,. Consequently, if we put € = c&y, 7 = cno, where 
2c? = a(u,), we have Ad (€) u, = a(u,)n, Ad (6 = a(u,) u,. The ex- 
ponential power series then gives exp (it Ad (£)) = &; exp (it Ad (8) 7 
= COS (to (u,)) 4 + 7 sin (to (Uy) Has exp (it Ad (€)) wy = COS (tor (4,)) My 
+ isin (tx(u,)) n. If we put t = a(a(u,))~! and exp (it Ad (€)) = ¢, we 
havegu, = —M,. On the other hand, if ¢ Manda(u) = 0, then Ad (€) uw 
= 0, and du = uw. Thus ¢M = M. Since the automorphism ¢ preserves 
the natural bilinear form of M, ¢ must be the reflection 


_ 2a») 
(Cas Ha) 


and thus our lemma is proved. Q.E.D. 


ou =p Pas BEM, 


Remark. We note, for future use, that the inner automorphism ¢ of the 
preceding lemma is 


exp (i (2a (u,))-*/? Ad (A, + A_,)). 
Now we can prove Theorem 4. 


Proof of Theorem 4. Let P(//) be the set of non-zero roots 6 of Min A 
for which B = )n,x, with all n, > 0 (cf. Definition 3.17). Let « € IZ. 


a€ll 
Note first that if 8 ¢ PUD) and 6 4 «, W,f e P(U/Z). Indeed, by Corol- 
lary 3.12, W,B = B + rio where r, > 0 unless B — & is a root; but by 
Definition 3.17 this can happen only if 6 = «. 

If JZ’ is a second simple set of roots of M in A, define P(//’) similarly to 
P(/1). If IT < P(I7’), then, since every element f of //’ may be written as 
B = Yn, with integers n, either all positive or all negative, and vice- 

a€lt 


versa, we must clearly have JJ’ = IT. We now argue by induction on the 
number of elements in P(/7) but not in P(J7’). If this is zero, then [7 
© P(IT’), so that, as we have seen, I’ = II. If PUI) is not wholly in- 
cluded in P(J7’), then neither is JJ, and there exists an element a € Jie 
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« € P(II'). By the preceding lemma, W,(PUT) 1 PUL’) S POW a since 
W,, is a linear transformation we have W,P(/Z) = P(W_IT), and thus 
W(PU1) a PUT’) © PUD 0 P(W,IT’). But Wx = —o € PUI’) since 
a € P(II'), and since W? = I it follows that « € P(W,I/’) also. Hence 
P(IT) 0 P(W,IT’) contains at least one more element of // then does 
W,(PU]) © P(W,1’)). It follows inductively that there exists a sequence 
O15 -.-5%, Of elements of J7 such that 7 < P(W,,W,, --- W,,1T1’), so that 
IT = W,,W,, + W,,dI'. Therefore, by Lemma 9 there exists an inner 
automorphism ¢ mapping M into itself such that the permutation « > «’ 
of {x} defined by ¢(u,) = mu, sends IJ onto I/’, and Theorem 4 is proved. 
We record a corollary and prove a lemma for use in a later section. 


10. Corollary. The automorphism¢ of Theorem 4 can be chosen in such 
a way that « > «’ is a product W,,W,, --- W,, of Weyl reflections, with 
Oe tl ee 

11. Lemma. Let ¢ be an automorphism which leaves each element of M 
fixed. Then ¢ is inner; and, in fact, has the form @ = exp (Ad (u)), where 
beM. 

Proof: Since A, is defined by 

A, = {2 € Al[A, pl] = ou) A, we M}, 

it is plain that ¢(/,) = A,. Thus, for each « e IZ m (— JJ), there exists a 
constant c, # 0 such that d(A,) = c,4,. Since @ must preserve the natural 
bilinear form of A, we have cla) = c(—a)~*. If we M, then o = exp(Ad p)) 
leaves each element of M fixed and maps A, into exp (« (w)) A,. Since by 
Definition 3.17, J/ is a linearly independent set of linear functionals on M, 
we may choose « € M so that «(u) = —logc,, « € IZ. Then plainly o(A,) 


= $(A,) for all « e IJ 1 (—ID), so by Corollary 3.19(c), we have o(A) 
= (A) for all Ac A. Q.E.D. 


6. Representations of Complex Semi-Simple Algebras 


1. Definition. Let o be a representation of a Lie algebra A on a vector 
space V. Then 


(i) A subspace V, of Vis called invariant (for o) if o(A) V, S V, for each 
AeA, 


(ii) An invariant subspace V, is called irreducible if V, contains no 
proper invariant subspace. In the contrary case, V, is called reducible. If 
V itself is irreducible, we say that 0 is irreducible. 

Our first main aim is to prove the following important theorem. 
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2. Theorem. Let @ be a representation of the simple Lie algebra A in a 
finite-dimensional vector space V. Then we may write V = V,.8::-@ V,, 
where all the subspaces V; are invariant and irreducible. 

To the proof of Theorem 2, we preface two lemmas. 


3. Lemma. Let o be a representation of the simple Lie algebra A in a 
finite dimensional vector space V. Then, if the representation 9 is not iden- 
tically equal to zero, the symmetric bilinear form 


<A, m> = tr (e(A) ew) 
defined on A is non-singular. 


4. Lemma. Let @ be a representation of the semi-simple Lie algebra A 
in a finite dimensional vector space V. Suppose that W is an irreducible 
invariant subspace of V, that dim (V) = dim (W) + 1, and that o(4) V 
| W for all A € A. Then there exists a vector v € V, v ¢ W, such that (A) v 
= 0 for allAeA. 


Proof of Lemma 3. We first consider the case in which A is complex. 

The reader will verify at once that ¢Ad (7) A, w> = —<A, Ad (u) p> for 
ally, A, we A. Thus the set Ap = {A|<A, w> = 0, w € A} is an ideal in A, 
and therefore, if the bilinear form <A, u> is not non-singular, <A, u> = 0 
for all A, we A. 

In this case, let M be a Cartan subalgebra of A. Since A is simple, A? 
= A. Thus, by Lemma 2.11, o(u) is nilpotent for all « € M. That is, all of 
V is contained in the weight-space belonging to the weight zero of 0. By 
Lemma 2.10, 0(A) V = {0} if A € A is contained in a root space belonging 
to a non-zero root of M in A. But then it is plain that we also have o(u,) 
= 0 for each non-zero root « of M in A (cf. Corollary 3.8). But then, using 
Corollary 3.10 and the fact that A is the direct sum of the root spaces of 
M, it follows that o(A) = 0 for all 2 €.A, proving our lemma in case A is 
complex. 

Next consider the case in which A is real. We prove just as above that 
if <A, > is not non-singular, <A, u> = 0 for all A, w € A. In this case, let A 
denote the complexification of A. Let V be the PODS nal Ofer, 1C:, 
the complex vector space of all formal sums v + iv’, v, v’ € V, addition 
and multiplication by complex numbers being defined in evident fashion 
(cf. Definition 1.2). We may define a representation 6 of A on V by 


6(A + iu) (v + iv’) = (ofA) v — ov) v') + ie) o' + o(u) 2) 
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for A + ine A, v + iv’ € V. Then it is plain that 
tr (6(A + iu), (A + iw’) = <A, aD — <u, wD + (Kw, AD + 4, wD) = 0 


for A + iu, 4’ + iv’ eA. Arguing as in the third paragraph of the present 
proof, we conclude that 6(A + iu) = 0 for all A + jue A; and a fortiori, 
o(A) = 0 for all AE A. Q.E.D. 


Proof of Lemma 4. Use Theorem 2.17 to write A = A, ®©- @A,, 
where each A; is an ideal of A, which, regarded as Lie algebra in its own 
right, is simple. By Lemma 3, we can divide the ideals A; into two classes; 
those on which the restriction of the symmetric bilinear form <A, “> is 
non-singular, and those on which o0(A) is identically zero. Suppose the no- 
tations are chosen so that the first class consists of A,, ..., A,, the second 
of A,41,---,4,- If k = 0 we have nothing to prove, hence we assume 
k>0.LetA’ = A, ® --- @ A,, so that A’ is a subalgebra of A. It is plain 
that the restriction of the bilinear form <A, “> to A’ is non-singular. It is 
equally plain that to establish our lemma, we have only to find a vector 
ve V, v¢ W, such that o(1’) = 0 for all 2’ EA’. 

This we do as follows: Let 2,, ..., 2, be a basis ig A’, Let c'/ be the in- 


verse of the non-singular matrix <A;, 4;>; put C = 3 fly) o(A,), so that 
fh a 
C is the so-called Casimir Operator of the representation o. 
Next note that the Casimir operator C is defined by 0, ee of 


the basis for A’ which has been chosen. eee if 21 ,....5 fy 18 a Second 
basis, we may write “; = >. d/i, and A; = => diu;, ee the matrices {d/} 
and {dj} are each others? verse Then (i. i y di df <Ay, Aj), 80 


i’ J',=1 
that the inverse of the matrix <w;, ,> is S c'S di.dj., and the Casimir 
U,j’=1 
operator formed with the aid of the basis ,, ..., 4p is 


Dp D 


Y 6 adyo (ud oy) = Yeo) Ay) = C 
‘=1 


Us ,t,jJ=1 ud 


. 
my 


For any real number ¢ and any 1’ € A’, exp (Ad (t2’)) A; = 4; 1S a basis 
of A’. By Lemma 1.5.3, o(ui) = exp (—/e (2’)) o(A,) exp (to (2). Thus 
tis i> = <A;, 4;>, and it follows from what we have just proved that 


C= y c Yo(u;) oC), 


ial 


it; 6] REPRESENTATIONS OF COMPLEX SEMI-SIMPLE ALGEBRAS 145 


so that Me 
C = exp (to (1’)) Rae (A,) o(A;)} exp (to (A’)). 


Differentiating with respect to ¢ and putting ¢ = 0, we find the identity 
Co (A') = 04’) C, Ned’. (1) 


Since we have assumed that o(A) V < W for AeA, it follows from the 
definition of C that CV ¢ W. Thus CW ¢ W; if CW were a proper sub- 
space of W, then by (1) it would be invariant. Hence, either CW = Wand 
C|W is a non-singular Bap Dine of W onto itself, or C = 0. But tr (C) 


= =>. ce! tr (e(A,) o(4;)) = y ae <A,, 4;> = p, so that C = 0 is impossible. 


tee C|W is a non- elit mapping of W onto itself. Then plainly 
V = {v|Cv = 0} ® W. The subspace {v|Cv = 0} of V is invariant and one- 
dimensional, so that since e(A)V S W for all AeA, we must have 
o(A) {vo|Cv = 0} = 0 for AeA, and thus choosing any non-zero 
v{v|Cv = 0} we establish Lemma 4. Q.E.D. 

Now we are able to give the 


Proof of Theorem 2. We first show that 

(a) If Wis an invariant subspace of V such that 1 + dim(W) = dim (V), 
and if e(4) V < W for all AeA, then there exists a vector ve V, v¢ W, 
such that o(A) v = 0 for all Ae A. 

If W is irreducible, this is simply Lemma 4. In the general case, we pro- 
ceed by induction on dim(W). If dim(W) = 1, W is irreducible. If 
dim (W) > 1 and W is not irreducible, it contains proper invariant sub- 
space W’. The elements of the factor space V/W’ are the cosets v + W’ of 
W’ in V; if we put o’(A) (v + W’) = o(A)v + W’, we obtain a represen- 
tation 9’ of A in V/W’. Let ¢ map each ve V onto its coset v + W’ in 
V/W’. Then plainly ¢(W) is invariant for e’, dim (V/W’) = dim (¢(W)) 
+ 1, and 0’(A) (V/W’) © @(W) for each A € A. Thus, by inductive hypo- 
hesis, there exists a v' € V/W’ such that v' €¢(W), o(A) v’ = 0, Le., a 
Vo € V such that vo ¢ W and e(vo) € W’. Let V' = (vo) + W’. Then e(V’) 
c W’, and dim (V’) = dim (W’) + 1. Hence once more by inductive 
hypothesis, there exists a v € V’ such that v ¢ W’ and e(A) v = 0 for all 
AcA. If we write v = avg + w’, where w’e W' Cc W, it is clear that 
a # 0; thus v ¢ W, and (a) is proved. 

Next we prove: 

(b) If W is any proper invariant subspace of V, there exists a second in- 
variant subspace W’ such that V= W@ W’. 


Hausner and Schwartz, Lie Groups 10 
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To do this, we let 7 be the set of all linear transformations T in the vec- 
tor space V such that TV < W, and such that T|W is a constant multiple 
a(T) I of the identity. Let 7 be the set of all Te 7 such that o(T) = 0, 
i.e., the subspace consisting of all Te 7 such that T|W = 0. Plainly, the 
dimension of 7 exceeds that of Zo by 1. Define a representation o of A 
on J by writing o(4) T = o(A) T — To(A). Then it is easily verified that 
o(A) J |S Fo for AeA. Thus, by (a), we can find an element De ae 
such that «(T*) # 0, and such that o(A) T* = 0 for AeA, ice., o(A) T* 
= T*o(A) for all 2 €¢ A. We may plainly suppose without loss of generality 
thata(T*) = 1; and then it is quite clear that W’ = {ve V|T*v = 0} isin- 
variant, and that V = W @® W’, proving (b). 

It is obvious that Theorem 2 follows by induction on the dimension of 
V and by use of (b). Q.E.D. 


5. Corollary. If W is any proper invariant subspace of V, there exists a 
second invariant subspace W’ such that V= W@W’. 


6. Corollary. If W is an invariant subspace of V such that dim (V) 
= dim (W) + 1, and if 0(2) V < W for all A € A, then there exists a vec- 
tor ve V, v¢ W, such that o(A) v = 0 for all AEA. 


Remark. Note that Lemma 4 is a slight generalization of Corollary 6. 

Our next aim is to analyze the irreducible finite representations of an 
arbitrary semi-simple complex Lie algebra. Throughout the remainder of 
the present section, we let A be a semi-simple complex Lie algebra, M a 
Cartan subalgebra, {x} the set of roots of M in A, and II a simple set of 
roots. For each 0 # «€ {x}, we let A, be the one-dimensional root space 
belonging to the root x; using Corollary 3.2, we choose a vector i, € A, such 
that (A,, A_) = 1, where (A, ) is the natural bilinear form of A. We let u, 
= [A,, A_,] be the vector of Corollary 3.8. 


7. Definition. Let @ and e, be representations of A in vector spaces V 
and V, respectively. Then we say that g and 9, are equivalent if there exists 
a one-to-one linear transformation T of V onto V,, such that To (A) T-! 
= 0:(A), AEA. 

Of course, we aim to classify irreducible representations up to equi- 
valence. The following definition introduces the objects upon which our 
classification will be based. 


8. Definition. Let 9 be a representation of A in a vector space V. Then 
weights of the representation u — o() of M will be called (for brevity) the 
weights of o. If w is a weight of 9, and if v € V is a weight vector belonging 
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to the weight cv such that e(u) v = w(p) v for uw € M, then v will be called a 
minimal weight vector if e(A_,) v = 0 for all « € IZ; in this case, w will be 
called a minimal weight. 

The next lemma, which shows that an irreducible representation is 
characterized by its minimal weight, is proved by a simple adaptation of 
the line of proof of the uniqueness lemma 3.20. 


9. Lemma. Let oe, and @, be two irreducible representations of A, in 
vector spaces V, and V, respectively. Suppose that both representations 
have a weight w, and that w is a minimal weight of both representations. 
Then @, and @, are equivalent. 


Proof: Let v, € V, and v2 € V2 be minimal weight vectors belonging to 
the weight w of 9, and g, respectively. Let V = V, © V2, and define the 
representation 9 of A in V by o(A) [v,, v,] = [e1(A) 0,, @2(A) 02], 0, E Vy. 
v, € V2. Then clearly v = [v,, v2] is a minimal weight vector of 0 belong- 
ing to the minimal weight w. Let W be the least invariant subspace of V 
containing v. Since V, (resp. V.) is irreducible, it is plain that the natural 
projection of W on V, (resp. V2) is all of V, (resp. V2). We shall show 
that W < V, ® V; is the graph of a one-to-one mapping of V, onto V2. 
To do this, we have only to show that W contains no vector of the form 
[v,, 0] or [0, o,], where 0 # v, EV,,0 # v, € V2. But, if W contained a 
vector [v,, 0], v, # 0. then since @, is irreducible W would contain all of 
V,, hence contain [v,,0], hence contain [v,, v2] — [v,, 0] = [0, v9], 
hence contain all of V,, and hence contain all of V. This makes it plain 
that to show that W is the graph of a one-to-one mapping of V, onto V2, 
we have only to show that W is a proper subspace of V. We will in fact 
prove that the only vectors in W belonging to the minimal weight w are 
scalar multiples of v. 

This we do as follows: since W is the least invariant subspace of V 
which contains v, and since by Corollary 3.19 A is generated by the 
elements 4,, «¢ JJ U(—J1), W is evidently spanned by the vectors 
o(A,,,)... o(A,,) v, Wherex, € JU (—I1),1 <j < n. By Lemma 2.10, such 


a vector belongs to the weight w + >’ «; of @. Therefore, if a finite linear 
combination oe 


» C(On; ORT) 1) o(A,.,.) ae (Aq) v 


THK sane tO (—*®) 
is a weight vector belonging to weight «, it must equal the partial sum 


yy Ss CeO ers) 0. 


Pots ceo c— IT) 
ay +-+an=0 
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Therefore, we have only to show that if Ya = = 0, then e(A,,) «+: e(Aa,) ¥ 
is a multiple of v. = 
To this end, we proceed inductively as follows. Define the rank of the 


sequencea,,...,%,as >). i. By Deo tastaton 3.17, JTis a linearly independent 
oie 


set of linear functionals on M. Thus, if ¥ > x; = 0, as many elements of IT 
i=1 


as of (— JT) must appear in the sequence ,, ...,%,. Therefore, if,, ..., Om 
has lowest possible rank, then «, € (— JZ), o(A,,) v = 0, and our assertion 
is verified. Now argue by induction on the rank. If the rank is more than 
minimal, there will exist a least one pair «;,«;,, with «,;,, ¢(—JJ) and 
a, € IT. If 0,4, # —c;, then [A,,, A.,,,] = 0 by Lemma 3.11 and Defini- 
tion 3.17, so that 


0(A,,) *** OAs :) OAx) *** 0(A1) v = 0(A,,) +++ On) OAsia1) 7° Oa) 2 (2) 


which by inductive hypothesis gives the desired conclusion. Ifa«,;,, = —«;, 
then by Corollary 3.8 we have [A,,, 4,,.,] = Ma,» 80 that 


O(a) °° CAais1) CAai) *** (Ar) 0 = @(A,,) + OAri 41) O(n) + QCAx) 0 
— 0Aa,) °° Oui +2) CCHa:) CAais1) °° (Ar) v 
= o(A,,,.) mae o(A,,) poe OA, 2) nod o(A;) v 
— [o%1 (May) Fors + O12 (a,) 


+ O(ta)] (As) *** OAs: )@Aa:-1) °° O(A1) 2, (3) 


which give the desired conclusion by inductive hypothesis once more. This 
completes our induction, and with it our proof that W is the graph of a 
one-to-one mapping of V, on V3. 

Let the mapping of V, on V, whose graph is W be T. Since W is in- 
variant under @, we have 7o,(A) v, = e2(A) Tv, foreachv, € V, andAeA. 
Thus To,(A) T~* = @2(A), and e, is equivalent to ,. Q.E.D. 

The reader will have no difficulty in adapting the above line of argu- 
ment, based on induction on the rank of a sequence «,, . ., &, Of elements 
of IT U (—/1), as defined in the preceding proof, to alia the additional 
conclusion stated in the following corollary. 
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10. Corollary. Let @ be an irreducible representation of A in a space V, 


@ is a minimal weight for 0, and v is a weight vector belonging to this 
minimal weight 


(a) The vector v is unique up to a scalar multiple. 
(b) Let 1, ...,4,€ ZU (—JD and «, + --- +a, = > kx. Then if any 


aly 
of the integers k, is negative, o(A,,) «+ o(A,,) v = 0. 


(c) Every weight of 9 is of the form + > k,x, where each of the integers 


k,, is non-negative. oo 
(d) V is spanned by vectors of the form x = o(A,,) --- o(A,,) v, where 
&1,...,%,€ 17, each of which is a weight vector belonging to the 


weight w + > «; of 0. 
i=1 


(ec) If v, is a weight vector belonging to the weight w, of A, then o(u) v, 
= w,(u) v, for each we M. 
(f) The weight spaces of 0 are finite dimensional. 


An immediate consequence of Corollary 10(c) is 


11. Corollary. The minimal weight of an irreducible representation 0 
of A admitting a minimal weight is unique. 

Note that in proving Lemma 9 and Corollaries 10 and 11 we need never 
require that V is finite dimensional. Thus, all three of these results are 
available even if V is infinite dimensional. This observation will be of use 
to us very shortly. 

If we assume that V is finite dimensional, we can say a little more. 


12. Lemma. Let @ be an irreducible representation of A in a finite di- 
mensional space V. Then 9 admits a unique minimal weight w and we have 


@(U,) = — Fm (Uy)> ao ell 
where m, is a non-negative integer. 


Proof. Since V is finite dimensional, it follows by that V decomposes 
into the direct sum of its weight spaces V,,, which are finite in number. By 
Lemma 2.10, o(A_,) v€ Va, if ve V... Thus, if there were no minimal 


weight, there would be weights of the form w — nx, with n, > 0 
a€lT 
and 5’ n, arbitrarily large. This is impossible, since by Definition 3.17 [7 is 
oll 
a linearly independent set of linear functionals on M. This proves the first 


assertion of our lemma. 
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To prove the second assertion, we let v be a vector belonging to the 
minimal weight «. Let « € {x}, « # 0. Then, from what we have said, 
there must exist some least finite integer m, such that e(/,)"**1 v = 0. 
The subspace V, of V generated by the vectors v, @ CA, )iwent OCA 1s 
easily seen to be invariant under A, and A_,. Thus, 


0 = tr ((o(A,)|Vo) (@A—a)|Vo) — (e(A-«)| Vo) (0Aa)| V0) 


= tr (ofA,, A_a]lVo) = tr (e(4.)|Vo) =o (uy) + ko (ux), 


Q.E.D. 
The following theorem is now decisive. 


13. Theorem. Suppose that for each finite dimensional irreducible re- 
presentation @ of A we let w, be its unique minimal weight and write 


Wo( Ma) = — im, O( My) ’ oell, (4) 


Then (4) establishes a 1 — 1 correspondence between the family of all in- 
dexed sets of non-negative integers m,,« € I, and the family of all classes 
of equivalent irreducible finite-dimensional representations of A. 

That the correspondence established by (4) is one-to-one is the burden 
of Lemma 9 and Corollary 11; thus only the existence of a representation 
corresponding to each indexed set of non-negative integers must be 
proved. For this very concrete existence assertion, we will find it con- 
venient to give a highly transfinite proof! We divide the proof into a series 
of lemmas. 


14. Lemma. Let 0 be a representation of A in a space V, and suppose 
that @ admits a minimal weight wm. Then there exists an irreducible re- 
presentation 9’ of A in a space V’ which admits the minimal weight w. 


Proof. Let 0 4 v be a minimal weight vector belonging to the weight w, 
so that o(u) v = w(u) v for all uw € M. Let Vo be the smallest invariant sub- 
space of V containing v, and let o9(A) = e(A)|Vo. It is plain that v € Vo is 
a minimal weight vector belonging to the weight w of eo. Clearly, an in- 
variant subspace of Vo is proper if and only if it fails to contain the vector 
v. Thus by Zorn’s lemma, V, contains a maximal proper invariant sub- 
space V,. Let V’ be the factor space Vo/V,, i.e., the set of all cosets 
u+ V;,ue Vo, and let @ be the natural mapping u> u + V, of Vo onto 
V’. Define a representation 9’ of A on V’ by o’(A) (u + Vi) = o(A)u + Vi, 
ue Vo, A€A. Then it is easily verified that V, 0 o(V.) = V establishes 
a one-to-one correspondence between invariant subspaces V3 of V’ and 
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invariant subspaces V, of Vo containing V,. But then, V, is a maximal in- 
variant proper subspace of V,, V’ has no proper invariant spaces, and is 
therefore irreducible. Q.E.D. 

Note that in Lemma 14 we neither assume nor assert finite-dimension- 
ality. But if V is assumed finite dimensional, it is clear that V’ is finite di- 
mensional also. 

Using Lemma 14 and the preceding remark, we may show that a great 
many indexed sets of non-negative integers do correspond to irreducible 
finite dimensional representations, in the sense of (4) of Theorem 13. We 
proceed as follows: Let @ and 9’ be finite dimensional irreducible re- 
presentations of A in spaces V and V’ respectively, and let w and w’ be 
their respective minimal weights. Let W’ be the space of bilinear func- 
tionals D(v, v’), v e V, v' € V’, and let W be the space of linear functionals 
on W’, the so called Kronecker product of V and V’. There is a natural bi- 
linear map [v, v'] > v @v’ of Vx V’ into W, defined by (v @ v’) (P) 
= D(v, v’). Let 0’ be the representation of A in W’ defined by (0’(A) ®)(v,v’) 
= —@(0(A) v, v’) — Dv, o'(A) v’), and let 6 be the representation of A in 
W defined by (6(A) ©’) (6) = —@'(0'(A) ®), BD’ ce W, De W', AEA. Then 
it is immediately verified that 


(AY Ov) =EAr @r)+v@e’Av’. (5) 


Suppose now that we choose v and v’ to be minimal weight vectors of 0 
and 0’ belonging to w and w’ respectively. Then, by (5), 


6(_,) & Ov’) =O0aell; 
and 
o(u) (v © v’) = (o() + ou) 0 @v’, weEM. 


Thus, using the preceding lemma and remark, we obtain the following 
statement. 


15. Lemma. If A has irreducible finite dimensional representations ad- 
mitting the minimal weights w and w’ respectively, it has an irreducible 
finite dimensional representation admitting the minimal weight w + o’. 

By generalizing the above construction, we can obtain still more mini- 
mal weights. Let 9 be a representation of A in a finite-dimensional space 
V. For each weight w’ of o, let V,,- denote the weight space belonging to 
w’. Let m be any integer, and let X” be the space of all functionals 
@(v,, ..., V,) of n variables v; € V, separately linear in each variable. Let 
X' be the space of linear functionals on X”. There is a natural multilinear 
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map [v,, ---, Un] > 01 @ + @ v, Of VX++- xX V into X’, defined by 

(v, @ + @ v,) B = Dv, ..., Up)- 
The reader will easily verify that if w,,...,u, 1S a basis for V, then 


{u;,, ® -- @ u;,}, where | <i; <k,j=1,...,0 is a basis for X’. We let 
6 be the representation of A in X” defined by 


6A) 04,5 = -T POs DD, O 


and let 9 be the representation of A in X’ defined by (6(A) ®’) ®) 
= —P'(((A) ®), B'e X’, Be X", AEA. Then it is immediately verified 
that 


HM (. @ Bo) = FO OA) Oy. 


Let F denote the group of all permutations of 1, ..., 1, i.e., the group of 
all one-to-one mappings of this set onto itself. If 7 € A, we may define a 
linear mapping z on X” by (7D) (v1, ..., Vn) = DUn-1¢1)5 «++ Vn- 1m), aNd a 
linear mapping # in X’ by (4®’) (®) = ®'(%- 10), De X, De X’. Then it 
is easily verified that 


FV, @ +++ @ Vg) = Vg) @ +++ @ Van): (8) 


It follows by (7) that #6(A) = 6(A) #4 ifwe A and AeA. Thus, if sgn (7) 
denotes the sign of the permutation z, the subspace X, of X defined by 


Xo = {xe X'|ax = sgn(a)x, mE P} 


is invariant for @. If u,, ..., u, isa basis for V, then since {u;, @ --- @ Uae 
where 1 <i <k,j = 1,...,m isa basis for X’, it easily verified that 


] . 
fe Zt B® Hao 0) 


where 1 < i, <i, <i; < --- <i, < k, isa basis for Xj. Using (7) and 
Corollary 10(d) and (e), we see that the set of weights w™ of the represen- 
tation A — (A) = 6(A)|Xo is the collection of all sums wo = w, + w5 
+ +++ + @,, Where @,,...,@, are weights of 9, no weight «, in this list 
being repeated more often than dim (V,, np 

Suppose now that g is irreducible, and that its minimal weight is w, so 
that by Corollary 10(c) each of its weights is of the form w + 5 ko 


en 
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where the integers k, are all non-negative. Then we may introduce a 
“lexicographic” ordering into the collection of weights of 0, as follows: 


Enumerate the roots « in any order, and then write w + Y kyo > 
a€lT 


o+ ¥ kio if at the first « ¢ JT for which k, — kj is different from zero we 
all 


have k, — ki, > 0. The weights of 09 have the form nw + >| ko, and may 
o€lT 
be ordered by the same lexicographic principle. The least weight of 9 in 


lexicographic order is then w, + --- + @,, where @,, ..., @, are the first 
n weights of 9 in the lexicographically ordered list of weights in which each 
weight w’ is repeated exactly dim (V,,-) times. 

Since w; + --- + @, is the least weight of @, in lexicographic order, it 
follows by Lemma 2.10 that it is a minimal weight of 99. Thus, using 
Lemma 14 and the remark which follows it, we see that for each n there 
exists a finite dimensional irreducible representation whose minimal 
weight is w,; + --- + @,, provided that n does not exceed the length of 
the entire lexicographically ordered list. Applying this to the adjoint re- 
presentation of A, whose weights are the roots of M in A, and using 
Lemma 3.7, we obtain the following lemma. 


16. Lemma. Let the set // of simple roots be enumerated in some order, 
and then order the non-zero roots «€ {«} by writing 6, > 6. if 
= ) n,x,B2. = ¥ nix, and if at the first « e IT for which n, — n, # 0 we 

ost o€lT 


have n, > n,. Then, for each integer m not exceeding the number of non- 
zero roots« € {x}, the suma, + --- + &,, When &,,&2, ...,, are the first 
n non-zero roots in lexicographic order, is the minimal weight of some ir- 
reducible finite-dimensional representation of A. 

Combining Lemmas 15 and 16, we obtain the following Corollary. 


17. Corollary. Suppose that the non-zero roots « € {x} are ordered as in 
the preceding lemma. If n, is an integer for each 0 4 v€ {x}, and if 
Ny > Ng whenever « > B, x, B e {x}, « #0 # B, then the sum } 1,0 is the 

a€{x} 
a#0 
minimal weight of an irreducible finite-dimensional representation of A. 


Remark. The representation whose existence is asserted in the preceding 
corollary may in fact be obtained from the adjoint representation 
4— Ad (A) by iterated application of the constructions described in the 
paragraphs immediately preceding and immediately following the state- 
ment of Lemma 15. 

Now we prepare to give our argument a transcendental turn. Let m 
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be the dimension of M. For notational simplicity, we will write an 


m-triple [z,, .--; Zm] of complex numbers as Z, correspondingly write 
jaz, 4 bz), <8 @Z 2p l as a2 ae and write a polynomial 
P(z,, «+5 Zn) aS P(Z). If HT = {o1,, ...,%m} is the ordering of JT to which 


reference is made in Lemma 16, atl w is a linear functional on M, 
we may also write [w(m,,), -.-, O(Uy,,)] as w(u,). We use these simplified 
notations in stating the following lemma, which recasts Corollary 17 in 
a more useful algebraic form. 


18.Lemma. Let P(z,;,...,2m) = P(Z) be a polynomial. Then if 
P((u,)) = 0 whenever @ is the minimal root of an irreducible represen- 
tation of A, P(Z) = 0 identically. 


Proof. Let £,, ..., 8, be the non-zero roots of M in A, enumerated in 
the lexicographic order of Corollary 17. Then, by Corollary 17, the poly- 
nomial O(61, ...56,) = PCiBi(ua) + - + SnB,(u)) vanishes whenever 
C1, ..-,f, 18 a decreasing sequence of non-negative integers. Hence it van- 
ishes identically in¢,,...,¢,. Since the m vectors u,, « € [J are a basis 
for M by Definition 3.17 and Corollary 3.8, and since the mi roots «, « € IT 
are linearly independent linear functionals on M by Definition 3.17, the 
present lemma follows. Q.E.D. 

We now form a highly infinite-dimensional representation of A, as fol- 
lows: Choose one representation @ from each class of equivalent irredu- 
cible finite-dimensional representations, thereby getting a class of re- 
presentations R (countable, by Lemma 12 and Lemma 9). Each represen- 
tation @ € R acts in a space V,; let V* be the space of all functions f which 
map R > a V,, and are such that f(e) € V,, 0 € R. Make V* into a vector 


space by Stine (af + bg) (e) = af(e) + bg(e). Define a representation o* 
of A in V* by putting (0*(A) f) (@) = o(4) (f(@), 4 € A. For each 0 € R, let 
@, be the minimal weight of @, and let v, be a minimal weight vector be- 
longing to the weight w,. Define v* e V* by v*(o) = v,. In terms of these 
notations, we state the following lemma. 


19. Lemma. Suppose that for each « € JJ a complex constant c, is given. 
Then the vector v* does not belong to the least invariant subspace V* of 
V* generated by the m vectors (o*(u,) — c,) v*, « € I. 


20. Corollary. Suppose that for each « € [J a complex constant c, is 
given. Then there exists a unique, though possibly infinite-dimensional, 
irreducible representation of A, possessing as minimal weight the linear 
functional w defined by w(u,) = c,, « € I. 

To lend interest to the proof of the lemma, we first prove the corollary. 
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Proof of Corollary 20. Let v*, V* and V% be as in Lemma 19, and let ar 
be as in the paragraph pressing Lemma 19. Define a representation 0, of 
Al in the factor space V,; = V*/V% , whose elements are the cosets u* + V* 
u*eV*, by putting o,(A) (u* + Vo) = o*(A) u* + VeF,AeA. It is clear 
from the definition of v* that o*(A_,) v* = 0, « e I. By Lemma 19, the 
coset v, = v* + V¢ is non-zero. Plainly 0,(4_,)v, = 0, «e ZZ, and 
01(u,) v; = c,v,,« € I. Thus v, is a minimal weight vector belonging to 
the minimal weight w defined by w(u,) = c,. Corollary 20 now follows at 
once by Lemma 14. Q.E.D. 


Proof of Lemma 19. It follows easily by Corollary 3.19 that V% is 
spanned by the collection of vectors of the form 


o*(A,,) vers e*(A..,) (0* (Hers) _ Cree.) Ons (10) 


where &,, ..., 0x41 € J1U (—Jd). For each a € {ax}, let V&) denote the sub- 
space of elements fe V* such that f(o) € V..,+, foralloe R. If fe > Vg), 
Bta 


then /(e)€ > V..,+g- ltis clear from this and from the linear independence of 
B#o 
the spaces V,,,.., cf. Theorem 1.10, that Vx, and )’ Vg) have no non-zero 
BH 


vector in common. By Lemma 2.10, and from the definition of 9*, 


o*(A,,.) ce e*(A,,) (o* (85...) — (eee) v*é Vis where « = Me iects = Oy. 
Thus, if v* is a linear combination of elements of me form (10), it is a 


linear combination of elements of the form (10) with 2 oo ar(), 

We now prove the following: 

Auxiliary Statement: If in (10) we have «, + --- + a, = 0, then the 
the element (10) is a linear combination of elements of the form 
0* (1) ++ O* (Un) (0*(ua) — ¢,) ¥, Where M1, ..-5 fin € M, and oe I. 

If k = 2sothata, = —«,, this follows from Lemma 3.11 and Corol- 
lary 3.9. In the general case, we may proceed inductively, as follows. De- 


fine the rank of the sequencex,,...,%,a8 >) i. By ee S17 T isa 
Open) 


linearly independent set of functionals on M. Thus, if 3 o«, = 0, as many 
i=1 


elements of J/ as of (—JZ), must appear in the sequence «,, ...,«,. If 
01, «.-, &, is of lowest possible rank, then we must havex, €« —// and thus 
the element (10) equals 


k 
(ere Ne » “lluss)) o*(A,,) a e* (Aa) ee 0, 
j=l 
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and our assertion is verified. If the rank is more than minimal, there will 
exist at least one pair «,, «4, With «,,,¢(—JD) and «; e I. Then an 
evident induction on the rank using Lemma 3.11, Corollaries 3.8 and 3.9, 
and Definition 3.17, (cf. (2) and (3) of the proof of Lemma 9) will estab- 
lish our auxiliary statement. 

Using the auxiliary statement and the fact that {u,,«¢ 17 } is a basis for 
M (cf. Definition 3.17 and Corollary 3.8) we see that to prove the present 
lemma it is sufficient to show that no equation (11) 


Dp m 
ot YS ding e+ tins) O* (Hi) + O*H4s,) @* (Hi) — Cina) = 0 
n=1 i1,--,i,41=1 (11) 


can hold; here y,, ..., @, 18 an enumeration of the vectors u,, « € IT, and 
we have written c; for c, if u, = mu; to spare the sensibilities of the printer; 
the d(i,, ..., i,) are arbitrary complex coefficients. But, if (11) holds, then 
it follows from the definition v* and o* that 


Dp m 
eae » y Gia ee sinew) Oo Mi,,) (o(Ui,,41) — C4) = 9 
n=1 lis..cbn t+ (12) 


whenever w is the minimal root of an irreducible representation. By Lem- 
ma 18, this is unless the coefficients d are zero impossible; and our lemma 
follows. Q.E.D. 

Corollary 20 gives the existence and uniqueness (but not the finite- 
dimensionality) of the representations whose existence and finite-dimen- 
sionality is asserted in Theorem 13. Thus all that remains is to prove that 
if the minimal weight « of an irreducible representation @ satisfies w(u,) 
= —}k,x(u,), «€ IT, each k, being a non-negative integer, then 9 is 
necessarily finite dimensional. 

We verify this assertion first in case our Lie algebra A is the three- 
dimensional algebra A, of type A, of all 2 x 2 matrices of trace zero. The 
natural bilinear form on Ao is (A;, A2) = 4 tr(A,A2), and using this, the 
natural representation of A, by the transformations o(A):v > Av on 2-di- 
mensional space is seen to have a minimal weight satisfying (Ma) 
= —}a(u,); here, « is the unique root of Ay. Then, by Lemma Nee i 
n > | Ag has a finite dimensional representation whose minimal weight w’ 
is nw; and our assertion follows by the uniqueness stated in Corollary 20. 
Note that 4) has a basis consisting of three vectors A,, bt, such that 
[4 As] = 4A,, [At,4_] = uw. The one-dimensional space M spanned 
by yw is then a Cartan subalgebra, the two non-zero roots of M in Ag are 
defined by «.(u) = +1; tr (Ad 2, Ad A_) = 2, and tr (Ad pw Ad p) 
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= 2. Thus, any irreducible representation of Ay which has a minimal 


weight vector belonging to a weight w for whichw(u) = — oy where n isa 
non-negative integer, is finite-dimensional. 2 
Next we use the fact just proved to establish the following lemma. 


21. Lemma. Let 0 be an irreducible representation of A in a space V, 
possibly infinite dimensional. Let @ have the minimal weight w. Suppose 
that 

(Uy) a — ko (ita) aE iT, 
where each k, is a non-negative integer. Then if ye V and « € II, there 
exists a finite integer N such that oe(A,)* x = 0. 


Proof. Let v be a minimal weight vector belonging to the minimal weight 
w. Let m > 0 and «ell. If Be I] and 6 + «, then since // is a simple 
set of roots, « — Pisnotaroot. Thus e(A_g) e(Ax)™ v = 0(A,)™ o(A_g) v = 0. 
If e(A_.) e(A,)” v = O also, then by Definition 8 o(A,)” v isa minimal weight 
vector. By Corollary 11, it follows that either o(A,)™ v = 0, or that 
m = 0. Thus 


if 0(/,)"v +0 and m+ 0, it follows that o(A_,) 0(4,)"v #0. (13) 


We next show that if « € IJ, then o(A,)* v = 0 for sufficiently large n. To 
this end, suppose the contrary. Then the infinite-dimensional subspace 
V©® of V spanned by the vectors v, e(A,) v, o(A,) v, ... is invariant under 
4, and A_,. If A® is the subalgebra of A spanned by A,, A_,, and p,, 
and @p is the representation of A® in V defined by ao(A) = e(A|V™, 
A€ A, then go is seen by? (13) to be irreducible. gg has the minimal 
weight w. If we put 2,, = As and mw = p,/o(u,), we see that A is iso- 
morphic to the algebra of type A, studied in the paragraph preceding the 
statement of the present Jemma, and that w(w) is half a non-negative 
integer. But therefore, by the cited paragraph, @9 must be finite dimen- 
sional, a contradiction. This proves that o(A,)% v = 0 for N sufficiently 
large. 

By Corollary 10 (c), every vector x € V is a linear combination of vec- 
tors y = 0(A,,) --- o(A,,) v, where «,,...,%,¢€ 1. Thus, to prove the 
present lemma, we have only to show that there exists an N, so large that 


o(A,)™* ofA,,) -** 0a) 0 = 0 (14) 


Now, an evident induction using Corollary 3.8 and Lemma 3.11 will show 
that 0(A,)™' o(4,,) + o(A,,) v is a linear combination of vectors of the form 


o(As,) pi o(A5,) o(A,)? v, 
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where f;, ...,B; are roots, j < k and where 8, + --- + Bj =o + + 
+o, + (N, — p)x. Thus N, — pis bounded above by some integer N2, 
and, if we choose N,; > N, + N, (14) evidently follows, and our lemma 
is proved. 

Using Lemma 21, we may now imitate the proof of Lemma 3.11, to 
obtain the following statement. 


22. Lemma. Let 0 be as in Lemma 21, and let x € IJ. Let w’ be a weight 
of 0. Then so is 
ot — 20a) 
o(Us) 


Proof. Let v' € V be a weight vector belonging to the weight w’, so that 
by Corollary 10 (e) e(u) v' = w'(u) v’, ue M. By the preceding lemma, the 
subspace V’ of V spanned by all the vectors o(A_,)” v and e(A,)? v’ is finite- 
dimensional. The space V’ is plainly invariant under the operators @(A_,) 
and o(A,), so that o’(A) = e(A)|V’ defines a finite-dimensional representa- 
tion of the 3-dimensional subalgebra A’ of A spanned by ,, A_,, and w,. 
Plainly, w’ is a weight of 9’, and the weight space V,,+,. of o’ is spanned by 
a single vector o(A,)" v’ or o(A_,)~" v', and is therefore one-dimensional. 
Let R be the set of integers r for which w’ + rox is a weight of 9’. An inter- 
valr_ <r <r, is said to be isolated ifr_e R,r, €R, butr. ~1€¢R, 
r, + 1¢R. If such an isolated interval is given, then, by Lemma 2.10, the 
space 

ee = = Va +ra 


Leet cy re 


is invariant under 0(/,) and o(A_,). Thus 


trou )IV") = tr (Lo'A IV [o'A-JIV"] — [e'A-IVI[o'AJ)IV'T) = 0 
But plainly 
tre )IV'") = > (@'(u.) + reo(u,)). 


Leg 
reR 


This shows that the ratio a is equal to the average value A,_,,, of the 
os 


Oo. 
integer r over the set {re Rir. <r <r4};here,r_ <r <r, can be any 
isolated interval. If there were any r* € R such that r* > r4, we could 
find a second isolated interval r. <r <r,4 with ri4 > r,. But it is 
plain that the average value or r over this second interval would be strictly 
larger than A,_,,, , which is impossible. A similar argument applies to r_, 
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so that we see that there can be only one isolated interval, i.e., R itself 


must be an interval, with end points r_ and r,. We have then —2 co'(Yo) 


X(t) 
=f, + Ff, and since r. < 0, cont) <r,,ando’ Sees) 
o(M) (Ut) 


a weight. Q.E.D. 


23. Corollary. Let @ be as in Lemma 21. Then 9 is finite dimensional. 


Proof. By the preceding lemma, if w’ is a weight of o and « € JT, so is 
Wo’, where W, is the Weyl reflection of Definition 5.8. It is plain from 
Definition 3.17 that — JI is a simple set of roots. Thus, by Theorem 5.4 
and Corollary 5.10, there exists a product W = W,, --- W,,, of Weyl re- 
fiections, «,¢ I, i =i,...,k, such that WH = —JI. Ifo + > n,x is 


a€lT 


a weight, so is Ww — S ny-tx. Then, by Corollary 10 and the linear 


a€ll 


independence of the functionals «eZ, >’ |n,| remains bounded as 
all 


@ + » n,x Varies over the set of all weights of 0. Using Corollary 10(f) 
o€ll 


we see that o is finite dimensional. Q.E.D. 
Theorem 13 is now an evident consequence of Corollaries 20 and 23. 


7. The radical splitting theorem. 
Existence of Lie groups with a given Lie algebra 


1. Definition. Let P and A be given Lie algebras, and let o be a re- 
presentation of A on the vector space P. Suppose that o(A) [e1. 02] 
= [o(A) 01, 02] + [01, o(A) @2] for AE A, and @,, 02 € P. The semi-direct 
sum P @,A of P and A is the Lie algebra defined as follows 


(i) P@, A, regarded as a vector space, is identical with P @ A, i.e. the 
set of all ordered pairs {o, A} witha e P and Ac A. 
(ii) The Lie product in P @, A is defined by 


fo. 4}, {o’, 43] = {le 1 + o’)o — ofA)’, [A A}. 
The reader will easily verify that P ©, A, as defined, is in fact a Lie al- 


gebra. Our first main aim in the present section is to prove the following 
important structure theorem for general Lie algebras. 
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2. Theorem. Any Lie algebra may be written as the semi-direct sum 
P @, Ao of a solvable algebra P and a semi-simple algebra Ag. 

To prove Theorem 2, we must first build up a certain amount of ma- 
chinery. 

We will call subalgebra Ay of a Lie algebra A solvable if Ao, regarded as 
an algebra in its own right, is solvable (cf. Definition 1.7(b)). 


3. Lemma. Let J, and J, be two solvable ideals in a Lie algebra A. Then 
J, + J, is a solvable ideal. 


Proof. It is clear that J, + J> is an ideal. We have plainly (J, + J;) 
ce J +4 J,, and therefore, inductively, (J, + J2) S Jy” + J for alln. 
Since J, is solvable, (J; + J2)"t™ = 0 for sufficiently large n + 1. 
Q.E.D. 

Since A is finite dimensional, the following corollary is an immediate 
consequence of Lemma 3. 


4. Corollary. Let A be a Lie algebra. Then A contains a unique solvable 
ideal P of maximum dimension. This ideal contains every solvable ideal 
of A. 


5. Definition. The unique maximal solvable ideal P of a Lie algebra A is 
called the radical of A. 
We now repeat Definition 1.6.7 for the reader’s convenience. 


6. Definition. Let A be a Lie algebra, and J < A an ideal. Then the 
factor algebra or quotient algebra M = A/J is the Lie algebra defined as 
follows: 

(a) Regarded as a vector space, M is identical with the factor space A/J 
of A by its subspace J. Thus the elements of M are the cosets A + J of J. 
(b) The Lie product in A/J is given by [A + Ju + J] = [A,u] + J. 

The reader will easily verify that A/J satisfies all the axioms defining a 
Lie algebra. 


7. Lemma. Let A be a Lie algebra, J an ideal of A. Then 
(i) The natural map ¢: A > A/J which sends each 4 € A into its coset 
A + Jis a Lie homomorphism of A. 
(i) The map Jp > @~'(Jo) sets up a 1 — 1 correspondence between 
(a) the set of all subalgebras of A/J and the set of all subalgebras of A 
which contain J and 
(b) the set of all ideals of A/J and the set of all ideals of A which contain J. 
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Proof. All these statements are elementary consequences of Detini- 
tion 6; we leave it to the reader to verify them. 


8. Lemma. Let / be a Lie algebra, and P its radical. Then /1/P is semi- 
simple. Conversely, if J is an ideal of A, and A/J is semi-simple, then 
yep. 


Proof. Direct Part. If not, let /p be a proper solvable ideal of A/P. Let d 
be as in Lemma 7. Then, by Lemma 7, J, = ¢~'(J) is a proper ideal of A, 
containing P as a proper subideal. Since ¢@ is a Lie homomorphism, we 
have @(J1”) = Jo”. Thus @(/;") = 0 for sufficiently large n, i.e.. J’? < P 
for sufficiently large n, and thus J{"'”” = 0 for sufficiently large n + 1. 
Thus J, is solvable. But this contradicts the fact that P is the large stsolv- 
able ideal of A, completing the proof of the direct part of our lemma. 


Converse Part. Let ¢ be the natural map of A onto A/J as in Lemma 7. 
Then since @ is a Lie homomorphism, $(P) is an ideal. It is clear by in- 
duction that dP”) = (p(P))”. Thus f(P) is a solvable ideal. If A// is 
semi-simple, it follows that #(P) = {0} ie., J > P. Q.E.D. 

Now we begin the proof of Theorem 2. We first prove it in the following 
simple special case. 


9. Lemma. Let 4 be a Lie algebra, P its radical. Suppose that [/!, P] 
= 0. Then there exists a subalgebra A, of A such that A = A, @ P. 


Proof. Let 7 be the set of linear transformations T of A into A such 
that T1 ¢ P, and such that T|P is a constant multiple 1(7) / of the iden- 
tity. Let 7 be the set of all Te-7 such that x(7) = 0, i.e., the subspace 
consisting of all Te 7 such that 7|P = 0. Plainly, the dimension of 7 
exceeds that of 79 by 1. Define a representation o of A on 7 by putting 
o(A) T = Ad (A) T — T Ad (A). Then it is easily verified thato(A) 7 S 7 > 
for AEA. 

It follows immediately from the hypotheses of our lemma that o(e) = 0 
for allo € P. Thus, if we define o’(A + P) = o(A) for each coset A + Pin 
the factor algebra A’ = A/P, o’ is a representation of A’ in the space 7. 
But, by Lemma 8, A/P is semi-simple. It follows by the remark following 
Corollary 6.6 that there exists a transformation T* ¢ 7,7T* ¢.7, such 
that o'(A + P)Tt =0, AeA, ie., such that Ad (A) 7* = Tt Ad (A). 
Thus, if we put Ay = {Ae A|TtA = 0}, Ao is easily seen to be a subalge- 
bra of A, and we have Ap © P = A. Q.E.D. 

A slight improvement of the preceding argument gives the following 
lemma, which is also a special case of Theorem 2. 


Hausner and Schwartz, Lie Groups 11 
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10. Lemma. Let A be a Lie algebra, P its radical. Suppose that [P, P] 
= 0, but that there is no g € P such that [o, 4] = 0 for all A. Then there 
exists a subalgebra A, of A such that A = Ay @ P. 


Proof. Define 7, Zo, and o as in the first paragraph of the preceding 
proof, so that all the assertions of the said paragraph stand at our disposi- 
tion. Now, every linear transformation T = Ad (9), where @ € P, plainly 
belongs to 7. Let F be the subspace of 7, consisting of transformations 
of this form. Since Ad (A) Ad (e) — Ad (@) Ad (A) = Ad ({A, @)), it is clear 
that o(A) f S F for all AE A. Since 


(o(g) T) (A) = Ad (0) TA — TAd(Q) A = ~o(T) Ad (Q)A gEP 


ae o(e) T= —a(T)Ad(@)2_ ge P ) 
it is clear that o(0) Te Y if o € P. Let o’(A) be the representation of A on 
the space 7 /.A (whose elements are the cosets 7 + S of SF) defined by 
o(A) (T + S) = ofA) T + F. Then o’(0) = 0 for oe P. Thus, if we de- 
fine o’(A + P) = o'(A) for each coset A + P in the factor algebra A’ 
= A/P,o" isa representation of A’ in the space 7 /S. Plainly o”(2’) (7 /S) 
© F,/F for each 1’ € A’. By Lemma 8, ’ is semi-simple. It follows by the 
remark following Corollary 6.6 that there exists an element Te 7/9, 
T¢7o/Sf, such that o’(A + P) T = 0 for each A € A. That is, there exists 
an element T+ € 7, T+ ¢ Zo, such that 


OAL ef, AeA. (2) 


We may plainly suppose that «(7*) = —1. Put Ap = {Ae Alo(A)T* = 0}, 

so that since o is a representation, 19 is a subalgebra of A. Since by 

(1) o(e) T* = Ad(@) for ge P, and since by hypothesis Ad (0) # 0 if 

o # 0, it is clear that A) and P have no common point. If 4 ¢ A then by 

(2) o(A) T* has the form Ad (9) with @ € P; thus o(A — e) T+ = 0. This 

proves that A = Ao © P, and completes the proof of our lemma. Q.E.D. 
Now we can easily give the proof of Theorem 2. 


Proof of Theorem 2. We first prove that if A is a Lie algebra, and P its 
radical, then there exists a subalgebra Ay of A such that A = Ay ® P. We 
prove this statement by induction on the dimension n of P. If n = 1, our 
result follows either by Lemma 9 or by Lemma 10. Now inductively, sup- 
pose n > 1, and suppose that neither Lemma 9 nor Lemma 10 applies 
immediately (in the contrary case, we have nothing to prove). Then 
[A, P] # 0, while either P® ¥ 0, or there exists a non-zero eé€P such 
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that [e, A] = O for all A eA. In the first case, P@ is a proper ideal properly 
contained in P. In the second case, the set of all o such that [o, A] = 0 for 
all A ¢ A is a proper ideal properly contained in P. Thus, in any case, there 
is an ideal J # {0} properly contained in P. 

Consider the Lie algebra A’ = A/J, and let ¢ be the natural map of A 
onto A/J described by Lemma 7. Then ¢(P) is an ideal of A’. Let A” 
= A’/p(P), and let p be the natural map of A’ onto A’/(P), which sends 
each A’ € A’ into its coset A’ + ¢(P). Then yd is a representation of A onto 
A”, whose kernel is precisely P. The reader will easily show from this that 
the Lie algebras A/P and A” are isomorphic. Thus, by Lemma 8, #(P) 
contains the radical P’ of A’. On the other hand, it follows by induction 
that 6(P™) = (d(P))™; thus ¢(P) is solvable, and hence @(P) = P’. It is 
then plain that dim (P’) < dim (P). Hence, by inductive hypothesis, there 
exists a subalgebra Ag of A’ such that 1g © ¢(P) = A’. Let A, = 67 1(A9). 
Then, by Lemma 7, A, is a subalgebra of A containing J. We have A, a P 
= J, 

Since ¢ is a representation of A, onto 4g whose kernel is J, it is easily 
seen that A,/J is isomorphic to 49. Thus, by Lemma 8, J contains the 
radical P, of A,. On the other hand, J S P so J is solvable. Hence 
J = P,. Since dim (J) < dim (P), it follows, again by inductive hypothesis, 
that there exists a subalgebra 4) of 4, such that A; = Ay @ J. Since 
A,nP=J, Ay NP = {0}. Plainly p@(Ao) = y(4’) = A/P, so that 
Ay @ P = A. This completes our proof that there exists a subalgebra Ay 
of A such that A = Ay @ P. 

Now let o denote the representation A) > Ad (A,)|P of Ay on the vec- 
tor space P. Then it is easily seen from Definition 1 that A is isomorphic 
to P @, Ay; and Theorem 2 follows at once. Q.E.D. 


11. Corollary. Every Lie algebra A may be built up as a repeated semi- 
direct sum 


A am (A, Oe; A) Go. A;) Seen +++ Greed 
in which each of the Lie algebras A, is either 1-dimensional or simple. 


Proof. It is clear from Theorem 2 that we have only to prove our as- 
sertion in case A is solvable. Now, if A is solvable, A™<¢ A; and then any 
subspace M < A® is an ideal of A. Choose M such that dim (M) + 1 
= dim (A); and choose Ay ¢ M, Ap € A. Then if Ap denotes the 1-dimen- 
sional subalgebra of A spanned by Jy, we have A = Ay © M. Let o de- 
note the representation Ay) > Ad (Ao)|M of Ay on the vector space M. 
Then it is easily seen from Definition | that A is isomorphic to M @,Ao. 
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Our Corollary follows at once by induction on the dimension of A. 
GOLE.D: . 

We may use Corollary 11 to prove the following theorem, which com- 
pletes an important piece of unfinished business. 


12. Theorem. Let A be a real Lie algebra. Then there exists a Lie group 
G such that A is isomorphic to the Lie algebra A(G) of G. 

Theorem 12 is an evident consequence of Corollary 11 and of the two 
following Lemmas. 


13. Lemma. Let G, and G, be connected Lie groups, and let .1, and A, 
be their respective Lie algebras. Let o be a representation of 4, on the 
vector space A,, and suppose 


o0(A,) [A2, As] = Lo(A,) a2, 45] + [42, o(41) 42], for A, € Ay, 


Az, A, € A,. Then the semi-direct sum 1, @, A, is isomorphic to the Lie 
algebra of a certain Lie group G. 


14. Lemma. Let A be a real Lie algebra which is either 1-dimensional or 
simple. Then A is isomorphic to the Lie algebra .1(G) of some connected 
Lie group G. 


Proof of Lemma 13: Since (cf. Theorem 1.2.10) a Lie group and its uni- 
versal covering group are locally isomorphic and hence have the same Lie 
algebra, we may assume without loss of generality that G, and G, are 
simply connected. 

Since o is a homomorphism of , into the Lie algebra of all linear trans- 
formations of A, into itself, it follows by Theorem [.5.6 that there is a 
unique homomorphism o’ sending the group G, into the non-singular 
linear transformations on s1,. We further have o’(exp 4,) = exp (cA,). 
We now maintain that for fixed g,¢G, that T = o'(g,) is an auto- 
morphism of A, into A,. This may be seen by observing that for fixed 
Ay €A,, Ao, 2 EA, 


o'(exp 141) [A2, ua] and [o'(exp tA,) Az, (exp 122) wa] 


both satisfy the same differential equation (dv/dt = o(A,)¥) and the same 
initial condition. This shows that o’(g,) is an automorphism of Amit 
g, = exp 4,. (The inverse is clearly o’(g,').) But any g € G,; may be writ- 
ten as a finite product of exponentials and therefore the result follows 
since o’ is a homomorphism of G,. 

If we fix g, €G,, then by the preceding paragraph o'(g,): <1, > Az isan 
automorphism. Therefore, again by Theorem 15.6, we can find a unique 
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tv such that t(g,;) : G: + G, isa homomorphism and such that t(g,)exp A, 
= exp (o(g,) 43) for all 2, €-1,, g, € G,. Now letting g, vary, we have 


t(g,h,) exp A, = exp o'(g,h,) A, = exp 0'(g1) (o'(hy) Az) 
for A, € Az, g,,h; € G,, since o’ is a homomorphism. Thus 


t(gih,) exp Ar = t(g1) t(h,) exp AQ. 


Since t(g,) is a homomorphism, it follows on writing g, € G, as a product 
of exponentials that t(g,/4,) g. = t(g,)t(,) g2. Thus, t(g,4,) = t(g,)t(h,) 
and t represents G, as a group of automorphisms on G). 

We now define a semi-direct product G of the groups G, and G, as fol- 
lows. The elements of G are the ordered pairs {g,, g,} with g;€G,;. We 
define the operation of multiplication in G by the formula 


{g2, gi} . {22, gi} = {g2(t(g1) 82)s £181}. 


We shall verify that the Lie algebra A(G) of this group is isomorphic to 
.f, ®, A,; this will plainly yield the present lemma asaconsequence. We 
reason as follows: 

First, note that it is any easy matter to verify that G is a group. In fact, 
the above multiplication clearly admits {e,, ce, } as identity (e; the identity 
of G;) and admits an inverse given by 


{g2, (aN es = fae. Vas) ee 


The associative law is easily verified. Moreover, it is seen by the above 
formulas that if Gis given the C” structure of the product manifold of G, 
and G,, then G is a Lie group. For it is clear that t(g,) g, is C® asa 
mapping of G into G,. 

The mappings g, > {e2, g,} and g, > {g», e,} are regular embeddings 
of G, in G. We may thus write G; S G and consider G; as a subgroup of 
G. Since the embedding is regular, we have A; © A in a natural way, 
where A is the Lie algebra of G. From the general theory of manifolds, we 
have .1 = A, ® A, (as a vector space), where we have identified 4, € A, 
with {0, 4,} and A, € A, with {A,, 0}. Since the embedding of G; in Gis a 
homomorphism, we see that A, is embedded in A as a subalgebra. It is 
therefore only necessary to compute [A,, 2.] (where 2; € A;) in order to 
determine the algebraic structure of A completely. 

We first rewrite the definition of multiplication with the help of our 
identification G,; © G. This yields 


2182 = (81) 82°81 OF Rieeei = 1(g1) 2. 
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Now write g = exp tA, and take derivatives at t = 0. This gives (see 
Definition 13.1): 


d 
GAs cie = re 1(g1) exp tA, 


Biase = o'(g1) Ad. 


Now put g, = exp 7A, and take derivatives again. Using Definition 13.7, 
we have 


gi. 
[Ai, 42] = Fi o (exp t/,) Az 


II 


d - 
— exp (to(A,)) 42 
dt 


[A,, 42] = ofA,) Az. 


From this, we obtain 
[{A2, Ar}, {Ao Aah) = [Ao + Ay, 42 + AG] 
= [Az, 43) + [Ar a2] — [At a2) + TA, Ai] 
= [Az, Ag] + o(A1) a2 — o(A1) Ao + [Ay 24] 
= {[A2, 2] + o(As) Ap — of4s) Ad, [Ar, ALD, 


and therefore, A = A, ®, A, which is the result. Q.E.D. 


Proof of Lemma 14. The 1-dimensional Lie algebra is the Lie algebra 
of the additive group of real numbers. Next, let A be simple. Then since 
the set of A A such that [A, w] = 0 for all « ¢ A forms an ideal this set 
contains no non-zero 4. Hence the map 4 > Ad (A) is an isomorphism of 
A onto a subalgebra A’ of the Lie algebra A* of all linear transformations 
in A. The algebra A* is, by Lemma I.3.15, the Lie algebra of the group 
G* of all non-singular linear transformations in. A. By Theorem I.6.3, there 
exists a Lie subgroup G’ of G whose Lie algebra is isomorphic to A’. This 
proves Lemma 14. As we have already noted, Theorem 12 follows. Q.E.D. 
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Note that our proof of Theorem 12 gives a very explicit recipe for the 
construction of the group G whose Lie algebra is A. 

We may also use Theorem 2 to describe all the irreducible representa- 
tions of a general complex Lie algebra. Unfortunately, since Theorem 6.2 
cannot be generalized to arbitrary Lie algebras, such a result is not partic- 
ularly decisive. The theorem in question is as follows. 


15. Theorem. Let P and A, be complex Lie algebras, and let o be a re- 
presentation of Ay on the vector space P. Suppose that P is solvable, and 
that Ao is semi-simple. Suppose also that o(A) [01,02] = [o(A) 01, 02] 
+ [e,, (A) 02] for Ae A and 9,,0, 6 P. Let A = P@, Ap. Let t be an 
irreducible representation of A on a finite dimensional vector space V. 
Then there exists an irreducible representation t) of Ay on V, and a linear 
functional « defined on P and satisfying «([0,, 02]) = O and «(o(A) 0,) = 0 
for AeA and @;, 02 € P, such that 


t{o, A} = (ao) I + To(A)) @EP, AEA. (3) 


Conversely, if « and ty are given and have the above properties, (1) de- 
fines an irreducible representation of P ®, Ao. 


Proof. First suppose that « and ty are given, and that t is defined by (1). 
We have 


[fo, 4}, fo’, 43] = {le o'] + o(4’)@ — ofA) o', [4, 4'}} _ by Definition 1. 


Thus 
a([{e, A}, {0', A} )) = to([A14’)). 


Moreover 
[x{o, A}, t{o’, A’}] = [x(e) J + to(A), o(0') J + to(A’)] = To(LA, 2’). 


This shows that t is a representation of A. Since To is irreducible, so is T. 

Conversely, let t be an irreducible representation of A = P ©, Ao. 
Identifying {0, 0} with g@ and {0, Ao} with A), we may assume P and A, to 
be subalgebras of A. Since P is solvable, it follows by Theorem 1.9 that 
there exists a vector v 0 in V and a linear functional « on P such that 
(0) v = a(0) v, @ € P. It is plain that P ¢ A is an ideal, and therefore 
[x(A), t(0)]et(P) if AeA and ge P. Thus, for each real ¢ we have 
exp (t Ad (t(A))) t(0) € t(P) if Ae A and @ € P. Using Lemma I.5.3, it fol- 
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lows that for each —oo < t < © there exists a o’(t, A, e) € P such that 


exp (— ft (A)) t(@) exp (tt (A)) = t(0'(t, 4, @))- 
Hence 
exp (—ft (A)) r(@) exp (tz (A)) v = af0'(t, 4, 0) v, 


1(g) exp (tr (A) v = a(o'(t, 4, @)) exp (tr (A) v. (4) 


This shows that for A¢.1 and 9 € P, the non-zero vector exp (to (A)) r is 
always an eigenvector of the linear transformation t(@). Now, the various 
eigenspaces of t(g) are closed sets having no vector but zero in common; 
hence a continuous curve cannot pass from one eigenspace to another 
without passing through zero. It follows that exp (tr (A)) v belongs to the 
eigenvalue o(@) of t(@) for all real +. Differentiating with respect to ¢ and 
putting ¢ = 0, we find that the space of vectors v satisfying t(o) v = a(0) v 
is invariant under each operator t(A), 4 €.4. Since V is irreducible for rT, 
we must have t(9) v = a(o) v for every v € V. Thus, if to is the restriction 
of t to the subalgebra A, of A, we have 


u({e, A}) = t({e, OF + {0, A}) = (o(e) I + to(A)). 


It is then plain that if t is to be irreducible, so must To) be irreducible. 
OuED: 

Though to do so is somewhat apart from our main purposes. let us di- 
gress to comment somewhat more extensively on solvable Lie algebras. 
The fact that any solvable Lie algebra .1 may be written as an iterated 
semi-direct sum 


a= ee (A, Do, As) Gy) ® oo) Seals. 


where all the Lie algebras .1, are one-dimensional, might suggest that the 
classification of these algebras ought to be easy. Unfortunately, such op- 
timism is unjustified. Take, for example, the five-dimensional Lie al- 
gebra N with basis elements 2. and wy, (42, us satisfying [2,.. Ha] = aye. 
i= i, os [Az Hs] = bs; [A., A] a 0, and [ui L;| = 0, l,j = ; 2; oat 
V is an arbitrary finite-dimensional vector space, and TT. a pair of com- 
muting nilpotent linear operators in V, then 


T take. en. ie eT. O-0,0 


Tl, 7] THE RADICAL SPLITTING THEOREM 169 


defines a representation of N in V. If we regard V as a Lie algebra in 
which all Lie products are zero, we may introduce the semi-direct sum 
V ®, A, which is easily seen to be a nilpotent Lie algebra. Suppose that 
S. is a second pair of commuting nilpotent linear operators in V so that 


ee S50; 0,0 


defines a second representation of .1 in V, and consider the semidirect 
sum V @, A. Whenare the two nilpotent Liealgebras V @, -land V@,A 
isomorphic? This question is readily answered as follows. In the first place, 
it is easily verified that any element « = {v, v} of the semi-direct sum 
V @,A such that Ad (x) has +1 as an eigenvalue to which there belongs 
a three-dimensional eigenspace must have the form x = {v, 2,4, + 22/02 
+ z3u3 + 2,}. Similarly, if 8 = {v, v} is an element of V @, A such that 
Ad (f) has —1 and +1 as eigenvalues, +1 corresponding to a one-dimen- 
sional eigenspace and —! corresponding to a 2-dimensional eigenspace, 
then 6 must have the form B = {0,Z,u, + 2,42 + 2,343 + A_}. The 
eigenspace M of « belonging to the eigenvalue +1 1s the linear span of 
M41, fe, and w;; the intersection of the set of all elements y e V @, A such 
that Ad(a)* y = Ad(f)* y = 0 for sufficiently large K with the set 
{ye V @, Ally, w] = O for alle M} is the space V c V ©, A of y of the 
form y = {v, 0}. If A is any isomorphism mapping V @, A onto V @, .1, 
it follows that A must map V into itself, and must have the additional 
property that 
A{0, Az} = {v1, us + Ax}, 


where uw, € M. But then, if ve V, we have 
AT.,v = A[A,., v] = [AA,., Av] = [Az, Av] = Sz Ao, 


so that the restriction A, of A to V satisfies ApT Ao’ = S. Conversely, 
if there exists a non-singular linear transformation Ay such that AT, 19! 
= §.., then it is plain that V @, A and V @, A are isomorphic. 

To classify solvable, or even nilpotent, Lie algebras up to isomorphism 
one would therefore have to classify pairs of commuting nilpotent ma- 
trices (T,, T_) up to equivalence! 


(a) ~ (S,, S_) (3) 
if there exists a non-singular A, such that 


S45. = Ag Aa . 
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A similar construction, which we leave to the reader to elaborate, shows 
that to classify nilpotent Lie algebras up to isomorphism one would have 
to classify triples of commuting nilpotent matrices (T,. 72, T;) up to 


equivalence: 
Vie T,, T3) or (S,, So, S3) (6) 


if there exists a non-singular A» such that 
Si=eiatias .. = 22 


Now these problems, which must of course be faced in any attempt to 
found a systematic “radical algebra”’, are quite complicated. This is most 
easily seen in the case of the second problem: if we let the matrices of the 
transformations 7; and S; be 2m x 2n matrices partitioned into 7 x n ma- 


trices as 
0 0 0 0 ; 
= ie =i 2, oe 
fs ial a Gal ’ 


and take t, = s, = J, thenany A, such that Ajp7,A5' = S, must have the 
form 


But then if Aj7,Ap' = S;, i = 2, 3, we must have aot;ao! = s;,i = 2, 3. 
Thus to solve the second of the two problems above one would have to 
classify arbitrary pairs (t,, t3) of matrices up to similarity in the sense 
of (5). 

We may make yet another remark. If 7, and T_ above happen to be 
non-zero matrices standing in the relationT, = cT_, thenthe constant c is 
evidently an invariant of the equivalence relation (5) ; thus, in contradistinc- 
tion to semi-simple Lie algebras, nilpotent Lie algebras may depend upon 
one or several continuous parameters. In particular, while there are only 
countably many non-isomorphic semi-simple algebras, the cardinality of 
the set of non-isomorphic nilpotent Lie algebras is that of the continuum. 

Given a complex Lie algebra A, , we can define its complex conjugate 
Lie algebra to be the Lie algebra whose elements are the same as the ele- 
ments of A,, and which are added and combined together in Lie brackets 
in the same way as the elements of A,, but with the product of an element 
A, of A, and a complex number z redefined as 7/, rather than ZA,. itis 
then plain that if S, = 7, (the bar denoting the complex conjugate ma- 
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trix), then the complex conjugate of the Lie algebra V @, A is isomorphic 
to the Lie algebra V @, A. If we now let T, and T_ stand in the relation 
T, = cT_ with c non-real, it is clear from what we have said above that 
V @, Ais not isomorphic to its complex conjugate. There is in particular 
no basis A,, i = 1, ...,m of this Lie algebra for which [A;, 2,] = ¥) cisAy 
with real constants cj;, which shows that the property of semi-simple Lie 
algebras expressed by Theorem 4.5 is not shared by nilpotent Lie algebras. 


PART Ill 


Real Semi—Simple Lie Algebras 


1. Structure and Representations of Simple Real Algebras 


In sections II.1-I1.4 of the present work, we gave a complete account 
of the structure of all complex semi-simple Lie algebras. In the present 
section, we intend to give a correspondingly complete analysis of the 
structure of real simple (and hence of the structure of real semi-simple) 
Lie algebras A. Our method will be to study the relation between .{ and its 
complexification A, applying the preceding theory to .f. Our first lemma 
shows that the complexification .1 of a real simple Lie algebra .{ can never 
be very far from simple. 


1, Lemma. Let /1 be a real simple Lie algebra, and 1 its complexifica- 
tion (cf. Definition II.1.2). The Lie algebra A is either simple or the sum 
of two isomorphic complex simple Lie algebras. 


Proof. The algebra Al consists of all formal sums 2 + iu, A, we A, and 
thus admits the conjugation C: 4 + iw > A — ie. This conjugation satis- 
fies C? = J, C[A, #] = [cA, Cit] if A, ie A, and C(A + i) = CA + Ch, 
but we have CzA = zCA if z is a complex number. 

By Corollary [1.2.14 and Theorem II.2.17, we may write .1 = J, 
® «+» ® J, where each J; is an ideal of .1 which, regarded as a Lie algebra 
in its own right, is simple. Plainly then the ideals CJ; have the same prop- 
erty. Hence, if CJ; AJ, # {0}, CJ; = J,. But [CJ,, J] © CI, Jy, 
and since [C/,;, 1] 4 Oandul =J,@-- @ J,, we must have CJ; a J, 
# {0} for at least one k. It follows that aie ideals J; can be enumerated in 
such a way that CJ,,_, = J,; and CJ,; = Jz;_, on yi — | ea 
and CJ, = J; for 2m <j <n | 
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It is clear that A is isomorphic to the real Lie algebra 


ae = ie EeAICA — Rh “ 
But ny 


=). @ fhe Jay. 1:@J2,,\CLh =} @ 2 les|cA = 43, (1) 


J=2m+1 


and each of the terms in this direct sum is a non-zero ideal of 1¢. Thus 
there can be at most one term in the direct sum (1), and either » = | or 
ma 2. 

Ifn = 1, we have nothing to prove. If = 2, we must prove that the Lie 
algebras J, and J, are isomorphic. This we do as follows. The Lie algebra 
J, is simple. Thus, by Theorem 11.4.5, we can ae a basis {2;} for J, such 
that [A;, 4] a? C7 jA,, where all the coefficients cf, are rational. In terms 


of this basis. apane a transformation C, of J; into itself by C, (9 z,A,) 
= oe Z,A,. Then plainly CC, is an isomorphism of J, onto CJ,. and the 
proof of the present lemma is complete. Q.E.D. 


2. Definition. A conjugation in a complex Lie algebra A, is a mapping C 
of A, into itself such that C[A,, 4:1] = [CA,, Cu,], C? = I, CA, + w,) 
= CA, + Cu,, and C(zd,) = ZCA, for A,, w, €A,, and z a complex 
number. In the final paragraph of the proof of Lemma 1 we note the 
following fact, appropriately formulated in terms of the preceding de- 
finition. 


3. Corollary. A complex simple Lie algebra always admits a conjuga- 


tion. 
If we sharpen the argument used to prove Lemma | ever so slightly, we 
can settle one of the two cases admitted by Lemma | completely. 


4, Lemma. A simple real algebra A is isomorphic to either 


(a) The simple real algebra A, obtained from a simple complex algebra 
A, by restricting the field of scalars from the complex field to the real 
field, or ; 

(b) The simple real algebra A¢ = fhe A|CA = /}, where C is a conjuga- 
tion in the simple complex algebra ae 


In case (a), the complexification of Al, is isomorphic to A, @A;31 
case (b), the complexification of A, is isomorphic to A. 
Moreover, each of these two constructions does yield a simple real 


algebra. 
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Proof. If we examine the proof of Lemma 1, we see that to prove our 
first assertion we have only to verify that if A=J@® CJ, where J is an 
ideal of A and a simple algebra in its own right, then the real Lie algebra 
A, = {Ac A|Ci = A} is isomorphic to the algebra obtained from J by 
restricting the field of scalars from the complex field to the real field. But, 
since C2 = I, A, evidently consists of all the elements A+ CA, where 
Ae J, and the correspondence 2 <> A + CA between A, and J gives the de- 
sired isomorphism. 

To prove our second assertion, we argue as follows. Suppose that A, 
is a simple complex Lie algebra, but that the real Lie algebra A, derived 
from A, by restricting the field of scalars from the complex field to the real 
field is not simple. Using Definition II.1.2, we see immediately that the 
complexification A, of A, is the direct sum of two isomorphic copies of 
A,, each of which is an ideal in A,. Thus, by Theorem II.2.17, A, is semi- 
simple, so, by Corollary II.2.14, A, is semi-sin ple. Using Theorem II.2.17 
once more, we see that we may write A, 1s a direct sum A, = A$” 
® --- ® A” of ideals, each of which is a real s' mple algebra in its own right. 

If A € A,, then iA € A, also; from which it is plain that each of the ideals 
A contains i[AY}, AY]. But, since AY? is simple, AY} = [AY}, AY], 
and thus iA} < A}, which shows that each of the sets A is actually an 
ideal of the complex Lie algebra A,. Since A, is simple, this is impossible, 
and from this contradiction we conclude that A, is simple. 

Next suppose that A is a simple complex algebra and Ca conjugation 
in A, but that A, = {A¢ AA = C(A)} is not simple. If 4, uw € A, so that 
A + iu may be regarded either as an element of the complexification A, 
of A, or as an element of A, define t(2 + iu) = A + iu € A, so that t maps 
A, into A. Plainly, t is an isomorphism onto. Since each v ¢ A may be 
written as v = }(v + Cv) + 4i(v — Cv), Tt is an isomorphism onto. By 
Corollary II.2.14 then, A, is semi-simple, o that by Theorem II.2.17 we 
may write A, as a direct sum A, = AM @- - ® A of ideals, each of 
which, regarded as a Lie algebra in its own Hake is simple. It is then plain 
from Definition II.1.2 that the complexification A, of A, is the direct sum 
of the complexification of the various A“, each of which is an ideal in A,. 
Since A, has been shown to be simple, n > 1 is impossible, and thus ne 
= A‘? is simple. Q.E.D. 


5. Corollary. (a) Let A; and A} be two simple complex algebras, and let 
A, and A, be the simple real algebras obtained from these by restricting 
the field of scalars from the complex field to the real field. Then if A, and 
A, are isomorphic, A‘ and A}, are isomorphic. 
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(b) No simple real algebra arising under case (a) of Lemma 4 is iso- 
morphic to a simple real algebra arising under case (b) of Lemma 4. 


Proof. We saw in the course of the preceding proof that the complex- 
ifications of the simple real algebras arising under case (b) of the preceding 
lemma were themselves simple, while the complexifications of the simple 
real algebras arising under case (a) were the direct sum of two ideals. 
Q.E.D. 

Lemma 4 and Corollary 5 show that the simple real algebras A whose 
complexifications A are not simple are in natural one-to-one correspond- 
ence with the classes of simple complex algebras described by Theo- 
rem I{.3.36; and nothing more need be said about this class of simple real 
algebras. 

We shall therefore be interested, for the remainder of the present sec- 
tion, in real Lie algebras A defined by the formula A = {A€ A|CA = I}, 
where A is a complex simple Lie algebra, and where C is a conjugation 
in A. 

The following lemma shows how close the connection between A and 
C really is. 


6. Lemma. Let C, and C, be two conjugations in A, and let 
A,={seA|CA=43, i=1,2. 


Then the real Lie algebras A, and A, are isomorphic if and only if there 
exists an automorphism t of A such that C, = tC,t~?*. 


Proof. First suppose that C, = tC,t~!. Then plainly / € A, if and only 
if 7-14 e A,; thus t|A, is an isomorphism of A, onto A). 

Suppose conversely that there exists an isomorphism T of A, onto A,. 
Put 


a a 4 1 a a 
tA = nes G+ c8) cae! & ‘= GA—- ct) 
I 


We easily verify that 7(A, + Fl 9) eee eee tie t(xd,) + xr(A,) if x is a 
real number; and aid) = itd; thus t is a linear transformation of A onto 
itself. We have t[A,, Ao] = [tA1, tA,] if 4,, A, € Ay; since Ay spans A, 
this equation holds identically, and t is an automorphism of Alive. 14 
= A, then t~1/ eA, so that Tr-!4 = tt = he Ap, and therefore 
tC,t~t4 =A = C,A. Thus Cy eC yaA =A if derA, = A,. Since 
C5 'tC,1t~' is a linear transformation in AG ang since A, spans A, we have 
therefore Cy14C,t~1 = J, and hence tC,t~* = C,. Q.E.D. 
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7. Definition. Two conjugations C, and C, in «I are equivalent if there 
exists an automorphism t of A such that C, = tC,t~. The family of all 
conjugations In « A which are equivalent to C, will occasionally be called 
the equivalence class of C,. The real subalgebra A of .f defined by the con- 
jugation C, is A = {Ae A|CA = A. 

In this terminology we may restate Lemma 6 as: Two conjugations de- 
fine isomorphic real subalgebras if and only of they are equivalent. 

While the preceding resu!ts set the scene, they are merely preparatory. 
We now begin in earnest to study the conjugations in a simple complex 
Lic algcbra A. Our first aim is to prove the existence of a conjugation with 
an important special property. 


8. Definition. Let 1 be a compiex Lie algebra, (7, s«) the natural bilinear 
form in A, and C a conjugation in A. Then 


(a) C is called positive if —(A, CA) > 0 for every non-zero 2 EA. lhc me 
positive conjugation, we write <A, uw), = —(A, Cu), so that <A, w>, Is 
a positive definite hermitian form on A. 

(b) If @ is an automorphism of A, we denote the automorphism CoC by 
the symbol @,. 


9, Lemma. Let 1 be a simple complex algebra. Then there exists a 
positive conjugation C in A. 
To the proof if Lemma 9 we prefix the following preparatory lemma: 


10. Lemma, Let 1, be a semi-simple Lie algebra, and let 1, be a simple 
subalgebra of A,. Let (A, 4), and (A, 4), be the natural bilinear forms of 
A, and A, respectively. Then the restriction of (A, #1), to A, is a constant 
multiple a(A, u). of (A, p4)>. 

Moreover, if 4, and A, are complex algebras, if a Cartan subalgebra 
M, of A, contains a Cartan subalgebra A/, of .1,, and if there exists a 
non-zero vector u € M, such that every roota of M, in A, assumes a real 
value on w, then the constant a must be positive. 


Proof. We have (cf. Corollary 11.2.16) (Ad (A) u, 7), = —(apAd (Aye); 
and (Ad (A) u,v). = —(u, Ad (A) 2), for A, uw,» e21,. The form (A, 2)2 is 
non-singular by Theorem 2.3, and thus for each » eA, the linear form 
(4, »), on A, may be represented as (uw, »'),, where v’ € A. In virtue of the 
non-singularity of (A, w)>2, it follows that » > »’ defines a linear transfor- 
mation T of A, onto itself; we have then 


(TA, “)2 = (A, W)1,4, we Ad. 
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Therefore 


(Ad (») (TA), )2 


— (TA, Ad (») w)2 = —(A, Ad (») w), = (Ad) 4, ), 
= (TAd(»)A,u). for A,u,veEA,. 


Thus T commutes with all the operators Ad (v), vy € A,. Since A, is simple, 
the family of operators Ad (v) admits no proper invariant subspace. Since 
every eigenspace {2|TA = zd} of Tis such an invariant subspace, T must 
be a constant multiple of the identity. This proves our first assertion. 

To prove the second assertion, we note that since 4, (resp. A.) is the 
direct sum of the various root spaces of M, in A, (resp. M, in A,), the 
eigenvalues of the operator Ad () in A, (resp. A) are simply the values 
o(u), where « denotes an arbitrary root of M, in A, (resp. M, in A,). But 
then (u, uw), = tr (Ad (u) Ad (u)) = ¥ (a(u))?, the sum being extended 
over all roots of M, in A,, so that by Lemma IJ.3.4 (u, «), must be posi- 
tive. In the same way (u, “)2. must be positive, and the second assertion- 
follows. Q.E.D. 

Now we give the proof of Lemma 9. 


Proof of Lemma 9. We proceed case-by-case through the list of simple 
Lie algebras given by Theorem I1.3.36, using the models for these Lie al- 
gebras established in Section II.4 as convenient. In the following proof, 
in discussing any particular complex simple Lie algebra, we shall use the 
notations introduced in the discussion of that Lie algebra in section JI.4. 

A Lie algebra of type A,_, may be taken to be the Lie algebra of all 
n xX ncomplex matrices A of trace zero. The reader will easily verify that 
the natural bilinear form in A,_, is 2n tr (Au). This Lie algebra admits the 
automorphism 4 > —d’, where 1’ is the transpose matrix of the matrix A, 
and hence the conjugation C: A —42’. Since (A, CA) = —2n tr (A7’), we 
see that Lemma 9 is verified for algebras of this type. 

A Lie algebra of type B,,, C,, or D,, may be taken to be the Lie algebra 
of all pxp complex matrices A of trace zero satisfying <<Ax, y>> 
= —<<x, Ay>>, where we put p = 2m + 1 if we deal with B,,, p = 2m if 
we deal with C,, or D,,, and 


<x, y»> = XiVp eat [2 Xp1 
if we deal with B,, or Dm, 


ROX: yy> = XiVp oF Lae ++ XmVn+1 = Xm+14m — +88 p11 


Hausner and Schwartz, Lie Groups 12 
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if we deal with C,,. In all cases, the set of diagonal matrices is a Cartan 
subalgebra. By Lemma 10, the natural bilinear form is a - tr (Au), where 
a is a constant. Putting 2p = €,; — pp, and noting that (Ao, 4) is the 
sum over all roots « of («(Ao))?, while by section II.4, a(A») is always real, 
we see that a > 0. Let J be the matrix of the transformation [x,, ..., Xp] 
— [x,, ---, X1] if we deal with B,, or D,, and the matrix of the trans- 
formation [), ++» Xam) — [eames eas Meets ~ ms <9 211 ee eee 
with C,,. Then it is easily verified that <<Ax, y>> = —<<x, Ay>> is equi- 
valent to 4’ = —JAJ~1, where J’ is the transpose of the matrix A. Thus 
the conjugation C:2— JAJ~! = —i' verifies Lemma 9 for algebras of 
these three types. 

A model for the Lie algebra of type G, is given as a direct sum A @ V 
® V’ of the Lie algebra A of type A>, consisting of all 3 x 3 matrices of 
trace zero, a 3-dimensional vector space V, and the three dimensional 
“dual’’ vector space V’ of all linear functionals on V. The set M of all 
diagonal matrices in A is a Cartan subalgebra. Using Lemma 10, and the 
description of the roots and root vectors given in section II.4, we see that 
the natural bilinear form of G, satisfies (A + v + v',A +040’) = atr (A)? 
+ (b,v,v;, + b,v2v5 + b3v3v5); but then plainly b; = b, = b3 by sym- 
metry, so that the natural bilinear form is a: tr (A?) + bv'(v). Using sec- 
tion II.4 (cf. especially formula (7) of that section) and the second part of 
Lemma 10 we find a > 0. Then, using the identity (Ad (v’) A, v) 
= —(A, Ad (v’) v), i.e. b(A’v’) (v) = —a- tr (A(v’ : v)), we find 3b = —a, 
so that b < 0 (cf. the last sentence preceeding formula (8) of section 2.4.). 
Since the mapping T:v > wu’, v’ > u defined by [u, wu, us] = (2/27)-1 
[v1 P25 Pa], (us, U2, Us] = (2/27)? [v4,, v4, v6] satisfies v'(v) = (Tv) (To’), 
<Tx, Ty, Tz> = <x, y. z>, and <Tx', Ty’, Tz’) = <x, y, 2, am exatmina- 
tion of the detailed definition of the Lie product in our Lie algebra, as 
given in section IJ.4, will show that G, admits the automorphism 4 > —2’, 
v + Tv, v' + Tv’, and hence the conjugation C:4—- —/', v > 77, 
v’ + Tv’, which from the above verifies Lemma 9 for the case of an al- 
gebra of type G,. 

A model for the Lie algebra of type Eg is given as a direct sum A @ V 
® V’ of the Lie algebra A of type Ag, consisting of all 9 x 9 matrices of 
trace zero, the vector space V of all tensors v;,, of three indices, skew- 
symmetric in the three indices, and the ‘“‘dual’’ vector space V’. Arguing 
just as in the preceding paragraph, the reader will verify that the natural 
bilinear form of Eg satisfies (A + v + v',A +0 + v') =a: tr(d2) + bv'(v) 
with a > 0 and b < 0, and that E, admits the automorphism 2 > —j', 


mee, t Fi ae i = — - 
vty =u, 0 > Ty = a, where (uj 2° 9/aa sy ea 
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273777 "= Thins: the conjugation C71 > —7’, v — To, 
v’ + Td’ verifies Lemma 9 for an algebra of type E,. 

A model for the Lie algebra of type E; is given by the subalgebra of the 
above Lie algebra of type Eg spanned by all those vectors mu, and A,., for 
which the root « is linearly dependent on the rootsw, — 3, ...,07 — Wg, 
We + W7 + ws (cf. the relevant passages in section II.4). Using the de- 
scription of the vectors uw, and A, given in section II.4, the reader will 
verify readily the conjugation C maps y, to u_,, and maps A, to a multiple 
of A_,. Thus C maps the subalgebra E, of Ey into itself, and can be re- 
garded as a conjugation in E,. By Lemma 10, the natural bilinear form in 
E, is a constant b times the restriction of the natural bilinear form of Eg, 
to E,; since by Lemma 10 we have (uo,-0;, Ho,-0;) > 0 for both the 
natural bilinear form of EF, and that of E,, we must have b > 0. Therefore 
the restriction to E, of the conjugation C verifies Lemma 9 for an algebra 
of type E,. 

A model for the Lie algebra A of type E, is given by the subalgebra 
of the above Lie algebra of type Eg spanned by all those vectors uw, and 
4..,,for which the root « is linearly dependent on the roots w3 — 4, ..., 
W7 — Wg, We + W7 + Wg (cf. the relevant passages in section II.4). Ar- 
guing exactly as in the preceding paragraph, we see that the conjugation C 
in E, constructed above maps E, into itself, and that the restriction to E, 
of this conjugation verifies Lemma 9 for an algebra of type E¢. 

According to the relevant passages of section II.4, the simple complex 
Lie algebra A = A @ V @ V’ of type Eg admits as a Cartan subalgebra 
the set M of all diagonal matrices in J. As we have noted, the conjugation 
C in this simple Lie algebra A has the property CA, = A_,, where « de- 
notes any root of M in A, and A, denotes the corresponding root space. 
It is then evident that the restriction of C to the subalgebras of types E, 
and E, discussed above has this same property. Let 0 # A, eA,. Since 
(A, CA,) < 0, we may, replacing 4, by a multiple of itself if necessary, 
suppose that (A,, CA,) = —1. This shows that we may choose vectors 
A, €A,, © # 0, in such a way that (A,, A_,) = 1, and CA, = —A_,. 

Let the roots @3 — 0g, 011507 — Wg,M5 + @, + ws, of M rane be call- 
Cedex ets. fOr po arioral convenience. By Corollary 3.22, there is 
an pai omor plist @ (unique, by Corollary 3.19) of the Lie algebra A of 
type E¢ such that ®: Ages > ices > Page age, Ase Asa = ws Views Ae Nias 
pe Asa , Ax’. By the relevant passages of section II.4, the subalgebra 

= {A EAD), = 1} of A™ is of type F,. But itis clear from the defini- 
a of ® that COC = @; thus CA ¢< A, and the restriction of C to Aisa 
conjugation in A. Noting the description of a Cartan subalgebra M of A 
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and of the roots of M7 in A as given in section II.4, we see that the second 
part of Lemma 10 is applicable, so that the natural bilinear form in A is a 
positive multiple of the restriction to A of the natural bilinear form in A. 
But then it is plain that the restriction of C to A is a positive conjugation 
in A so that Lemma 9 is verified in all cases. Q.E.D. 


11. Corollary. Let 4 be a semi-simple complex Lie algebra. Then there 
exists a positive conjugation C in A. 


Proof. This follows trivially from Lemma 9 and from the decomposi- 
tion, given by Theorem 2.17 of A = A, + A, + ++: + A, into the direct 
sum of ideals A,, each of which is a simple Lie algebra. Q.E.D. 

The next lemma recapitulates some useful information on the relation 
of the group of inner automorphisms of A to the group of all auto- 
morphisms of A; the one which follows it enables us to show in various 
situations that a given automorphism is inner. 


12. Lemma. Let A be a complex semi-simple Lie algebra. Let A be its 
group of automorphisms, and A, the subgroup consisting of all inner 
automorphisms. Then A, is a normal subgroup of A; the factor group 
A/Ag is finite. If A is simple, the order of the factor group A/Ag is at most 
equal to the number of symmetries of the Dynkin diagram of A. 


Proof. Ay is the subgroup of A generated by all the automorphisms 
exp (Ad (A)), AeA. If pe A, we have pw Ad (A) y~' = Ad (y(A)), thus 
py exp (Ad (4)) p~? = exp (Ad (y(A)), proving that Ay is a normal sub- 
group of A. Let M be a Cartan subalgebra of A and {x} the roots of M 
in A, Then, by Theorem JI.5.1 and the remark which follows its state- 
ment, every yp € A can be written as y’@, where  € Ay, and where y’(M/) 
= M. If / is a root vector belonging to the root «, then Ad (u) y’(A) 
= py’ Ad ((y’)7* w) A = a((y’)~! w) y’(A), so that y’(A) is also a root vec- 
tor, belonging to the root y, defined by a((y’)~* uw) = (wy) (u). It follows 
that y’ maps the root space A, onto the root space Aj , and hence maps 
the vector u, (cf. Corollary II.3.8) onto the vector u;. If y” is a second 
automorphism mapping M onto itself, andy” = yi for all «€ {a}, then 
p’(y')~* is inner by Lemma JI.5.11. Thus the order of A/Ao is at most 
equal to the number of permutations of the roots {a}. 

Next, let 4 be simple, and let JZ be a simple set of roots of M in A. 
Then, by Theorem II.5.1 and the remark which follows its statement, and 
by Theorem II.5.4, every py e€ A can be written as y = p’@ where d € Ay 
and y, € M7 if« e I. It is clear from Definition 1.3.24 that yp! is a simple, 
double, or triple neighbor of ys if and only if « is a simple, double, or 
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triple neighbor of 8. Thus, by Definition II.3.35, « > y,, «ELT, givesa 
symmetry of the Dynkin diagram. If y” is a second automorphism map- 
ping M into itself and such that y, € IJ if « € IJ, and if y” = y’ for all 
ae IT, then y"(y’)~* is inner by Lemma 5.11 and Corollary 3.10. Thus 
the order of A/Ao is at most equal to the number of symmetries of the 
Dynkin diagram of A. Q.E.D. 


13. Lemma. Let y be a linear transformation in a semi-simple Lie al- 
gebra A such that y[A, u] = [pd, u] + [4, pul, A, we A. Then there exists 
an element J, € A such that yp = Ad (Ap). 


Proof: The expression tr (Ad (A) y) defines a linear functional of 4, 
thus, by Theorem IJ.2.3 and Lemma 0.5 there exists a A) ¢ A such that 
tr (Ad (A) y) = tr (Ad (A) Ad (A,)), 4 € A. Thus, if we put@ = y — Ad(Ao), 
we have $[A, u] = [$A, u] + [A, du] and tr (Ad (A) ¢) = 0 for all A, u eA, 

Therefore if A, 1 ¢ A we have 


tr (Ad ($A) Ad (u)) = tr (p Ad (4) — Ad (2) @) Ad (u)) 
= tr(¢ Ad (A) Ad (u) — Ad (u) Ad (2) 4) 


= tr($ Ad ({4, n) = 0. 


It follows by Theorem II.2.3 that #4 = 0 for Ae A, and thus ¢ = 0 so 
that y = Ad (A,). Q.E.D. 

Using Lemmas 9 and 13, we can carry over the following very impor- 
tant theorem of linear algebra to the group of automorphisms of a ge- 
neral Lie algebra. 


14. Lemma. (‘‘Canonical Factorization”): Let @ be an automorphism 
of the semi-simple complex Lie algebra A .Let C be a positive conjugation 
in A. Then we may factor ¢ as ¢ = up, where u and p are automorphisms 
of A, u=u,, pp. = I, p is inner and p commutes with every auto- 
morphism yp such that 6; dy = pd; *¢. 


Proof. For each linear transformation T of A into itself, let 7* be the 
“adjoint” defined by <TA,u> = <A, T*u>., 4,ueA. We have (ST)* 
= T*S*: thus, if T has an inverse, so has T*, and so has T*T = T,. We 
have T*T = T, and <T,/, A>. = <TA, TA. 2 Oford e A; thus, by Lem- 
ma 0.26, there exists a unique linear transformation P such that <PA, A). 
> 0 for Ae A, and P? = 7,. Plainly, P has an inverse. Put U = TP~'; 
then U*U = P-17*TP-! = P-1p?P-' = I. This shows that T may be 
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factored as T = UP where UU* = J and <PA, 4), 2 0. Since T = UP, 
P = P* and U*U = I together imply that T*T = P?, we see that P is 
unique; thus U is also unique. Moreover, by Lemma 0.26, P commutes 
with every linear transformation commuting with T*T. 

Apply the above factorization to ¢, to get @ = up, where uu* = |, 
p = p*, and <pd, A>, > 0 for Ae A. Since ¢ is an automorphism of A, 
we have ($A, du) = (A, w) for A, we A, and thus 

<A, Me = — (9A, Cu) = Stub p-*Cu) ian — (A, C7p-*Cu) 

<A, be Wes 

thus ¢* = 471, or (6*);1 =. Hence we have ¢ = (u*);* (p*),* 
= up,'. The reader will verify easily that (u.)* u, = J, Do = (pes aud 
<p-A, A>, > 0 for A€ A. Thus, from the uniqueness of the factorization 
d = up as established above, we find that u = u,, p = p, *. Moreover, 
p? = o*¢ = o,'¢ is an automorphism. We have only to show that p is an 
inner automorphism, and our lemma will be proved. 7 

This we do as follows. Since p = p*, it follows by Lemma 0.23 that A 
decomposes as a direct sum A = A(ax,) ® --- ® A(c,) of eigenspaces be- 
longing to the various eigenvalues «,, ..., «, Of p, all of which are positive 
by Lemma 0.25. If A¢ A(a,) and 2’ e A(a,), then p?[A, 4’] = [p?A, p?A’] 
= («,x,)* [A, 4’]. Since all the eigenvalues of p are positive, it follows that 
DIA, A] = aj0;[A, 2’). 

Define a mapping y by putting pA = log(a,;)A for Ae A(a,). Then 
plA, 4°] = {log (o,) + log (aj)} (4, 4°] = [pd 2] + [A pa’] for 2 A(os) 
and A’ € A(«;), which makes it plain that y[A, 4’] = [pd, 4’] + [A, pa’] for 
all A, 4’ ¢ A. Thus, by Lemma 13, there exists au € A such that yp = Ad (y). 
We have exp (Ad (u)) A= exp (y) A = exp (log (a,)) A = a,;A for A € A(a,); 
thus exp (Ad (u)) = p, and p is an inner automorphism. Q.E.D. 


15. Corollary. The automorphisms uw and p of the preceding lemma are 
unique. We have <pd, A>, > 0 for all A¢ A. There exists a unique inner 
automorphism p*/? such that (p1/?)? = p, and <p1/?/, A>, > 0 for all 
AeA; moreover, p and p'/? commute with every transformation which 
commutes with p?. 


Proof. If we let u be as in the preceding proof, and put po = exp (4 Ad BL), 
then po is an inner automorphism, and plainly Po = p. We have pod 
=O for A € A(X). By Lemma0.23 we have (A(a,), A(a,)> = Oifo,; 4 o,, 
from which it follows trivially that <pod, A> > O for all A € A. This 
shows the existence of py = p'/?; the uniqueness and our final assertion 
follows from Lemma 0.26. Q.E.D. 
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16. Corollary. Every conjugation C, = $C in A is equivalent to a con- 
jugation of the form uC, where the automorphism u satisfies u, = u, u? 
= J, and where the automorphism u~'‘¢ is inner. 


Proof. Factor ¢ = up as in Lemma 14; then upCupC = upu.p, 
= upup~' = I. Hence u~' = pup~', which implies u = pu-1p~1, and 
hence u = p?up~*. But then u commutes with p by the preceding corol- 
lary; so that u~' = u, i.e., u? = J. The conjugation C, is equivalent to 
p"!?uCp*. It is easily verified that <C(p'/?)-! CA, a> > 0 for all Ac A, 
andmor coutse(C(p''*) YC)? ="Cp—'C = p; thus C(p'/?)-! C = pt?, 
and Cp'/?C = (p'/?)-1. Therefore C, is equivalent to (p'/?) up-'/2C 
= uC; since u~'f = p is inner the present corollary is proved. Q.E.D. 


17. Corollary. Let ¢ and p be two automorphisms in A, and suppose 
that d. = $, y. = y. Suppose that there exists an automorphism 7 such 
that n¢n~' = wy. Then there exists an automorphism u such that u@u-* 
= y, and such that u = u,. 


Proof: We have y@n-' = y, and thus 7.@7,' = y. Therefore 4717 
commutes with ¢@; thus, using the Lemma 14, we may write » = up, 
where uw = u, is an automorphism, and where p commutes with ¢. But 
them ue — 4p. O.E.D: 


18. Corollary. Let uC and u’C be two conjugations in A; we suppose 
that wu, Sey, ue’, ur = I, (u')? = J. Suppesealso that therevexists.an 
automorphism ¢ of A such that Gud! = u’. Then the conjugations uC 
and u’C are equivalent. 


Proof. By Corollary 17, we can suppose ¢, = #; but then duCp-* 
=oup C= uC. Q.E.D. 

To verify that two real simple Lie algebras derived from a single com- 
plex simple Lie algebra are not isomorphic, directly by the method which 
Lemma 6 suggests, will not always be convenient. The following definition 
establishes an invariant which will in many cases yield easier proofs of 
non-isomorphism. 


19. Definition. Let A, be a real semi-simple Lie algebra, and let (A, 4) 
be its natural bilinear form. The signature of (A, 1) will be called the signa- 
ture of A,. 

Note what is obvious: That isomorphic real semi-simple algebras have 
equal signatures. The following simple lemma, which is related to Lem- 
ma 10, will facilitate our computations of the signature in a number of 
cases. 
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20. Lemma. Let A be a complex Lie algebra, C, a conjugation in A, and 
A the real Lie algebra defined by the condition C;A = 4. Then the natural 
bilinear form (A, ) of A is related to the natural bilinear form (A, “); of 
A by the equation (A, u) = (A, w)1, 4, WEA. 


Proof. Let y,, ..., ¥; be a basis for the real vector space 4; we first show 
that v,,..., % 1S sito a a for the sill vector space A. Indeed, if 


ao we may write 7 = >t + Cn) + ixt — Cn). Since = (1 + Cn) 
and = — Cn) both ne to A, it is =: - V5 <+-, epan A On the 


other hand, if z,y, + --- + z, = 0, then it is clear on applying C,, ad- 
ding, and subtracting, fe Re(z,:)¥, + + + Re(z) %) = 0 = Im(z;) 1 
+ + + Im(z,)¥, = 0. Thus z, = «+ = z,; = 0, showing that 7;, ..., »; is 


a basis for A. Therefore, if A, we A, the matrix of the linear transforma- 
tion Ad (A) Ad (w) in the basis 7,, ..., ¥, is the same whether this trans- 
formation be regarded as acting in the vector space A or in the vector 
space A; and from this remark our Lemma follows immediately. Q.E.D. 

It is now easy for us to give a complete analysis of the ccnjugations ina 
simple complex algebra of any of the four “classical” types An», Bn, Cm 
D,,, and, without further ado, we proceed to this task. We shall work case- 
by-case through each of the four classical types, making reference to the 
specific models established in section II.4 as convenient. We first give the 


A, Analysis of the conjugations in the Lie algebra of type A,-, 


As we saw in section II.4, this Lie algebra 1 may be taken to be the 
Lie algebra of all n x 1 complex matrices of trace zero. By Definition II.5.3. 
and Lemma I.5.3, every inner automorphism of A hasthe form 7 > TAT- ! 
where T is non-singular. By Lemma 12, the number of cosets of the soue 
Aj of inner automorphisms of A in the group A of all automorphisms of 
A is at most 2 in general, and at most | in the degenerate casen = 2. Now, 
A admits the automorphism A - —4A’, where A’ is the transpose of the 
matrix 4. Except when n = 2, it is plain that there can exist no matrix S 
such that SAS~! = —’ for all A e A, or even for all diagonal A € A; thus 
the automorphism 4 — — J’ is not inner, and (n > 2) A/Ap is of order 2. 
Every automorphism is then either of the “inner” form 4 > TAT~! or of 
the “outer” form A > —TA'T~1, where T is non-singular. It is plain that 
in both these cases the automorphism determines the matrix T up to a 
constant factor. 
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We saw in proving Lemma 9 that the natural bilinear form of A is (A, 73) 
= 2ntr (Au), and that C:4 + —j’ is a positive conjugation. By Corol- 
lary 16, every conjugation in A is equivalent to a conjugation of the form 
pC, where the automorphism ¢ satisfies 6? = J and @ =. Thus ¢ is 
either of the form 2 > TAT-1 with T? = al and TT’ = DI, or of the form 
4-— —T1VT~! with T(T’)~? = al and TT’ = bI. We examine these two 
cases separately. 

In the first case, replacing T by a constant multiple of itself as necessary, 
we will have T? = J, and we may suppose in addition that the dimension 
of the eigenspace V,, of T is at least as great as the dimension of the 
eigenspace V_,. If S is any other transformation satisfying S? = J and 
SS’ = b'I, and if S = VTV-} for some non-singular V, it follows by 
Corollary 18 that the conjugation @C is equivalent to the conjugation 
A —> SC(A) S~?. But then, ifn — kis the dimension of V , we may clearly 
take S to be the diagonal matrix J," of n — k 1’s followed by k — I’s; 
here k < n/2. 

In the second case TT’ = DI, and taking traces we see that b > 0; re- 
placing T by a suitable positive multiple of itself, we may take b = 1. 
Then T’ = 7", so T’ = T-', (7’)-1 = T, and TT = TT = al. Hence 
ais real, and taking determinants of both sides of the equation TT = al, 
we find that a = +1, with a = —1 impossible if n is odd. Our conjuga- 
tion @C is then 4 + TAT-1. By Lemma 0.23, there exists a complete basis 
for the space of all vectors, consisting of eigenvectors of the matrix 7. We 
analyze the two cases a = +1 and a = —1 separately. 

(+) a= +1. Let the eigenspace of T belonging to the eigenvalue z be 
called V,. Then, since 77 = 1, we havevde V;-: if ve V,. Foreachzin 
the spectrum of T choose a complex number ¢(z), and define N by Nv 
= €(z)v if ve V,. ThenN-! Nv =€(2—1)—' C(z) vforve V,. If we choose 
C(z) so that C(E-*)~1 &(z) = zfor each eigenvalue z of T, we find N-1N 
= T; thus the conjugation A > TAT-1 is equivalent to A > A. 

(—) a = —1. Using the same notations as immediately above, we find 
ve V_;-1 if ve V,. Defining N in terms of C(z) as immediately above, we 
find N-1TN = ¢(—271)~* €(z)z. If we divide the spectrum of Tinto pairs 
z, —z’~!, and choose ¢(z) so that €(—Z~')~1 C(z) z = 1, we see that the 
conjugation 4— T2T~-1 is equivalent to a conjugation 4 > T cAliee 
where 7; is a matrix which has only the two eigenvalues + 1, which is such 
that there exists a basis consisting of eigenvectors of T,, and which is such 
that T,v' = —v' if T,v = v. It is plain that any two such transformations 
are equivalent by a real change of basis; thus the conjugation A > fie i 
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is equivalent to the conjugation A > Y,A*Y>,, where 2k = nand where 


Y,, is the matrix 
01 
—-10 


01 
YY, =i € 5) ; . (1) 


The conjugations 2 > —Jy-, I;_, which arose above under our “‘first 
case” define the real Lie algebras HA;2, of all matrices A of trace zero 
satisfying A = —Ij—, AIn—1~3 HAs? may be regarded as the set of all ma- 
trices A of trace zero satisfying {Au, v} = {v, Au}, where {u, v} is the her- 
mitian form 


{u, v} TEE Wa OGG i) Pee Ue 5 oem rm ates (EE ey gest Gad OT Td TY 


The Lie algebra of all real » x matrices of trace zero we call RA, _,; the 
Lie algebra of all xn matrices of trace zero satisfying A = Y,AY 25 
we call QA,_; in case n = 2k. This latter algebra may be regarded as the 
Lie algebra of all k x k matrices of trace zero whose elements are elements 
of the 4-dimensional real division algebra determined by 2 = YAY , 
i.e., the division algebra of 2 x 2 matrices 


(53) 


which is, of course, the algebra of quaternions. 

We shall now verify that no two of the simple real Lie algebras we have 
just listed are isomorphic. This is most conveniently done by calculating 
the signature of the algebras. The natural bilinear form of the complex Lie 
algebra A,_; is 2 tr (AA’), and therefore, if the field of scalars be re- 
stricted from the complex field to the real field, 4n tr (A2’). By Lemma 10, 
tr (Ad’) is then a positive multiple of the natural bilinear form of each of 
the real algebras we have constructed. 

The signature of RA, , is thus seen to be the number of parameters on 
the diagonal of a matrix A € RA,_,, plus half the number of the remain- 


ing parameters; thus (1 + --- + (m—1))+(n-1) = n(n — n=l) _ 
_@+2@=1) 2 
5 : 
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We obtain the signature of the algebra QA,_,. Since 


b P P 
t( ‘ )( 1 os = aa, + aa — bb, = b,b 
a a ——. ay 


may be written as the difference of four squares and four squares, and 
since 


Zz 
tr ie; 4 ) ="a7 + a> — 2 |b\? 


is the difference of a square and three squares, the signature of QA,,_, is 
K-1+40+--+k -—1) = 2k -1+k-1=2k+)k-1) 
_@+)@-—2) 
7 D 

Calling the automorphisms 4 + TAT~? inner, and the automorphisms 
A — Ti'T—? outer, we see that the product of two outer automorphisms is 
inner, etc. Therefore, a conjugation of the form A + TAT~! can never be 
equivalent to a conjugation of the form 1 - —TA’T~! except in the de- 
generate case n = 2. 

The algebra HA, consists of all n x n matrices of trace zero which 
may be partitioned as ie i) , where we write T* for the conjugate 


. Thus RA,_; and QA, _, are never isomorphic. 


transpose of the matrix 7, and where h, is an (n — k) x (n — k) matrix 
satisfying ht = h, and h, is a k x k matrix satisfying h} = h,. We have 
(i(€1; — 22), i(@y; — @22)) < 0 whether k = 0, k = 1, or k > 2, and 
thus tr (AA’) is, once again, a positive multiple of the natural bilinear form. 
Using the above partitioning of the matrices of HA? , we see easily that 
the signature of HA}, is 2(n — k)k; thus all the algebras HA,”,, 
0 <k < n/2, are non-isomorphic. 

We have noted just above that for n > 2 no conjugation 4 > TAT~! 
is equivalent to any conjugation A> —TA’T~'; thus neither of the 
groups RA,_, or QA,-_, is isomorphic to any of the groups HA,?,. In 
the degenerate case n = 2 however, we obtain only the groups RA, and 
QA,. 

This completes our analysis of the conjugations in A,_,. We now turn 
to an analysis of the conjugations in the Lie algebras of types B,,, C,,, and 
D,,, Which, because of their similarity, we give in parallel. 
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B. Analysis of the conjugations in the Lie algebras 
of types Bn, Cn, and Dy, 


We recall from section IJ.4 that B,, and D,, are the Lie algebras of all 
p x pcomplex matrices A of trace zero such that CLIX, YO = = 


where 
CHV = X12 Vp + 0s F Xp - (2) 


Here and below, p = 2m + 1 if we deal with B,,, and p = 2m if we deal 
with D,,. We may describe C,, in just the same way, by putting p = 2m, 
and writing 


EPID = X1Vp SE oe Se weer ee Corti 2 O02 = Ge (3) 


instead of (2). 

As we saw in the course of proving Lemma 9, the natural bilinear form 
(A, u) is in each case a positive multiple of tr (Ay). 

The Cartan subalgebra M of these Lie algebras A is in all cases the col- 
lection of all diagonal matrices of trace zero. In all cases it follows readily 
by Definition II.5.3 and Lemma J.5.3 that an inner automorphism 
has the form A— TAT~!, where <<Tx, Ty>> = <<x, y>>, and where 
det (T) = +1. By Lemma 12, all automorphisms of B,, and C,, are inner. 
Ifm > 4, then, again by Lemma 12, the number of cosets of the group Ay 
of inner automorphisms of D,, in the group A of all automorphisms is at 
most 2; if m = 4, A/A, has at most six elements. The Lie algebra D,, ad- 
mits the automorphism A — RAR~', where R is the transformation satis- 
fying <<Rx, Ry>> = <<x, y>> and det (R) = —1 defined by 


Rix, DOD) ani os [x15 see3 Xm—19 Xm+i>Xm> Xm+2> sineiy Xamalle (4) 


Now, if SAS~! = A for all 4¢ A then the eigenspaces of S are invariant 
under all the transformations 4 ¢ A, and it follows readily that S is a 
constant multiple of the identity. If in addition <<Sx, Sy>> = <<x, y>), 
we must have S = +/. Using this, we see that if the automorphism 
2 — RAR~* of D,, were inner, there would exist T satisfying <<Tx, Ty>> 
= «<x, y>> and det (7) =1, such that RT-1 = +/, Taking determinants. 
we would get det (R) = 1, a contradiction; which proves that 4 + RAR-! 
is not inner. We conclude that for D,,,m > 4, A /Ag has 2 components: 
every automorphism is of the form 2— TAT-! with <<Tx, Ty>) 
= «<x, y>); if det (T) = +1 we have an inner automorphism, if det (T) 
= —1 we have an outer automorphism. 
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If 2’ denotes the transpose of the matrix 2, we have 2’ = Jie. 
where J = J, is the matrix of the transformation [x,,..., x, alee, ,-- 8%; | 
if we deal with B,, or D,,, and J = J_ is the matrix of the transformation 
[opens > om? (Xaes aes Xe ey) —Xins ---5 — Xi) Wf we deal with C.. The 
positive conjugation C of Lemma 9 is 4 > JAJ-1. 

It follows from the above that, except for the type D,, every conjuga- 
tion is of the form 4 > TJAJ~1T-1, where <<Tx, Ty) = <<x, py). We 
shall now show that, even for the type D,, every conjugation is equi- 
valent to a conjugation of the form A > TJAJ~!T-!, where <<Tx, Ty) 
= <<x, y>>. We argue as follows. As we saw in section 4, the roots of 
in A (of type D4) are +(a; — j) and +(@; + w,), i #j,1<i,j < 4. 
The roots @,; — @2, @2 — @3, W3 — 4, @3; + 4, Which we shall call 
1, %4,%2,%3 in the remainder of our discussion of the Lie algebra of 
type D,, form a simple set J7. Any permutation z of the roots «,, «2, «3 
is a symmetry of the Dynkin diagram. Thus, by Theorem II.5.4 and Cor- 
ollary I1.3.22, if we put 2(4) = 4 for notational convenience, the map- 
ping Az,, > Asancy extends in a unique way to an automorphism [7] of 
A. This gives a group P of six automorphisms of A. By Theorem II.5.1 
and the remark which follows its statement, and by Theorem II.5.4, 
every automorphism @ of A has the form ¢ = y[z], where y is inner, and 
[x] € P. Define the conjugate @ of an arbitrary automorphism ¢ by $(A) 
= $(/), 4 A. Then it is easily verified that @ is an inner automorphism if 
@ is an inner automorphism. The description of the root matrices corre- 
sponding to the various non-zero roots of M in A given in Section II.4 
makes it plain that the matrices 2,, 0 # « € {x}, may be taken to be real; 
thus [x] = [x], [x]e P. Every conjugation C, in A is of the form C,A 
— (A), where ¢ € A and ¢ satisfies df = J. Using the fact that [7] [2] 

= [7,72] for [21], [t2]eP, we see that the conjugation C, is either 
A= y(A) where y is inner, or is equivalent to a conjugation A — (p[(23)]) ( 4) 
where y is inner, or is equivalent to a conjugation 4 > (y[(123)]) (A) 
where y is inner. Now, if [(123)] is not inner, neither is [(132)], since 
((132)]? = [(123)]. But then, since y[(123)] y[(123)] = yy, [(132)] where 
Y,Y1 €Ao, ylM123)] w{(123)] # I. Therefore every conjugation is either 
of the form 4 > y(A), where y is inner, or is equivalent to a conjugation 
A = (y[(23)}) (A), where y is inner. Define the image of a root « under an 
automorphism @ mapping M into itself by (px) (u) = a(h~ *y), we M;or, 
equivalently, by (u,) = Mg@). Then the automorphism [(23)] maps 
W1 — 2,2 — W3,W3 — 4,3 + M4 INtOW, — W2,H2 —W3,03 +O4, 
w3 — 4. According to the definition of the linear functions w, given 
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in section 4, we have @,(e;; — €o9-j,9-4) = 9, j = 1,.--, 4. Thus [(23)] 
has the same effect on each vector of M as the ee A— RAR“, 
where R is the matrix of (4). Our assertion that every conjugation of Ais 
equivalent to a conjugation of the form 2 > T. JAJ—“1T- 1 where <<Tx, Ty>> 
= <x, y>> is therefore proved. 

It now follows, using Corollary 16, that in all cases every conjueat 
of A is equivalent to a conjugation of the form 4 > TJAJ—*T-*, where 
L{Tx Ty) = (x, >, T? = +f, and JT ST, Weanalyze ‘We two 
cases T? = J and T* = —IZ separately. 

(+) If T? = J, the eigenvalues of T are +1, and the space V of all vec- 
tors decomposes as the direct sum V = Vi, ® V_, of the two corre- 
sponding eigenspaces of V. We may assume, replacing T by —T if neces- 
sary, that V,, has the larger dimension. From <<7x, Ty>> = <<x, y>> 
we deduce that <<V.,, V_1>> = 0. An evident induction now shows 
that in case we deal either with B,, or with D,,,so that <x, y>»> = <<, X>>, 
we may construct bases xj, ..., xz for V,, and y;, ..., y, for V_, sueh 
that <<x;, x>> = 04 = (O71, ¥,)>> <a vy = 9; if we deal with Ga 
so that <<x, y>> = —<<y, x>>, we find similarly that the dimension of 
V_, must be even, and that there exist bases x7, X11, X25 Yoness wee On 
Vr, and ¥1, Vi, --+> Ye» Yr for V_y, such that (<x, xj>> = <XXi, XD 
= (Vi I? = KV IY) = 9, KX, XD) = Oy = KV. It is 
therefore clear, using Corollary 18, that if S is any other transformation 
such that S? = J, <<Sx, Sy>> = <<x, y>>, and JSJ = +S, and if the 
dimension of the eigenspace of S belonging to the eigenvalue +1 is the 
same as the dimension of V,.;, then the conjugations 2 + TJAJ~1T~} 
and 4 > SJAJ~1S~' are equivalent. We may take S to be the matrix R, 
of the transformation 


Ex pees x1 —?. Xp: NXp—19 -**> Xp+1—k» Nke+19 eee9 Xp—k> Xk» erry Xt 


where k < m if we deal with B,, or D,,, and S to be the matrix.4, of the 
transformation 


lee eerg Xp] Tad bee tesa Xks TXe4 15 --es ~Xp-~k> Xp+i-k very | 
where k < m/2 if we deal with C,,. 
(—) If T? = —J, the eigenvalues of T are +i, and the space V of vec- 


tors decomposes as the direct sum V = V; ® V_,. We have <<V,, Vi>> 
= 0= V_;, V_)>. By induction, we may seni DaSESHY (5 .n, Xy 
for V; and y,, ..., ¥m for V_;, such that ((x,, y)>> = O;,. In particular, 
thevcase 7? = sy can never occur if p is odd, 1.e., if we deal with B,,. We 
find as above that our conjugation is equivalent to the conjugation 


Wi) ] REPRESENTATIONS OF SIMPLE REAL ALGEBRAS 191 


A = iAj,JAJ~* (iA},)~* in both cases, where Aj, is the matrix of the trans- 
formation 
en, hemi ar eis ass Megs — Xe de sees Noel 
All in all, we find the following real Lie algebras: 
LB, the set of all Ae B,, such that R,JAJ“'Rz! = 4:0 <k <m:; 


2 


HC®, the set of all Ac C,, such that A,JaJ~'Ac! = 4:0 <k < = 
RC,,, the set of all Ae C,, such that A),JAJ—-14/-1 = A; 

LD», the set of all Ae D,, such that R,JAJ-1R,! =A; O<k <m: 
QD,,, the set of all Ac D,, such that A),JAJ—! (A)-1, 


We shall now calculate the signatures of those various Lie algebras, and 
show that no two of them are isomorphic. We begin with the algebras 
LBy and LD;?. Suppose that we renumber the coordinates so that 
Pa, eee Xp 47, -.-, Xp appear as y,,..., Vox Mand thewenaining 
X’S AS Vo~41, +--> Vp, and partition the re-indexed matrices A € A accord- 
ingly. Then, letting j denote a matrix of the appropriate dimension 
having the same structure as J,, the re-indexed matrix J, will be parti- 


tioned as 
'-(') 
J 


and the matrix R,J will appear as 


a (‘) 


Expressing the condition (<Ax, y»> = —<<x, Ay>> as JA = —A'J, we 
find that the matrices A in the real Lie algebras LB®, HC, and LDP 


appear as 
r 5b 
—jb'j ih)’ 


where r is real and satisfies —r’ = jrj~! but is otherwise arbitrary, b satis- 
fies b’ = bj-' but is otherwise arbitrary, and h = h’. The expression (A, A) 
is then a positive multiple of tr (r? — 2b’b — h?). The reader will then 
verify that the term tr (r?) contributes as many positive squares as there 
are pairs i, j with 2k — j >i > j, which is to say k?, while the term 
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—tr (b’b) contributes a number of positive squares equal to k(p — 2k); 
the signature of LBY? and LD,,’ is thus k(p — k). - 

To calculate the signature of the Lie algebras HC», we partition the 
matrices A¢ HC in a manner corresponding to the threefold partition 


Of X15 -++5 Xam UNtO Xy, +225 XK Nes 19 +229 Xp—m3 Xp—mti19 +++9 Xp» and use 
the equations 4 = —A,4’A, and 2’ = —JAJ~*. We find that 2 has the 
form 
Gi Cy wee 
A = Ge Es Co ’ 
—&f CF & 


where as usual we write ¢* for the conjugate transpose of the matrix ¢. In 
the matrix displayed above, £, = —&*, & = —é¥, and &, = —&}, 
while (C1);; = £(C2)p41-ip4i—j, but C, is otherwise arbitrary. But then 
tr (A?) = —tr (G,é* + 6,63 + €36F + S4Ef) + 2 tr (C,Cf), making it clear 
that the signature of HC, is 2k (2m — 2k). 

To calculate the signature of RC,,, we partition each 4 € RC,, as 


and note that 2 = —Aj,A’d/,, and that 4’ = —JAJ~1. Thus a = —a’*, 
d = —d*, and b = c*, while (6)m41-i.m+1-; = (0); and b is otherwise 
arbitrary. The number of positive squares in tr(A?) = tr (a? + d? + 2bb*) 
is then m(m + 1). In exactly the same way, we find that the signature of 
QD,, is m(m — 1). Examining the signature, we see that the only possible 
isomorphisms among the above real Lie algebras arise when we deal with 
LD; and OD,,, and when k? — 2km + m(m — 1) = 0,i.e., misa perfect 
square, and k = m — ,/m. Let us first consider the cases m > 4. In these 
cases, we have seen above that every automorphism of D,, has the form 
A — TAT—?, where T is such that <<Tx, Ty)) = (<x, y>>. Thus, if A 
— R,JAJ-1R,' and 2 Aj,JAJ~'(A},)~! were equivalent conjugations, 
there would have to exist such a matrix T satisfying TR,JT~1 = + Ai J. 
But this would imply thae7 RJT (7RIT eA Jagiie.,, 7 = =F 
which is impossible. 

We may obtain the same conclusion for m = 4, at the cost of a little 
extra labor, as follows. We have seen above that there exists a group of 
six automorphisms [x] of D4, isomorphic to the permutation group of 
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3 objects, such that every automorphism of D, has the form pls], where 
y is inner. Moreover, as we have seen, [(23)] is not inner, so that [(12)] 
and [(13)] are not inner either. Products of the form [(23)] [(12)]~? will 
be inner if and only if the automorphisms [(123)] and [(132)] are inner. 
All the conjugations which we have considered above have the form 
A> y[(23)] 4, where y is inner. If two such conjugations C,:/ 
> y,[(23)] A and C,:2 > y,[(23)] 4 are equivalent, there would exist 
an inner automorphism ¢ and a permutation x such that y,[(23)] 
= o[}p2 [(23)]o~* [x]. But the right hand side has the form@ , [a(23)2~ '], 
where ¢, is inner. Thus [(23)] [(@(2) 2(3))]~' would be inner. If [(123)] is 
not inner, this means that the permutation z must map the set {2, 3} into 
itself, so that either 7 = e or a = (23). If (123) is inner, however, it fol- 
lows that every automorphism is of the form 7 or y[(23)], where 7 is inner. 
Therefore, in both possible cases, if the two conjugations C, and C, 
are equivalent, there exists a transformation T such that <<Tx, Ty>> 
= <<x, y>>: and such that C,A = TC,7—'A. With this conclusion in 
hand, we may argue in the case m = 4 exactly as in the cases m > 4, to 
conclude that LD? and QD, are not isomorphic. 

Our analysis of the “classical” types of the real Lie algebras is now 
complete. The following theorem summarizes the results which we have 
obtained. 


21. Theorem. The real simple Lie algebras whose complexifications are 
simple and of one of the “classical” forms A,,, m > 1; Bn, m > 2; Cy, 
m > 3; or D,,, m > 4, are as follows: 
1 
(a) If m> 1, the algebras HAY, O<k< la ; 
2(m + 1 — k)k; the algebra RA,, of signature 3m (m + 3), and,ifm > 1 
is odd, the algebra QA, of signature }(m + 2) (m — 1). Ifm = 1, the al- 
gebra RA,, of signature 2 and the algebra Q4A,, of signature 0. 

(b) The algebras LBS, 0 < k < m, of signature k(2m + 1 — k). 


, of signature 


(c) The algebras HCS?,O<k< a , of signature 2k (2m — 2k); the 


algebra RC,, of signature m(m + 1). 

(d) The algebras LD“, 0 < k < m, of signature k(2m — k); the al- 
gebra OD,,, of signature m(m — 1). 

None of these real Lie algebras are isomorphic. A model for each of 
them is given in the preceding paragraphs. 

To prepare for the study of the conjugations in the five exceptional Lie 
algebras, we first develop some general theoretical material, which, like 


Hausner and Schwartz, Lie Groups 13 
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Lemma 14, extends certain important theorems of linear algebra to the 
group of automorphisms of an arbitrary semi-simple complex Lie al- 
gebra. 

22. Lemma. “Jordan Canonical Form”. Let ¢ be an automorphism in 
the complex Lie algebra A. Then ¢@ may be factored as @ = y exp (7), 
where 


(i) y and t commute, 
(ii) y is an automorphism of A, 
(iii) there exists a complete basis for A consisting of eigenvectors of the 
automorphism y, 
(iv) t[A, w] = [tA, w] + [A, te], A, we, and 
(v) t is a nilpotent transformation in the vector space A. 


Proof: Let {8} be the set of eigenvalues of ¢ in A, and let Ag) be the 
corresponding generalized eigenspaces. If A € A;g) and 4’ € Avy), we have 


(p — BB’) [A, A'] = (pA, pa’] — [BA, BA’) 
= [pA, 4] — [A, BX] + [bA, BA) — [BA, BH] 
= [94, (@ — 6) 4’) + [@ — 6) 4, 62). 


Starting with this identity and proceeding inductively we find that the 
quantity (@ — Bf’)? [A, 2’] may be written as a sum of terms of the form 
[bp — B)’A, (8) (G — BY) A'L,7 + 1 p. It follows that ( — 6B’)? [A, 2’] 
= 0 for sufficiently large p, ie., that [A¢g), A¢g)] S Acggy. 

Thus, if we define a linear transformation wy on A by putting yA = BA 
if Ac Ag), we have [pA, pa’] = yA, A’] for Ae Arg) and 2’ € Avg, and 
therefore, since A = Pa ® Ay, [pd, pa] = yA, 4] for all A, 2’ eA, so 


that y is an automorphism of A. It follows that 7 = py-! is an auto- 
morphism of 4; plainly, (7 — 1? = 0 for sufficiently large p. Since d 
plainly commutes with yw, so does 7. 

Define the linear transformation t in A by 


e = logy = ia =) a alee 


(note that the series actually terminates). Then it is plain that t commutes 
with y, and that t” = 0 for sufficiently large p. Then exp (nt) = y" for 
each integer 1 by Lemma 0.35. Therefore, if y is any linear functional on 
A and 4, we A, the complex valued function 


y(exp (zt) [A, u] — [exp (zt) A, exp (zt) n)) 
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vanishes whenever z is an integer. On the other hand, since t? = 0, we see 
from the exponential series that this function is actually a polynomial 
in z. Hence, it vanishes identically, ie. we have identically 


exp (zt) [A, 4] = [exp (zt) A, exp (zt) w]. 


Differentiating with respect to z and putting z = 0, we obtain our lemma. 
Q.E.D. 


ZS. Corollary. Let ¢ be an automorphism in the complex semi-simple Lie 
algebra A. Then ¢ may be factored as@ = w exp (Ad (Ao)), where Ap € A, 
Po = Ap , Ad (Ao) is a nilpotent operator, and there exists a complete 
basis for A consisting of eigenvectors of the automorphism y. 


Proof. By Lemma 13, we may write the mapping t of the preceding 
lemma as t = Ad (Ao), where 4) € A. We have 


0 = pAd (A,) — Ad (Ao) p = p Ad (Ap — po 4Ao), 
and thus yA, = A, by Theorem 2.3. Q.E.D. 


24. Corollary. Let ¢ be an automorphism in a complex Lie algebra A, 
and let {8} be the set of eigenvalues of ¢, and let A,,,be the corresponding 
generalized eigenspaces. Then [A,g), Acg)] | Acgp’y if B, B’ € {6}. 


Proof: This follows as in the first paragraph of the proof of the pre- 
ceding lemma. Q.E.D. 

Next we single out a special class of automorphisms “with simple cha- 
racteristic roots”. 


25. Definition. An automorphism ¢ of a complex Lie algebra A is said 
to regular if there exists a neighborhood U in the group of all auto- 
morphisms of A such that ¢ € U, and such that no automorphism py € U 
has (when regarded as a linear transformation in A) more eigenvalues 
than @. 

Note that when in the preceding definition we speak of neighborhoods, 
we mean to regard the group of automorphisms of A as a closed sub- 
group of the Lie group of all non-singular linear transformations of A. 


26. Lemma. Let ¢ be a regular automorphism of the complex semi- 
simple algebra A. Then there exists a complete basis for A consisting of 
eigenvectors of @. 

Proof. Let {8} be the set of eigenvalues of ¢, and let Ap) be the cor- 


responding generalized eigenspaces. By Corollary 24, 4,1) is an algebra of 
A. Our first aim is to prove that A;,), regarded as a subalgebra in its own 
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right, is nilpotent. We use an argument closely related to that used to 
prove Theorem J1.2.8, as follows. 

By Corollary 23, we may write @ = y exp (Ad (Aq)), where plAcg =i 
for each f € {6}, where Ad (Ao) is nilpotent, and where @(Ao) = Ao, SO 
that 4,¢A,). Let AEA. Uhen, ois closetet and z is close to zero 
but non-zero, the automorphism @, = y exp (Ad (C(Ap + zA))) is close to 
¢. By Corollary 24, this automorphism maps each space Avg, into itself. 
By Lemma 0.27, d,|Ag) has an eigenvalue near #. Thus, since ¢ is regular, 
|Acg) can have at most one eigenvalue foreachf ¢€ {B}. Since p|Aa, = J, 
and since exp (Ad (C(Ap + zA))) always admits 4) + zA € A’) as an cigen- 
vector belonging to the eigenvalue 1, the only eigenvalue of exp (Ad (¢(Ao 
+ zA)))|Ac1) is 1. It follows by Lemma 0.34 that all the eigenvalues of 
Ad (f(Ay + 2A))|Mc1) are of the form 2zin, where n is an integer. Since ¢ 
can be any complex number close to J, it follows that the only eigenvalue 
of Ad (Ay + zA)|A,1) is zero. Thus (Ad (Ay + zA)|A(1))? = 0 for some fi- 
nite p and for all sufficiently small non-zero z. But then (Ad (Ap + zA)|A¢1))? 
= 0 for all z; multiplying by z~? and letting |z| — oo, we find that 
(Ad (A)|4q1))” = 0 for all Ae A.,). Thus, by Theorem I1.1.11, the Lie 
algebra A,,) is nilpotent. 

Let Ae A,,), and we Ag) with 6 # 1. By Corollary 24, Ad (A) Ad (u) 
maps Ag) into Avgg). If we form a basis for A out of bases for each of 
the separate spaces A,g,,, it follows that the matrix Ad (A) Ad (y) in this 
basis has no non-zero diagonal entries; hence tr (Ad (A) Ad (u)) = 0 for 
Ae Ac and we Avg), B # 1. It follows by Theorem II.2.3 that if Ae A,1) 
and 4 # 0, there exists a 4’ € A;,) such that tr (Ad (A) Ad (2’)) # 0. 

Let {y} be the set of roots of A;,, in A, and A = \. ® A™ the corre- 

YEty} 
sponding decomposition of A into root spaces. Let A, 4’ € Ax). It follows 
from Corollary IT.1.13 that A is a generalized eigenspace of Ad (A) Ad(/’) 


belonging to the eigenvalue y(A)y(7’); thus tr(Ad(A) Ad(2’)) = ¥ y(A)y (A) 
YELY} 


Therefore, if A # 0, there must exist some y € {y} such that y(A) # 0. But, 
since Ad (Ap) is nilpotent, y (Aj) = 0 for all y. Thus Ay = 0, and it follows 
that d = y, so that there exists a complete basis for A consisting of eigen- 
vectors of d. Q.E.D. 


27. Definition. Let T, and T, be linear transformations in a vector space 
V. Then T, and T, commute totally if every linear transformation T in V 
which commutes with T, also commutes with T,, and vice-versa. 

Note that the relation thus defined is symmetric, reflexive and transitive, 
and is therefore an equivalence relation. 
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28. Corollary. Let ¢ be a regular automorphism of the complex semi- 
simple algebra A. Then every automorphism yp which is sufficiently close 
to @ and which commutes with @ commutes totally with ¢. 


Proof. Let {8} be the eigenvalues of @, and let Ac gy be the corresponding 
eigenspaces; we have $|A;,) = BJ amd A = os; ® Ag) by Lemma 26. 


Plainly, pA;g)S Ac). If y is sufficiently close to oi then; since ¢ is regular, 
y|A(g) can have at most one eigenvalue y;,,, and this eigenvalue must lie 
close to f. It follows at once from Definition 25 that y is regular, and thus, 
by Lemma 26, that ylAcg = yep. It is then quite plain that every linear 
transformation in A which commutes with y also commutes with ¢, and 
vice-versa, so that @ and yw commute totally. Q.E.D. 


29. Lemma. Let A be a complex Lie algebra, A its group of auto- 
morphisms, and A’ a connected component of A. Then, if A” is the set of 
all regular elements of A’, A” is connected. 


Proof. Since A is a closed subgroup of the group of all non-singular 
linear transformations in A, it follows by TheoremI.6.12 and Lemma 1.4.11 
that there exists a set ¢ of linear transformations closed under addition 
and under multiplication by real numbers, a neighborhood U of the iden- 
tity in A, and a neighborhood V of the zero element in &, such that 
L — exp (L) is a homeomorphism of V on U. If Le &, then exp (tL) is an 
automorphism of A for all sufficiently small real t, and therefore for all 
complex t; thus, if z is complex and sufficiently small, we have exp (zL) 
= exp(Z’), where L’ € £ and is small. Thus, since we see on applying 
Lemma 1.4.11 once more that the map Ly > exp (Lo) is a homeomorphism 
of a neighborhood of zero in the space of all matrices onto a neighbor- 
hood of Jin the group of non-singular matrices, we must have zl = L’. 
This shows that zL e Cif L € { and z is complex. 

Let @ € A’, and let @ be regular and have n eigenvalues. We shall show 
next that no y € A’ has more than 7 eigenvalues, and that if p € A’ and has 
exactly n eigenvalues, then yp is regular. To do this, define m(y) for each 
y €A as the smallest integer m for which there exists a neighborhood U 
of y in A such that any 7 € U has at most m eigenvalues. Plainly, each of 
the sets A, = {ye A|m(y) < k} is open. We assert that each of the sets 
A, is closed. Indeed, suppose the contrary, i.e., that n(y) > k, but that p 
is the limit of a sequence {p,;} of automorphisms belonging to A,. If j is 
sufficiently large, we have y; = exp (L,) y with L, € & by the preceding 
lemma, and since p,; € A, it follows that exp (L) y has at most k eigen- 
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values for all L near L;. Since n(y) > k, it follows that there exists an 
L’e& such that exp (L’)y has more than & eigenvalues. But then 
exp (1 — z) L; + 2L’)y has no more than k eigenvalues for any small z, 
but has more than k eigenvalues for z = 1, which is impossible by Lem- 
ma 0.29. This contradiction shows that A, is closed. 

It follows that each of the sets m(y) = k is both open and closed. Thus, 
the whole of A’ belongs to a single set m(y) = ko. It is plain from Defini- 
tion 25 that y is regular if and only if p has exactly Ro = m(y) eigenvalues. 
Thus, no y € 4’ has more eigenvalues than y, and, if p has as many eigen- 
values as @, yp is regular. 

Next, let and y be two elements of A” < A”. Let U be a neighborhood 
of the identity in A, to be specified below. Since A’ is connected, we may 
find a sequence ¢ = ¢;,¢2,...,¢, = y of elements of A’ such that 
$j410,'¢€U,i=1,...,p — 1. It is plain from Definition 25 that A” is 
dense in A’; thus we may even suppose that ¢; € A”, i = 1, ..., p. If Vis 
taken to be sufficiently small, then we may write ¢;,, = exp (L,) ¢;, with 
L,« & Since $;., and ¢; are regular, it follows by Lemma 0.27 and by 
fact that each of the ¢; has the same (maximum) number kK» of eigen- 
values that exp (zL,) ¢; has as many eigenvalues as ¢, both for all z near 
z = Oand for all znear z = 1. But, by Lemma 0.29, the set Z,) of complex 
numbers z for which exp (zL,) @; has fewer eigenvalues than @, consists of 
isolated points exclusively. Therefore, the complement Z, of Zp is con- 
nected; sinc by thee above cxp (zL,)¢,;¢ A” for all ze Z,, the present 
lemma follows immediately. Q.E.D. 


30. Lemma. (‘‘Diagonalization’”’”) Let ¢ and wy be two regular auto- 
morphisms of the complex semi-simple Lie algebra A. Suppose that @ and 
y belong to the same connected component A’ of the group 4 of auto- 
morphisms of 1. Then there exists an inner automorphism t of A such 
that @ and tyt~* commute totally. 


Proof. Let A” be the set of regular elements of A’; by the preceding 
lemma, A” is connected. The relationship R between two automorphisms 
41 and 7, defined by the statement “there exists an inner automorphism 
t of A such that 7, and tj.7~* commute totally” is easily verified to be 
symmetric and transitive, and hence to be an equivalence relation. Thus, 
to prove the present lemma, it is sufficient to prove that @ and any ye A” 
sufficiently close to @ stand in the relation R. 

Now, by Lemma 13, it follows that 


A = {Ae Ald) = A+  - o(r)|» € A}. 
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By Lemma 0.36, the derivative of the expression 
p(ty, sd) = exp (Ad (t)) exp (Ad (sA)) @ exp (Ad (— 1») 


with respect torat t = s = 0 is Ad (”)¢ — d Adv) = Adv — (0) 4, 
and its derivative with respect to s att = s = 0is Ad (A) o 

On the other hand, arguing as in the first paragraph of the proof of the 
preceding lemma, we see that every element of A sufficiently close to the 
identity has the form exp (L), where L is such that exp (¢L) is an auto- 
morphism of A for all small ¢. But then, differentiating the formula 
exp (tL) [u, u’] = [exp (tL) w, exp (tL) u'] with respect to ¢ and setting 
t = 0, we see that L satisfies the hypotheses of Lemma 10, so that L 
= Ad (Ao) for some 2 € A. Thus, for all sufficiently small 4 and and all 
t and s such that |¢| < 1, |s] < 1, we may write 


f(ty, sd) = exp (Ad (u(zy, s))) db. 


: 0 
Our calculations above show that 3p SAllp2s20 = 0, and that 


0 
a5 M(ty, sA)|s=r=0 = A. It follows at once by the implicit function theorem, 


Lemma 0.37, that every automorphism sufficiently close to ¢ can be writ- 
ten as f(y, A) with 2 € A, o(A) = A, and 4 small. But $(y, 2) is of the form 
t exp (Ad (A)) ét~ 1, where 7 is inner; and since ¢(A) = A, exp (Ad (A)) b 
commutes with @. Since 4 is small, exp (Ad (A)) ¢ is close to @. Thus, by 
Corollary 28, exp (Ad (A)) @ commutes totally with ¢, and our proof is 
complete. Q.E.D. 


31. Corollary. Every automorphism @ of a complex semi-simple 
Lie algebra A which is sufficiently close to the identity has the form 
& = exp (Ad (A)), where A € A. 

The following simple lemmas and corollaries will facilitate the appli- 
cation of Lemma 30 in a variety of cases. 


32. Lemma. Let A be a complex semi-simple Lie algebra, and let A be 
its group of automorphisms. 


(a) If ¢, ye A then ¢ and y belong to the same connected component 
of A if and only if gy? is inner. 

(b) Let M be a Cartan subalgebra of A, and {c} the collection of roots 
of M on A. Then if ue M, the automorphism exp (Ad ()) is regular if 
and only if none of the differences o(u) — B(u), where «, Be {x} and 
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« # B, is of the form 27g, with g integral. Such elements pz € M, always 
exist and if an automorphism ¢ of A commutes with exp (Ad (u)), then 
is of the form exp (Ad (7)), with we M. 


Proof. (a) That ¢y~! must be inner if @ and p belong to the same 
component of A follows readily from Corollary 31. Conversely, if 
d = exp (Ad (A)) y we may connect ¢ to p through the curve exp (7 Ad (A))y 
in A, which makes it plain that ¢ and y belong to the same component of 
A if dy~? is inner. 

(b) If Ad (Ap) has as many eigenvalues as any transformation of the 
form Ad (A), then so does each transformation Ad (/,) with /, sufficiently 
cleso to A). But then, by Lemma II.2.8, each 4, sufficiently close to A 
belongs to a Cartan subalgebra, and therefore, by Theorem II.5.1 and the 
remark which follows it, the transformation Ad (A,) is similar to a trans- 
formation Ad (u) with uw € M: Ad(u) = t Ad (A,) 71, where Tt is an in- 
ner automorphism. If we let 2) belong to a neighborhood U of A = 0 suf- 
ficiently small so that 2 > exp (Ad (A)) is a homeomorphism of U onto a 
neighborhood of the identity of A, and use the evident fact that the regular 
automorphisms are dense in A, we see that one of the transformations 
exp (Ad (A,)) will be regular. But then the similar transformation 
exp (Ad ()) must also be regular, as the reader will verify at once from 
Definition 25. Thus, by (a) and by the first sentence of the second para- 
graph of the proof of Lemma 16, exp (Ad (w’)) is regular if and only if it 
has as many distinct eigenvalues as any transformation exp (Ad ()), 
we M.Ifw' € M, it follows immediately from Lemma II.3.7 that Ad () A, 
= a(u) 4, if 2, belongs to the root space A,, so that the eigenspaces of 
exp (Ad (u)) are sums of the root spaces A, of M on A, and so that the 
number of eigenvalues of exp (Ad (u’)) is simply the number of distinct 
quantities exp (a(w')), « € {a}. Now, «’ € M may be chosen so that all these 
quantities are distinct. Indeed, if we let /7 be a simple set of roots, and 
choose w’ so that the quantities a(w’), « € IT, satisfy no relation of linear 
dependence with rational coefficients, it follows by Definition II.3.17 that 
all the quantities exp (a(w’)) are distinct. 

This proves all but the final assertion of (b). To prove this last assertion, 
let « and ¢ be as in (b). We have noted in the preceding paragraph that 
the eigenspaces of exp (Ad («)) are simply the root spaces A, ; since all the 
quantities exp («(u)) are distinct, all these eigenspaces belong to distinct 
eigenvalues of exp («()). Thus, since # commutes with exp (a(u)), @ maps 
each eigenspace /, onto itself. Therefore ¢ maps each of the vectors pig 
of Corollary II.3.8 onto itself; since by Corollary I1.3.10 these vectors 
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span M, ¢|M = I. The final assertion of (b) now follows at once from 
Lemma 5.11. Q.E.D. 


33. Lemma. Let A be a complex semi- -simple Lie algebra, and let @ be 
an automorphism of A. Suppose that there exists a complete basis for A 
consisting of eigenvectors of @. Then there exists a regular automorphism 
y of A, such that y~! is inner, which commutes with op. 

Proof: Arguing precisely as in the last three paragraphs of the proof of 
Lemma 30, we find that every automorphism in the neighborhood of @ 
can be written in the form 


exp (Ad (v)) exp (Ad (4)) exp (—Ad (»)), lea 


where 2,» ¢ A, and $(A) = 4. Since we have remarked that the regular 
automorphisms are dense in the set of all automorphisms, it follows that 
some one of the automorphisms [*] is regular. But then it follows from 
Definition 25 the equivalent automorphism exp (Ad (A)) ¢ is regular also. 
Using the fact that @(A) = A, the reader will verify easily that @ and 
exp (Ad (A})¢@ commute, completing the proof of the present lemma. 
Q.E.D. 


34. Corollary. The automorphism yw of the preceding lemma may be 
taken to have the form exp (Ad (A)) @ where (A) = A. 


35. Corollary. Let A be a complex semi-simple Lie algebra, and let ¢ 
be an automorphism of A. Suppose that there exists a complete basis for 
A consisting of eigenvectors of @. Let @, be a regular automorphism of A, 
and suppose that p¢{' is inner. Then there exists an inner automorphism 
t of A such that @ and t@t~ ! commute. 


Proof. Let y be as in Lemma 33, and, using Lemma 32(a), let t be as 
in Lemma 30. Q.E.D. 

We are now in a position to begin our study of the conjugations in the 
five exceptional simple complex Lie algebras. We begin with the simplest 
case, the Lie algebra of type G2. 


A’. Analysis of the conjugations in the Lie algebra of type Gz 


As we saw in Section 4 (whose notations and results we take over for 
the next few paragraphs) a model for the Lie algebra A of type G; is given 
as a direct sum A @® V @ V’ of the Lie algebra A of type A, consisting of 
all 3 x 3 matrices A of trace zero, a 3-dimensional vector space V, and the 


202 REAL SEMI-SIMPLE LIE ALGEBRAS [TII, 1 


3-dimensional “dual” vector space V’ of all linear functionals on V. The 
set M of all diagonal matrices in A is a Cartan subalgebra. As we saw in 
the course of the proof of Lemma 21, the natural bilinear form satisfies 
Atvtv,Atov+v’) =atr (A?) — bo) with a > 0 and b < 0; the 
distinguisied conjugation C of Lemma 9 is 4 > =\ aid 17s 
yp > Tv' =u, where fui, uo,us] = 2/27)" "Pi ms), a ee 

= (2/27)'/3 fo), 05, 05]. By Lemma 12, and since the Dynkin diagram has 
no symmetries, every automorphism is inner. By Corollary 16, every con- 
jugation C, in A is equivalent to a conjugation of the form ¢C, where ¢ is 
an automorphism, 6? = ¢, and ¢, = ¢. By Lemma 32 and Corollary 35, 
there exists an automorphism of the form y = exp (Ad (v)), where v € M, 
and an automorphism such thatt@t~ +! = exp (Ad (r)). Thus, exp (Ad (v))” 
= 1. If we put d = exp (v), so that d is a diagonal matrix, we find that 
d* = J, so that the entries of dare +1. Therefore y, = y, and, by Corol- 
lary 18, the conjugations @C and wC are equivalent. Summing up, we 
see that every conjugation is equivalent to a conjugation of the form 
exp (Ad ())C, where « € M and where wis such that exp (Ad (u))? = 1. If 
we write exp (uw) = das above, we have exp (Ad(u)) v = duforeachve V; 
thus we haved? = +1. Since det (d) = 1, we may suppose on renumbering 
coordinates that the diagonal entries of dare either (1, 1, 1) or 1, —1, —1). 
Calling the second diagonal matrix J~, we find two real Lie algebras: the 
set HG? of all de A satisfying C(A) = A, and the set HG of all Ac A 
satisfying, I-C(A) I- = 4. Using the expression for the natural bilinear 
form of A given above, the reader will easily verify that the signature of 
HGS> is zero, and that the signature of HGS” is 8. 


B'. Analysis of the conjugations in the Lie algebra of type Es 


A model for the Lie algebra A of type Eg is given as a direct sum A OV 
® V’ of the Lie algebra of type Ag, consisting of all 9 x 9 matrices of trace 
zero, the vector space V of all tensors v;;, of three indices, skew symmetric 
in the three indices, and the “dual” vector space V’ of all tensors (v')4* of 
three indices, skew-symmetric in the three indices. The set M of all diago- 
nal matrices in A is a Cartan subalgebra. As we saw in the course of the 
proof of Lemma 9, the natural bilinear form satisfies (A + v + vo’, 4 + 
+ v') = atr (A?) — bo'(v) with a > 0 and b < 0; the distinguished con- 
jugation C of Lemma 9 is 4 > —/’, and v > Tv =u’, v' > Tv' = u, where 
CU OE = 2283 Sgt 2y, ens 80 ete. yak, By Lemma 12, and 
since the Dynkin diagram has no symmetries, every automorphism is 
inner. 
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The set IZ consisting of the roots w, — @2, 02 — 03, ...,@7 — Os, 
6 + W7 + Wg isa simple set of roots. By Corollary 16, every conjugation 
C, in A is equivalent to a conjugation of the form fC, where ¢ is an auto- 
morphism, ¢* = ¢, and ¢, = ¢. By Lemma 32 and Corollary 35, there 
exists an automorphism of the form y = exp (Ad (v)), where v < M, and 
an automorphism T, such that tpt~' = exp (Ad (y)). Thus y? = I. It fol- 
lows that exp (a(v)) A, = pd, = +4, for each root « of M in A and each 
A, in the corresponding root space A,; thus exp (a(v)) = +1. From the 
above description of C, and from the description of the root spaces A, 
given in Section II.4, we see that CA,¢A_, for each rootx. Thus CyC = y, 
and it follows by Corollary 18 that the conjugations $C and pC are equi- 
valent. 

By Corollary I1.3.19(iv), the vectors A,.,,« €/I, generate A. Examining 
the action of the automorphism y on the vectors, and using the descrip- 
tion of these vectors given in Section II.4, we see that there exists a dia- 
gonal matrix d with entries +1, such that p has the form 4 > ddd™?, v;;, 
— djdjdivjj,, and (v')4* + dz'dj 4d, '(v')4*; the entry d, = +1 is deter- 
mined by the condition det (d) = 1, which makes the preceding trans- 
formation an (inner) automorphism. Thus we see that every conjugation 
in A is equivalent to a conjugation yC, where yp is as above. We may sup- 
pose on renumbering coordinates that dis the diagonal matrix J; of 9 — j 
1’s followed by j —1’s, where j = 0, 2, 4, 6, or 8. Using the expression for 
the natural bilinear form of A given above, the reader will verify easily 
that the signature of the real Lie algebra determined by the condition 4 
= I7C(A) 17 is 39 —j) + YE Ns ie) ace ue oD 
j= 0,2, 4, 6, 8 we find the signatures 0, 112, 128, 112, 128. This suggests that 
two pairs of our five Lie algebras are isomorphic, a conjecture which is in 
fact true, and which we may verify by the following calculations. _ 

According to the relevant passage in Section 4, the roots of M in A are 
+(w, —,) where j <j, and +(@; +; + @,) where i <j < k; here 
1<itj,k < 9,and@, + --- + Wo = 0. Leta be one of the rootsw, + a, 
+o,, and v = v%) (resp. v' = vG,j,~) denote the skew-symmetric 
tensor whose element v}';/:? (resp. (VG,j,4))""") is zero unless /, m,n and 
i, j, k constitute the same set of 3 elements, and which is equal to the sign 
of the permutation (j/4,) if 1, m,n and i, j,k constitute the same set of 
3 elements. Then v“/-” belongs to the root space A, and vq,j,4) to the 
root space A_,. We have (v’, v) = $bv'(v) < 0; thus we can choose real 
numbers r, > 0 and r, <0 such that A, = r,v and A_, = ryv satisfy 
(Ay, A-«) = land Ci, = —A_,, CA_, = —A,. Now, we saw in the course 


, so that for 
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of the proof of Lemma II.5.9 that the automorphism @, defined by 
by = exp (in(2a(1,))-"/? Ad (A, + 2-0) 


maps M into M, and that $,(u,) = Mw.p, Where W, is the Weyl reflection 
of Definition II.5.8. Moreover, we may deduce from the formulae for 


exp (it(Ay + A—a)) My and exp (it(A, + 4-.)) Ax — 4-0) 


given in that proof that 627A... = A... It follows from the above that Co, 
= o,C. Thus, if ye M and exp (Ad (»)) Az, = —Aza, we have 


a exp (Ad (»)) Coa’ = ba exp (Ad (»)) C. 


Suppose that f is a root of the form m, — «, such that 6 + a is a root, so 
that, examining the full set of roots, we see that neither 8 — «nor f + 2a 
is a root. Choose A, in the root space A,, and put A,.», = [A,, 42] so that 
Aatp % 0 by Lemma 3.11, andso that Ad (A, + A_.) Ante = —[Ag, [A-a; Aall 
= —f(tt,) Ag = ta(u,) 4g by Lemmas J1.2.5 and 11.3.7. Introducing A, 
= (4a(u,))1/? Ag and Aiyg = A,+,, we have 


Ad (Ay + Ang) Ap = Qoui,))"? + Babee 
Ad (Ay + Ana) Absa = (20r(H4q))!!? + 45. 


Thus, by the exponential series, p54; = —A,. On the other hand, if 8 is a 
root which is not a neighbor of «, then plainly @{A, = A,. Since ¢,m, 
= Mw,y for each root y, and since W? = I by Definition II.5.8, we have 
ob; = exp (Ad (7)) by Lemma II.5.1, where 7 € M. Putting 6 = exp (y), 
6 is a diagonal matrix such that 67/,6-? = A, for each « of the form a; 
— w;; thus 6746-7 = A forall Ae A, so that 6? = a,J. On the other hand, 
dv = vif visa vector in a root space A,, where B = w, + @, + @,, is not 
a neighbor of x. Therefore aj = 1, and 6 is a diagonal matrix 6’ of zeroes 
and ones, multiplied by a cube root of unity. But then we verify easily that 
the automorphism ¢; has the form A -> 6/26’, Upqr > 64,5)6;0pqr5 etc. Since 
det (6) = 1, while by the above de,,6-' = exp (Ad (q)) epg = t,q, the 
plus sign to be applied if p and q cither both do or both do not belong to 
the set i,j,k, and the minus sign to be applied otherwise, we see that 6 
must be the diagonal matrix of entries 6,, where 6, = —1 if p+ i,j, k, 
while 6, = 1 if p = i, j, or k. Thus, taking all together, we see that the 
conjugations A + dC(A) d~', etc., and 2 + ddC(A) d-16-", etc., are equi- 
valent if dA, , = —Ax,. 
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Remark: We will need the result of calculations exactly like the preced- 
ing calculation repeatedly in what is to follow, and, in order to avoid un- 
necessary repetition, we now summarize its essential features here for future 
reference. Suppose that A is a semi-simple complex Lie algebra, and that 
M is a Cartan subalgebra of A. Let {oc} be the set of roots of in A, and 
A, the corresponding root spaces. Let « € {x} be non-zero, let A, € Ax... 
let (A,, 4.) = 1, and let , be the automorphism of A defined by 


, = exp (im(2a(u,))~*/? Ad (2, + A_,)). 


Then the above calculations show that ¢7 = exp (Ad (7)), where 7 € M/. 
Moreover, exp(a(7)) = 1, exp (A(y)) = LifO ¥ f € {x} is not a neighbor 
of x, and exp (6(y)) = —lif0 4 fe {oo} i is a simple neighbor of x. If C is 
a positive conjugation in A such that CM = M and such that CA ge _. 
for each « € {x}, then it follows as above that we may choose 2, and a 
so that CA, = —A_,; in this case we have Cd, = ¢,C. Thus, if we have a 
conjugation of the form tC, where the automorphism 7 satisfies (A...) 
= —A,,, we find, calculating as above, that tC and $2tC are equivalent 
conjugations. 

If d= 1,, and i, j,k = 7, 8,9, 6d is a diagonal matrix of eight — 1’s 
and one +1; ifd = J¢ andi, j,k = 1, 2, 9, éddis a diagonal matrix of two 
—1’s and seven +1’s. Then, renumbering coordinates, we see that the 
conjugations A > J¢ C(A) Je , etc., A ~ Iz C(A) Iz, etc. are equivalent, as 
are the conjugations 2° > I,C(A) J4, etc., and A > Ig C(A) Ig, etc. We 
therefore find three real Lie algebras: the algebra HE{? of all Ae A satis- 
fying A = C(A), which has signature 0; the algebra HE{” of all Ae A 
satisfying A = 1; C(A) I,, etc., which has signature 112, and the algebra 
HES of all A € A satisfying 4 = I,C (A) I, , etc. which has signature 128. 


C’. Analysis of the conjugations in the Lie algebra of type E, 


Let A be the Lie algebra of type Eg discussed just above, and let C be 
the positive conjugation in A to which reference is made above. As we saw 
in Section II.4 (whose notations and results we use freely in what follows) 
a model for the Lie algebra of type E; is furnished by the subalgebra A® 
of A spanned by all the elements uw, and A, for which the root « is 
linearly dependent on the roots belonging to the simple set JZ o 
= {2 — Wg, ...,@7 — Wg, M6 + 7 + @s} (cf. the relevant passages in 
Section II.4). As we saw in Section II.4, A) is the direct sum A = A 
® V @ V’, where A is the set of all 9 x 9 matrices A = (A,;) of trace 
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zero such that Ajo = 40, = 0 if 7 #9, Ay = Ai; = 0 if j # 1, and Ais 
= Agog; V® is the set of skew-symmetric tensors with components 0; ;, 
which vanish whenever just one of i, j,k is 1 or 9; and V’ is the dual 
vector space of all skew-symmetric tensors with components (v’)'/* which 
vanish whenever just one of i, j, k is 1 or 9. The distinguished conjugation 
of Lemma 9 is the restriction to A of C; as we saw in proving Lemma 9, 
the natural bilinear form in A is a positive multiple of the restriction to 
A® of the natural bilinear form in A, and thus satisfies (A + 0 +0’, 
1+0+v’) = atr (A) — bo'(v), where a > 0, b < 0. The set M™ of all 
diagonal matrices in A is a Cartan subalgebras of A®, By Lemma 12, 
and since the Dynkin diagram has no symmetries, every automorphism 
is inner. 

Arguing precisely as in the second paragraph under heading B’, we 
verify the following statement: Let C; be a conjugation in A. There 
exists a diagonal matrix d with entries dj, such that d, = +1 for 2 <j 
</8, such that d, = do = =! or dj = ds = ci, and suehiihanden@, 
= 1, so that the transformation y: 2 > ddd~1, Vx1m > AdhidnViam, (v'*™ 
+ detdy'dai(v')*™ is an inner automorphism of A mapping A into 
itself. This diagonal matrix d may be chosen so that the conjugation pC 
is equivalent to the conjugation C,. 

Note that d, and dy are determined up to sign by d2, ..., dg and by the 
conditions d,; = dg and det (d) = 1; however, we may change the sign of 
d, and d, without affecting the restriction of the above-described auto- 
morphism y to the subalgebra A of A. Since it is always possible to 
renumber the entries d,, ...,dg of d, the equivalence class of the con- 
jugation yC is determined simply by the number 1, of +1’s among 
d,, ..., dg. Thus we must deal with 8 separate conjugations. However, by 
the remark made in the semi-final paragraph under the preceding heading, 
we may, on passing to an equivalent conjugation, replace d by dd: here, 
the diagonal matrix 6 has diagonal entries 6, which are equal to 1 if 7 is 
one of three integers r, s, t, and equal to —1 otherwise, and we require 
that d.dd, = —1. Note also that in order to insure that the automorphism 
exp (Ad (A + 4’)) of the cited remark maps A ° into itself, we must re- 
quire that either none or two of r, s, ¢ shall belong to the subset {1, 9} of 
{1, 2, ..., 9}. Using this remark, the reader will easily verify that of our 
8 casesn, = 0,...,7, the casesn, = 1, 3, and 5 correspond to equivalent 
conjugations, the cases n, = 0 and n, = 4 correspond to equivalent 
conjugations, and the cases, = 1 and, = 6 correspond to equivalent 
conjugations. Thus we have only to consider the four casesn, = 4,5, 6, 7, 
and therefore we may take the matrix d to have one of the four following 
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sets of diagonal entries: 
aa, 11, 1,4,.1,1, 1, 1) Go that dd? = 1: 
Gad, 1, ly) 
dete, 1,°—1,.—1, 1) 
aaa 1; 1,1, 1, —1, =1, =—1,2). 


Thus we find the four real Lie algebras HES”, HES’, HES, and HEY? 
determined by the conditions 4 = dC (A) (d™)-! etc., j = 4, 5, 6, 7. 
Using the description of A and its natural bilinear fein given in the 
first paragraph under the present heading C’, we readily calculate the 
signatures of these four real simple Lie algebras to be 0, 54, 64, and 70, so 
that no two of them are isomorphic. 


D'. Analysis of the conjugations in the Lie algebra of type Es 


Let A be the Lie algebra of type E, discussed above under heading B’, 
and let C be a positive conjugation in A as under heading B’. As we saw 
in Section II.4 (whose notations and results we use freely in what follows) 
a model for the Lie algebra of type E, is furnished by the subalgebra A® 
of A spanned by the elements yu, and A, for which the root « is linearly 
dependent on the roots belonging to the simple set JJ = {w3 — wg,..., 
M7 — Wg, W656 + W7 + Wg} (cf. the relevant passages in Section II.4). As 
we saw in Section II.4, A™ is the direct sum A = AM @ VO@V'™, 
where A“? is the set of all 9 x 9 matrices A = (A,,) of trace zero such that 
Ajo = Ag; = Oif j #9, Ay = Ay = Oifj A1, andd,,; = A,. = Oifj ¥ 2, 
while 2,,; = 422 = Ao9; V‘? is the set of skew-symmetric tensors v with 
components v;;, which vanish whenever one or two but not all three of 
i,j, k are 1, 2, or 9; and V’“ is the dual vector space of all skew-symme- 
tric tensors with components (v’)'4* which vanish whenever one or two but 
not all three of i, 7, k is 1, 2, or 9. The distinguished conjugation of Lem- 
ma 9 is the restriction to A“ of the conjugation C of A; as we saw in 
proving Lemma 9, the natural bilinear form in A isa positive multiple 
of the restriction to A® of the natural bilinear form in A, and thus satis- 
fies (At+o+o',A+v0+ 0’) = atr (A?) — bv’ (v) ,wwhere a> 0, 5b <0. 
The set MM of all diagonal matrices in A“ is a Cartan subalgebra of 
A, The roots of M™ in A™ arew; — w;, where i # jand3 < i,j < 8; 
+(w; + @; + @,), where i, j,k are all distinct and 3 < i,j,k < 8; and 
+(w3 +--+ + ws). Noting the symmetries of the Dynkin diagram, and 
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using Lemma 12, we see that if A is the group of all automorphisms of 
A, and A, the normal subgroup consisting of all inner automorphisms, 
then A/Ap is of order at most 2. We see in fact, examining the proof of 
Lemma 12, that if we number the roots w3 — @4, @4 — Oy, Ws — 6, 
Wg — M7, Wy — Wg, We + 7 + We AS 1, Hz, M35 4, 5, O's choose Aq, 
and A, in the root spaces A,,, and A," respectively in such a way that 
Gee Aen) =), AR ee 1 and let be the automorphism of A de- 
fined by 


QD: Awais Ager Hees hides Asus ae 


= Nene Agha: hens: Nee. Pies Ata? 


(cf. Lemma II.3.10 and its proof), then every automorphism of A js 
either inner, or is the product of ® and an inner automorphism. Note that 
@? = I. For later purposes we wish to be little more specific about the 
choice of the vectors A, defining the automorphism ®. We have noted 
above, in the course of the proof of Lemma 9, that CA, = A_, for each 
roota. Thus, ifAeA,, Che A_,. We have (A, CA) < 0; thus, multiplying 
A by a suitable constant, we may suppose that (A, CA) = —1. This shows 
that the vectors A,,,and A, above may be chosen so that A_,, = —CA,,, 
etc. Then COCA,, = —C@OA_,, = ~CA_,, = 4,, = PA,,, etc., so that 
COC = @,i.e., 6 = ®,. Of course, we are still not sure that the auto- 
morphism @ is not actually an inner automorphism. 

Leaving this matter in abeyance for the moment however, we proceed 
to analyze the conjugations in A“ which are of the form tC, where the 
automorphism t is inner. For this class of conjugations, we may argue 
precisely as in the second paragraph under heading B’ above, to verify the 
following statement: Let C, be a conjugation in A“ of the form tC, where 
the automorphism is inner. There exists a diagonal matrix d with entries d, 
allequalto +1, such that d; = d, = dy and det (d) = 1, so that the trans- 
formation y: 1 - ddd~', vi, 9 Aididnvitn, (0 )Y" dy dad, “oe 
is an inner automorphism of A mapping A‘ into itself. This diagonal 
matrix d may be chosen so that the conjugation wC is equivalent to the 
conjugation C,. (Note that d,, d,, dg are determined by d;, ..., dg and 
the conditions d, = d, = d, and det (d) = 1.) 

Since it is always possible to renumber the entries d3, ..., dg of d, the 
equivalence class of the conjugation wC is determined simply by the 
number n, of +1’s among d3, ..., dg. Thus we must deal with 7 separate 
conjugations. However, by the Tae made in the semi-final paragraph 
under heading B’ above, we may, on passing to an equivalent conjugation, 
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replace d by éd: here, the diagonal matrix 6 has diagonal entries 6, which 
are equal to 1 if jis one of three integers r, s, t, and equal to — 1 otherwise, 
and we require that d,d,d, = —1. Note also that in order to insure that 
the automorphism exp (Ad (A + 2’) of the cited remark maps A™ into 
itself, we must require that 3 < r,s, tf < 8. Using all this, the reader will 
easily verify that of our 7 cases n, = 0, ..., 6, the cases n, = 0, 3, and 
4 correspond to equivalent conjugations, and the cases n, = 1, 2, and 
5 correspond to equivalent conjugations. Thus we have only to consider 
the four cases n, = 4,5, 6, and therefore we may take the matrix d to 
have one of the three following sets of diagonal entries: 


a? (1,1, 1, 1, 1, 1, 1, 1) (so thatd® = J) 
22 ei 1, 1 0, 1, = 11) 
Co lead t= 4), 


We find the three real Lie algebras HES’, HES, and HE determined 
by the conditions 4 = dC(A) (d™)~', etc., 7 = 4,5, 6. Using the de- 
scription of A“ and its natural bilinear form given in the first paragraph 
under the present heading D’, we readily calculate the signatures of these 
three real simple Lie algebras to be 0, 32, and 40. 

It is now easy to show that the automorphism @ is not inner. For if it 
were, all automorphisms of A“ would be inner, and every conjugation in 
A would be equivalent to one of the three conjugations described in the 
preceding paragraph. But A“ admits the conjugation 2 > A, v > 0, 
v' > v’, and the signature of the real Lie algebra RE, defined by this 
conjugation is readily calculated to be 42. Thus Ag has two cosets in A: 
Ag itself, and the outer automorphisms A,®, so that we must give a sepa- 
rate analysis of the conjugations of the form tC, where Tt is outer. (Note 
that here we do not exploit the symmetry of the Dynkin diagram: rather, 
the symmetry of the Dynkin diagram exploits us.) 

This we do as follows: choose 4¢M“ such that the six numbers 
1 (UL), 2 (Ut), «.., %5(U), &' (u) Satisfy no relation ny; (u) + ++ + N6X' (u) 
= 2nin, with integer coefficients n,,..., 7, so that all the quantities 
exp (14%, (M) + +++ + Mec’ (u)) are distinct. We have (exp (Ad (u)) )? 
= exp (Ad (u + ®u)); since there is a complete basis for A™ consisting of 
eigenvectors of exp (Ad (u + ®u)), it follows that (exp (Ad ()) ®)* satis- 
fies a polynomial equation without repeated roots, and therefore 
exp (Ad ()) @ satisfies such a polynomial equation also, so that there 1S 
a complete basis for A” consisting of eigenvalues of exp (Ad (u)) ®. We 
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now see by Corollary 34 that there exists a regular automorphism of the 
form exp (Ad (v)) exp (Ad (u)) ®, where (exp (Ad (w)) @) (v) = v. From the 
last equation we find (exp (Ad (2)) ©)? (v) = v; thus exp (Ad (u + ®u)) (») 
=v, Since Guz, = Mx,, etc., we have a;(O(u)) = os(4), etc., by Corol- 
lary 11.3.8; thus since Ad (u + ®u) A, = o(u + Gy) if 2, belongs to the 
root space 1,, and by the way we have chosen ys, every root space A, eX- 
cept M“ = Ay is contained in an eigenspace of exp (Ad (u + ®y)) be- 
longing to an eigenvalue different from zero, and we can conclude that 
y € M®, This shows that there exists a regular automorphism of A, of the 
form exp (Ad (u,)) ®, where pw, € M®. The regular automorphisms form 
an open set by Lemma 0.27; thus if we vary “, very slightly within M™, 
the automorphism exp (Ad (w,)) ® remains regular. Thus we may assume 
without loss of generality that u, has the same property as y, that all the 
quantities exp (7,0,(1) + +++ + M60’ (u4y)) are distinct; so that finally, re- 
placing u by w,, we see that, without loss of generality, we may suppose 
that uw, = p, ie., that exp (Ad (w)) @ is regular. 

By Corollary 16, every conjugation of the form tC, where t is an outer 
automorphism, is equivalent to a conjugation of the same form, where t 
is an outer automorphism and satisfies t?7 = J and t, = t. By Lemma 32 
and Corollary 35, there exists an inner automorphism o of A“ such that 
t, = oto * and exp (Ad (u)) ® commute. Thus t, maps each eigenspace 
of the automorphism (exp (Ad ()) ®)? = exp (Ad (u + ®y)) onto itself. 
We have seen above that, in virtue of the condition that all the quantities 
exp (1,0, (u) + --- + 16x’ (u)) are distinct, it follows that the eigenspace of 
exp (Ad (wu + ®u)) belonging to the eigenvalue 1 is simply the Cartan 
subalgebra M“. Thus t, maps M“ onto itself, and consequently per- 
mutes the vectors uw, of Corollary II.3.8 among themselves. Define x for 
each root « by the equation ®u, = ue,. In virtue of the condition im- 
posed on yu, it follows that if « and 6 are roots and exp (a(u + ®u)) 
= exp (f(u + ®u)), then « + Ox = 6 + OB. Thus the eigenspaces of 
(exp (Ad (u)) ®)? are in the first place the space M“, and, in the second 


place, the various sums A(a) = y A, which can be formed from 
a+ Go =a9+ Dag 


the root spaces A, .On the other hand, as we noted in Section II.4, inthethird 
paragraph following formula (12) of that section, « + Ox = B + @B im- 
plies that either « = 6 ora = @£. Thus, ifx = Ox, A, is invariant under 
t,; while if « 4 ®x, A, + Ag, is invariant under t,. It follows that if 
« = Ox, then t,m, = mys ifo A Ox, then by Lemma II.2.5 and Corollary 
1f.3.8 and since A™ is the direct sum of the various root spaces, 
[A, + dos, A-, + A-o,] A. M™ is the space spanned by p, and j19q, 80 
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that the space spanned by these two vectors is invariant under t, , and we 
have either tu, = , OF T1M, = Mo,- Therefore, in particular, t, maps the 
set [I of roots into itself. But since t, is an automorphism, t,x and 1,6 
must be neighbors if « and 6 are neighbors (cf. Definition II.3.24). Thus 
the restriction of t, to JJ must define a symmetry of the Dynkin dia- 
gram, so that either t,y, = w,,%€ TT, or tu, = Gu,,« ¢ WT, But in 
the former case it would follow by Lemma JI.5.11 that t, were inner, which 
we know to be false. Hence t,u = Oy, we M™, so that by Lemma IT.5.11 
there exists a 4 ¢ M“ such that t, = exp (Ad (f)) @. 
We have 


exp (—2 Ad (@)) exp (Ad (@)) @ exp (Ad ()) = exp (4 Ad (4 + Da) ®. 


Thus, putting # = 44 + Oi, we see that Of = #, and that there exists an 
automorphism 6 such that ¢ = 6té~1 = exp (Ad (#)) ®. Since t? = J, we 
have ¢? = exp (Ad (#))? = J also, so that exp («(#)) = +1 for alla. We 
have noted in the proof of Lemma 9 that the conjugation C has the prop- 
erty CA, = A_, for each root space A,, and thus, if A,¢A,, we see 
that C exp (Ad (#)) CA, = exp (Ad (#)) 4,.. Therefore C exp (Ad (#)) C 
= exp (Ad (#)). We have already seen that ®, = ®; thus tf, = 7. It fol- 
lows by Corollary 18, and this brings us close to our goal, that the con- 
jugation tC is equivalent to the conjugation 7C. 

We have «,(#) = «,(@/) = x5(6) and «2(%) = «,(@/) = «,(/); thus 
exp («,(8)) = exp (~5(8)) = +1 and exp(«.(8)) = exp (a4(%)) = +1. Sup- 
pose that either exp («3(#)) = —1 or exp («,(%)) = —1; to be definite, let 
exp («3(#)) = —1. We saw (cf. the remark following Lemma II.5.9) that 
the automorphism ¢,, defined by 


a, = exp (im (ors (Ua,))~*/? Ad (Aa, + A-a5)) 


maps M“ into M™, and that $,(u,) = Hw,,p Where W,, is the Wey] re- 
flection of Definition II.5.8. Since CAs., = —Asza,, We have Coy, = Pa,C. 
Since BA,, = Aa, We have also Op,, = $,,P. Thus 


.., exp (Ad (#)) Coz," = $5, exp (Ad (#)) BC. 


If f is a root such that 6 + « is a root but neither 8B — « nor B + 2a isa 
root, then, by the Remark made in the semi-final paragraph under head- 
ing A’ above, we find that the restriction xlAg of 2, to the root space A, 
is —I; on the other hand, if 8 is a root which is not a neighbor of «, we 
have $2|A, = I. Moreover, we deduce fromthe formula for exp (it( Ay+A~«)) 
given in the course of the proof of Lemma II.5.9 that o,\A, = I. Since 
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$2|M™ = I, we have oj = exp(Ad (v3)) where? eM by Lemma II.5.11; 

and then, by what we have just said, we must have exp (a(v3)) = +1, the 
plus sign applying for « = «,,03,«5, and the minus sign applying for 
XK = %>,%4,«'. Therefore, replacing ¢C by an equivalent conjugation if 
necessary, we may suppose without loss of generality that if exp («,;(%)) 


= —1, then exp («’(#)) = —1 also. Arguing similarly in case exp («’(¥)) 
= —1], wesee that if exp (a’(#)) = —1, then we may suppose without loss 
of generality that exp («3(%)) = —1 also. Therefore, in any case, we may 


suppose without loss of generality that? = exp (Ad (#)) ®, where exp(a; (¥)) 
= exp(«,(#)) = +1, exp (x2(%)) = exp («,(%)) = +1, and exp (as(#)) 
= exp («’()) = +1. 

Yet another reduction can be made. Suppose, for the sake of definiteness, 
that exp («,(%)) = —1. Choose vy, ¢ M™ so that «5(v.) = ai and «,(¥2) 
= x2(V2) = &a(¥2) = oa(v2) =) = 0. Then since C71 on 
every root «, we have C exp (Ad (y,)) CA, = A, fora = +0,,i = 1,...,5 
and also fora = +«’, so that C exp (Ad (v2)) C = exp (Ad (72)). There- 
fore @C is equivalent to exp (Ad (f + v. — ®y,)) OC. But exp (a(# + v2 
— @y,)) OC = +exp (a(*)), the plus sign to be applied ifa =a,03, %4, 
or x’, while the minus sign is to be applied if« = «, or~w = «;. Arguing 
in the same way if exp («.(4%)) = —1, we see that, replacing tC by an 
equivalent conjugation if necessary, we may suppose without loss of 
generality that <7 = exp (Ad (#)) ones exp (ai(1) rl in eS, 
while exp («3(#)) = exp («'(#)) = 

This shows that there are at ae a non-isomorphic real subalgebras 
of A™ defined by conjugations of the form tC, where the automorphism 
tT is outer. One of these two must of course be the Lie algebra RE, of 
signature 42 which was noted above. If we let Cy be the conjugation of 
A defined by 4 > 2, v 33, v' +9’, let Ay be the 9 x 9 matrix which 
may be partitioned as 

m1 
8H 
id — Ye) 
—ni 
(cf. formula (1) above, under heading A following Lemma 20), so that 
exp (Ao) is partitioned as 
lh 
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and let OE; be the real Lie algebra defined by 
QEs = {Ae A™ exp (Ad (Ap)) Cod = A}, 


then we verify easily, using the description of the natural bilinear form of 
A given above in the first paragraph under the present heading C’ that 
the signature of OE; is 36. 


Our analysis of the conjugations in E, is therefore complete. 


E’. Analysis of the conjugations in the Lie algebra of type F, 


We saw in Section II.4 that if A is a Lie algebra of type F, and I its 
four-dimensional Cartan subalgebra, then the non-zero roots of M in A 
have the form +,;+q@,, where i #j and 1 < i,j < 4; +,, where 
1<i< 4, and }(+@, + w, + w3 + w4). We saw in the course of the 
proof of Lemma 9 that the positive conjugation C of that lemma could 
be chosen so that CM = M, and such that CA, = A_, for each root « of 
M in A. The Dynkin diagram of type Fy. admits no Symmetries, and thus, 
by Lemma 12, every automorphism of A is inner. The set J7 consisting of 
the roots @; — @2,W2 — @3, @3, —$(@; + w2 + wz + 4) is a simple 
set of roots. It will be convenient for us in what follows to call these roots 
0&1, %2,%3,%4. 

By Corollary 16, every conjugation C, in A is equivalent to a conjuga- 
tion of the form @C, where ¢ is an automorphism, ¢? = ¢, and dc = @. 
By Lemma 32 and Corollary 35, there exists an automorphism of the 
form y = exp (Ad (v)), where » ¢ M, and an automorphism 7, such that 
tot—1 = exp (Ad (v)). Thus y? = J, and it follows that exp (a(r)) A, 
= yi, = +4, for each root « of Min A and each A, in the corresponding 
root space A,. Since CA, = A_, for each root «, we find easily that 
CyC = y, and it follows by Corollary 18 that the conjugations @C and yC 
are equivalent. By Corollary I1.3.19 (iv), and since Ad (7) A, = a(v) A, if A, 
belongs to the root space 1,, the automorphism y is determined by the 
four numbers exp («;,(v)), each of which is +1; thus y must be one of six- 
teen automorphisms, each of which is in correspondence with one of 
the sixteen possible symbolic quadruples (+1, +1, +1, +1) of +1’s and 
—I’s. 

Ifx is a root such that yA, = —A, for A, in the root space A,, and if we 
define ¢, as in the Remark made above in the semifinal parasol under 
heading A’, we find that we have ¢,yCo,* = $,yo,'C = ozyC. We 


214 REAL SEMI-SIMPLE LIE ALGEBRAS (III, 1 


noted in the cited Remark that 62 = exp (Ad (n)) with 7 e M; thus $Zy | 
= exp (Ad(yj + »)). Since (62y)? = (¢,~¢,')? = 1, we must have 
exp (G(7 + v)) = +1 for each non-zero root B. Therefore, the transfor- 
mations pC > ¢,yC@,' map our family of sixteen conjugations into 
itself. By the Remark made above in the semi-final paragraph under head- 
ing A’, we have exp (A(7)) = 1 if 8 = « or if f is not a neighbor of x, while 
exp (B(y)) = —1 if B is a simple neighbor of «; using this observation, 
we shall show that all sixteen of the above conjugations are equivalent to 
three among them. 

Our computations will be as terse as possible if we introduce the nota- 
tion o; for the quantity exp («,(v)), denote each conjugation by the cor- 
responding symbol (c,, 02,063,064), and indicate equivalence of con- 
jugations by the writing (0,, 62, 03,04) ~ (01, 02, 03, 04). We proceed 
as follows. Suppose that one of o,, o, is —1. Then, by the preceding 
paragraph, we may reverse the other; consequently, we have only to con- 
sider conjugations for which o, = o,. Similarly if og = —1, we may as- 
sume that o,; = —1 also. For the same reason (—1, —1, —1, 1) 
~ (-1, £1, -1, —1) ~ (-1, -—1, —1, —1), and (1, 1, —1, 1) is equi- 
valent either to (1, 1, —1, —1), orto(Il, —1, —1, —1)~ (—1, —1, 1, -—1) 
~ (-1, -1, —1, —1). Therefore, every conjugation is equivalent to 
one of the four conjugations for which o, = o, and o3 = o,. Fin- 
ally, (—1, —1,1,1) ~ d, —-1, -1, 1), which is in turn equivalent 
either to (1,1, -—1,—1), or to (1, —1, —1,1)~ (—1, —1,1, — 1) 
~ (—1, ~—1, —1, —1). Therefore, as stated, only three of our sixteen con- 
jugations are mutually inequivalent. 

If we put yC = C, which corresponds to (1, 1, 1, 1), we have, of course, 
a real Lie algebra LF;°, of signature 0. To compute the two other pos- 
sible signatures, we argue as follows. We may choose A, in the root spa- 


ces A,, in such a way that (4,, A_,) = 1 and CA, = —A_,. First letting 
y correspond to the symbol (—1, —1, —1, —1), we see that pA, = A, if B 
is the sum of an even number of elements of JJ, while pA, = — A, if B is 


the sum of an odd number of elements of J7. The signature of the cor- 
responding real Lie algebra LF;” is then twice the number of roots B of 
the latter kind, which number is easily verified to be 18, so that the signa- 
ture is 36. In the same way, letting y be the automorphism corresponding 
to the symbol (1, 1, —1, —1), we find that pag = —A, for exactly 24 non- 
zero roots, so that the signature of the corresponding real Lie algebra 
Tg ig 24) 

Our labors are now at an end: we may state the following theorem, 
which summarizes the classification of real simple Lie algebras. 
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36. Theorem. The real simple Lie algebras are as follows: 


I. The real Lie algebras obtained from the various complex simple Lie 
algebras of Theorem II.3.36 by restricting the field of scalars from the 
complex field to the real field. 

II. The various real simple Lie algebras of “classical” type listed in 
Theorem 21 of the present section. 

I. The following real simple Lie algebras of “exceptional type” de- 
scribed in the preceding paragraphs: 

(a) Five real Lie algebras HEY’, HES, HE, REs, and OE,, of signa- 
tures 0, 32, 40, 42, and 36 respectively; 

(b) Four real Lie algebras HES”, HES, HES, and HE of signatures 
0, 54, 64, and 70 respectively; 

(c) Three real Lie algebras HE”, HES”, and HES of signatures 0, 112, 
and 128 respectively; 

(d) Three Lie algebras LF{°, LF{?, and LF of signatures 0, 36, and 
24 respectively ; 

(ce) Two real Lie algebras HGS$*’ and HGS” of signatures 0 and 8 respec- 
tively. 


None of these real Lie algebras are isomorphic. 

The representation theory of real simple algebras offers no additional 
difficulties. To describe the essential results, we require the following ter- 
minology, however. 


37. Definition. (a) Let A be a real Lie algebra, and let 0, be a represen- 
tation of A in complex vector space V,. 

Let v,, ..., v, be a basis for V,; then the complex conjugate representa- 
tion ©, of the representation 0, is defined by the condition that the matrix 
(6;);(A) of 2,(A) in the basis v,, ---, v, is the complex conjugate of the 
matrix of 0,(A) in this same basis. 

(b) Let A, be a Lie algebra, and let 9, and @, be representations of A, 
in the complex vector spaces V, and V2 respectively. Let Vj and V2 be the 
spaces of all linear functionals on V, and V2 respectively, and let V; © V2 
be the set of all functions P(v), v5), vi; € Vi, v2 € V2, which are linear in 
both variables v; and v,. Put 


(0:(4) vf) (1) = —v7(e(A) v1), 11€ Vi, v1EVi, AEA; 


(05(A) v3) (v2) = —02(Q(A) v2), 02€V2, 12E€V2, AEA; 
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and 
{((o, ® Q2) (A) PB} (vj, 03) = —B(e;(4) v1, v2) — P(v7, @2(A) v2), 
vieVi, v.63, PEV, Oa, 4e47. 


The representation 0, @ @2 of A, thus defined is called the Kronecker 
product representation of the two representations 0; and 02. 

Concerning (a) of Definition 37, we leave it to the reader to verify that 
if another basis than v,, ..., v, is used to define the complex conjugate re- 
presentation, we obtain a onion of A which is equivalent to 0,. 


38. Theorem. (a) Let A be the real simple Lie algebra 
A= fhe AlC A= I}, 


where A is a complex simple Lie algebra and C is a conjugation in A. 
Then the irreducible representations of A are the restrictions to A of 
the irreducible representations of A; two such restrictions are equivalent 
if and only if the representations of A from which they are derived are 
equivalent. 

(b) Let A, be a complex simple Lie algebra, and let A be the real simple 
Lie algebra derived from A, by restricting the field of scalars from the 
complex field to the real field. Then the irreducible representations of A 
are the representations of the forme, @ @2, where 9, and 9, are represen- 
tations of A which are at the same time representations of 4,. Two such 
representations @; @ @2 and 03 @ @, are equivalent if and only.if 0, is 
equivalent to @3 and @2 is equivalent to 64. 


Proof: (a) Let @ be an irreducible represen on of Aina space V. We 
may write each A € A uniquely as A = 4(A + CA) + 4 1(A — CA); it is easily 


verified that 6(2) = 0 & Gs ch) + io & = ci) isan extension of 
) Ll 


etoallof A. Plainly, disirreducible. Suppose conversely that ois the restric- 
tion to A of an irreducible representation 6 of A. If o is not ener 
there exists a non-zero vector v in V, and a non-zero linear functional v’ 

on V, such that v’(o(A) v) = 0 forall A € A. Then v'(6(zA + Cz/) v) = Ofor 
A € A whenever zis real; and hence for all z. Thus, putting z = iandz = 1 
and adding we find v “6(A) v) =0,AcA , contradicting the irreducibility of 
6. This shows that the irreducible representations of A are the restrictions 
to A of the irreducible representations of J. Plainly, if two representations 
of A are equivalent, their restrictions to A are equivalent also. Conversely, 
let 0, and 0, be representations of A in vector spaces V, and V,, and sup- 
pose that their restrictions to A are equivalent. Then there exists a one-to- 
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one linear mapping T of V, onto V, such that 0,(A) = T~!0,(A) T for each 
A¢A. But then evidently 0,(id) = T~'0,(id) T for Ae A, and since each 
ye A can be written asv = A + iu, where A and wu lie in A, 0, and @, are 
equivalent, completing the proof of (a). 

(b) Note that, in proving part (a) of the present lemma, we did not use 
the simplicity of A at all, but merely the fact that C was a conjugation in A, 
and that A was {Ae A|CA = A}. If A, is a complex simple Lie algebra, 
and A the real simple Lie Alsebra derived from it by restricting the field of 
scalars, we may let A be the direct sum A = A, ® A, of two isomorphic 
copies of A,, and, using Lemma 9, let C, be a conjugation in A,. Then A 
is the set of all pairs {A, u} with 2, we A,, and we can define a | conjuga- 
tion Cin A by C{A, uw} = {C,u, C,A}. The real Lie algebra {4 € A|CA = A) 
is then the set of all pairs {A, CA} with 2 €¢ A,; and the correspondence 7: 
A {A, CA} is plainly an isomorphism between this real Lie algebra and 
the real Lie algebra . It follows by the arguments used to prove (a) that 
the irreducible representations of A are the representations (0|A) 7, where 
o denotes a generic irreducible representation of A, and two such re- 
presentations (|) 7 and (6|A) 7 are equivalent if and only if 9 and 6 are 
equivalent. 

It is plain, using Theorem II.2.3, that A is semi-simple. Let M, be a 
Cartan subalgebra of A,; then the reader will verify easily, using Defini- 
tion II.2.7, that the direct sum M = M, @ M, of two isomorphic copies 
of M, is a Cartan subalgebra of A, and that the root spaces of M in A are 
in the first place M, in the second place the direct sums A, ® {0} and 
{0} ® A,, where « denotes a generic non-zero root of M, in /,. If for 
each non-zero root « of M, in A, we let «’ denote the linear functional on 
M defined bya’ {A, u} = o(A), and let x” denote the linear functional on AZ 
defined by «”{A, u} = (ts), it follows that the set of roots of M in A con- 
sists of zero and of alla’ and «”. It is plain from Definition II.2.2 that the 
natural bilinear form of A is expressed by ({A, mu}, {A1, uit) = (A, Ay) 
+ (u, 41) in terms of the natural bilinear form of A,. Thus we have pz: 
= {u,, 0} and p = {0, Ms; } in the sense of Corollary If.3.8. If /Z, is a 
simple set of roots of M, in A,, and if we let IT = {a', x”|a€ IT}, it then 
follows from Definition 3.17 that JT is a simple set of roots of M in A. 

Let 9, and g2 be irreducible representations of A, in spaces V, and V, 
respectively. Let Vi, V3, V; © V2, 04, and 94 be as in part (b) of Defini- 
tion 37, and let @,; (@) 0, be the representation of A in V, ® V; defined by 


[((e1 (2) 02) ({A, #})) ) (v1, v3) = —D(o;(A) Vis v3) = Pv; 9 AC) V3), 
vieVi, 226Vi1, DEV, @V2, A,pedy. 
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We shall show that o = 0; () 02 is irreducible. We proceed by contradic- 
tion. Suppose that @ is reducible. Then, by Theorem II.6.2 we may write 
V, © Vz, asadirect sum V,; @ V2 =X@ Y, where both X¥ and Y are in- 
variant under 9. Define the linear transformation EF in Vy @ V2 by re- 
quiring E|X = I, E|Y = 0. Then it is easily seen that Eo(A) = o(A) E for 
each AeA. For each v,éV, and v.€ V2, and let v,; © v2 denote the 
element of V, @ V., defined by 


(v1 ® v2) (v1, 02) = 0,01) v2(v2). 


Then the reader will easily verify that 
o({4, 0}) (&1 @ v2) = (e1(4) v1) @ v2 


and 
o({0, A}) (v1 @ v2) = 11 @ @2(A) v2 


for each A € A,. Choose fixed elements v, € Vz and v4 € Vz; then the ex- 
pression (E(v,; ® v2)) (vj, vs) is linear in Vj, so that there exists a unique 
v,é€V, such that (E(v, @ v2)) (vj, v3) = vi(v,). The correspondence 
v, > 0, is plainly unique, and thus defines a linear mapping F in V,, so 
that we may write (E(v, © v2)) (vj, vb) = v{(Fv,). Then 


v1(Fes (A) 01) = (E(@i(4) v1 ® v2)) (v4, v2) 
= (Eo({A, 0}) (v1 @ v2)) (v1, v2) 
= (o({4, 0}) E(v, @ v2)) (1, v2) 
= —(E(v: ® v2)) (9:(4) v1, 02) = —(@1(A) 03) (Fey) 
= 0;(0:) (A) %v,), 


proving that @,(4) F = Fo,(A) for each Ae A,. But then each eigenspace 
of Fis invariant for the representation @,, and, since 0, is an irreducible 
representation, it follows that F is a constant multiple of the identity. We 
may therefore write 


(E(@, ® v2)) &, 03) = avg, V2) V;(v4). 


But then the constant a is seen to depend linearly on v5 and v2, so that ar- 
guing as above we see that there is a linear mapping G in V, such that 


(E(v, @ v2)) (vj, V2) = v3(Gv2) 03(0); 
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and continuing our argument as above, we find that there exists a constant 
b such that 


(E(1 © 02)) (1, 02) = bv3(v2) v1). 


But then E(v, @ v2) = bv, @ v2. The reader will verify without difficulty 
that the elements of the form v, ® v2 span V; @ V2; therefore E = bi, 
contradicting one of the two statements E|X = J and E|Y = 0. This con- 
tradiction proves our assertion that 0, 02 is irreducible. 

Let v, € V, be a minimal weight vector (cf. Definition II.6.8) of 0; be- 
longing to the minimal weight y,, and v, € V, be a minimal weight vector 
of @, belonging to the minimal weight y,. Define y({A, u}) = y,(A) 
+ yo(u) for {A, uw} = M = M, + M,. Then it is readily verified that 
Vv, ® v2 is a minimal weight vector of 0; 02, belonging to the minimal 
weight y. Thus, using Theorem II.6.13 and the description of the simple 
set I7 of roots of M in A given above, it follows that every irreducible re- 
presentation of A is equivalent to a representation of the form 0, (@) 02; 
where 9, and @, are irreducible representations of 4,, and that two such 
representations 0; Q2 and 6, 6, are equivalent if and only if @, is 
equivalent to 6, and @, is equivalent to 6,. It follows that every irreducible 
representation of A is equivalent to a representation of the form 


4 01(A) @) 0.(CA), 


where 0, and @, are irreducible representations of A,, and even that two 
such representations 


A= @:(A) 0(CA) and A- @,(A) @,(CA) 


are equivalent if and only if 0, is equivalent to 6, and @2 is equivalent to 6). 

This almost amounts to a proof of part (b) of the present theorem. To 
complete the proof of (b), we argue as follows. Let v,, ... , v, be a basis for 
V,, and, for each representation @, of A, in V2, let ef denote the re- 
presentation of A, in V2 defined by the condition that the matrix (0; (A)),; 
of o*(A) in the basis v,, ..., v, is the complex conjugate (03(C’/’)),, of the 
matrix of @2(CA) in ‘Iie < same basis. Then a (o7)* = @2, and it is 
easily seen that 02 is irreducible if and only if 93 is irreducible. The re- 
presentation 2 — @,(A) (@) @2(CA) of A is, by Definition 37, identical with 
the representation 0, © 03° of A. Thus we — that if g, and g, are ir- 
reducible representations of A, then 0, @ 04° is an irreducible represen- 
tation of A; that every irreducible representation of A is equivalent to a 
Foe atten having this special form; and that if e; ®@ @* is equivalent 
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to 6, @ 65* , then g, is equivalent to 6, and 9, is equivalent to@,. Replac- 
ing of by g2 and using (e})* = Q2, statement (b) of our theorem follows. 
Q.E.D. 


2. Compact Connected Lie Groups 


As a dividend of our drudgery in section 1, we obtain in the present sec- 
tion a theorem describing the structure of an arbitrary compact connected 


Lie group. 


1. Lemma. Let G be a connected compact Lie group, A(G) its Lie al- 
gebra. Then A(G) is the direct sum A(G) = A; © --- © A,, each of which 
is either a one-dimensional Lie algebra or a real simple Lie algebra of one 
of the types HA,?, n > 1; 


LBy.,m > 2;HC,),m > 3;LD,,,m > 4; HE, ; HE7”; HE’; 
LFQ; and HG”. 


Proof. Let o(g):4 > gig~! be the natural representation of G as a 
group of linear transformations of its Lie algebra. Then o(g) depends con- 
tinuously on g by Lemma [.3.8(10). Introduce any arbitrary positive de- 
finite quadratic form {A, 4} into A(G) (say, by using a basis). Then put 


{A, wp} = | {o(g) 4, o(g) u}o dg, 4, ue A(G), 


where the integral is a Haar integral. From the invariance of the Haar in- 
tegral (cf. Lemma 0.65) we find that {o(g) A, e(g) u} = {A, uw}, A, we A(G). 
Plainly, {A, 4} is a positive definite quadratic form on A(G). Differentiating 
the equation {o(exp (t7)) A, e(exp (tv) u} = {A, wu} and putting ¢ = 0, we 
find using Lemma 1.5.3 that {Ad (7) A,u} = —{A, Ad(v) w}, 4, u, v € A(G). 
Thus, if 4’ is an ideal of A(G), so is A” = {2 € A(G)|{A, a’} = 0 for all 
Ae A’}; and A(G) = A’ @ A". An evident dimensional induction now 
shows that A(G) is a direct sum A(G) = A, © -- @ A, of ideals satis- 
fying {A,, Aj} = 0 for i # j, each of which, regarded as a Lie algebra in 
its own right, is either one-dimensional or simple. If A, is simple, then, 
arguing exactly as in the proof of Lemma I.10, we see that its natural bi- 
linear form (A, 4) is a constant multiple of the restriction to A , of the form 
{A,u}. Thus the signature of A, is either zero or egual to the dimension 
of A,. But, checking through the list of real algebras given by Theorem 1.36 
of the preceding section (cf. Theorem JI.4.4 for the dimensions) we see 
that the signature of A, is never equal to the dimension of A,, and is equal 
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to zero only if A, is of one of the types listed in the statement of the pre- 
sent Lemma. Q.E.D. 

If the signature of a real simple Lie algebra A is zero, then the con- 
nected component A, of the identity in the group A of all automorphisms 
of A, which by Lemma !.2.3 is a Lie group whose Lie algebra is A, is clearly 
a closed subgroup of A. But A is a closed subgroup of the group of all 
linear transformations in A which preserve the positive definite bilinear 
form —(A, u). Thus A is compact, and therefore Ag is a compact Lie 
group. The following lemma shows that the simply connected covering 
group of Ao is compact also, so that the unique simply connected Lie 
group defined by a real simple Lie algebra of signature zero is compact. 


2. Lemma. Let G be a compact connected Lie group whose Lie algebra is 
simple. Then the simply connected covering group G, of Gis also compact. 


Proof. Let p be the natural homomorphism of G, onto G (cf. Theo- 
rem 1.2.10), so that by this theorem the subgroup H = p~‘(e) of G, is 
abelian and consists exclusively of isolated points, and hg = gh for each 
he Hand geéG,. We shall show that A is finite. We proceed as follows. 
By the results of Section 0, there exists for each g € Gan open set U, € G, 
mapped homeomorphically by p onto a neighborhood of g, and thus a 
compact subset K, of G, with interior K, such that p(K,) includes a neigh- 
borhood of g. Since G is compact, it therefore follows that there exists a 
compact subset K of G; with interior K such that p(K) = G. Replacing 
K by KU K~! if necessary, we can suppose without loss of generality 
that K-*. 

Since p(K) = Gand H = p~‘(e), it follows that KH = G,; and thus a 
finite number Kh,, ..., Kh, of the sets Kh will cover the compact set KK~?. 
Let H, be the subgroup of H generated by its elements h,, ...,,. Let py 
be the natural homomorphism of G, onto G,/H,, (cf. Theorem I.2.11). 
Then since KK~! © KH,, we have p,(K) p,(K)~' S p,(kK); thus p,(K) is 
a subgroup of G,/H,. By Theorem 1.2.11, p,(K) is open; thus p,(K) is an 
open subgroup of G,/H,. But G,, and hence p,(G,) = G,/H;, is con- 
nected; therefore, by Lemma I.2.2, p,(K) = G,/H,. Since K is compact, 
it follows that G,/H, is compact. 

Let he H, and let U be a neighborhood of / containing no other point 
of H, chosen so small that p, maps U homeomorphically onto an open set 
in G,/H,. If p,(U) contains a point p,(h’) # p,(h) with h’ € H, then we 
have p,(u) = p,(h’) for some ue U, so that ueh'H, & H, while p(u) 
# p(h) sou # h, acontradiction. This shows that p,(U) 9 pi(H) = fh}, 
so that the subgroup p,(H) of G,/H, consists of isolated points exclusively. 
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But G,/H, is compact, and thus p,(/) is finite. To show that 7 is finite, 
it is therefore sufficient to show that A, is finite. Since H, is abelian and 
generated by /,,...,/,, it is even sufficient to show that each of these 
elements is of finite order. 

Suppose then, to proceed by contradiction, that not every /, is of finite 
order. Let N be the set of all n-tuples [p,, ..., p,] such that hy" vee Abn 
= e, so that N is closed under addition and subtraction, and let N be the 
set of all rational multiples of the n-tuples of N, so that N is a rational 
linear space. If N were n-dimensional, then for k sufficiently large every n- 
tuple of the form [0, 0, ..., 0, k!, 0,...,0] would belong to N, and then 
we would have hi' = e for each j, contradicting our assumption. There- 
fore N must be at most n — 1 dimensional, so that there exists a non-zero 
rational n-tuple [qi, ..., 9,] such that g;p, + -: + 4p, = 0 if 
[Pa,---> Pole N. Put O() = qip, + ~~ +ogapmit bh = Ahn he eae 
then (h) is a real valued, non-constant function defined on H, and satis- 
fying the functional equation d(hh’) = o(h) + o(f’), h, h' € H,. We shall 
now show, and this is the heart of the present proof, that ¢ can be extended 
to a continuous function defined on all G, and satisfying the same func- 
tional equation. 

We reason as follows. Arguing exactly as in the first paragraph of the 
present proof, we find a compact set K, S G, such that K, = K, + and 
such that p,(K,) = G,/H,. We then find a second compact set K, whose 
interior K, includes K,, and a continuous real function fo 00 G, which is 
non-negative, identically | on K,, and identically zero outside of K,. If 
8,€G,, we have p(g,) = p(k,) for some k, € K,; this shows that g, 
= k,h, for some k, € K, and h, € H,. On the other hand, since K, is 
compact and H, contains only isolated points, g['K, © H, must be 
finite. Thus, for each g, only finitely many of the terms in the sum 


6o(g1) = 2, Solgih-*) 


are non-vanishing, while at least one is positive. We have therefore 60(21) 
> 0, 81 € G;, do is continuous, and o9(g,h,) = ao(g:) 2, €G,, h,edH,. 
If we put f(g) = fo(g)/o0(g), we have consequently 


S fer = ly veces 


Now put 
Yo(g) 2 fake *) (A) se fi) oO), 
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so that yo is a continuous function defined on all G,. If h, ¢ H 1 we have 
polhi) = 2 Sah YO) + 2 £0) o(h) 
= 2 f (h) o(hi:h~™) + » fe) oth) 
= Oh) 2 fH) sa » ft) pth) + 2% SO) th) 


= p(h,). 


Thus wo extends ¢@ from A, to all of G,. 
In the same way, if ge G, and h, € H,; we have 


po(ghr) = 2» f(eh) p(hh-*) + > Ah) oH) 
= (hy) + 2 Aeh) o(h-*) + 2 fH) pth) 


= $(h1) + Pols) = Poli) + Yo(g). 


Thus for each fixed g,¢G, the function »,(g.; 2) = Wo(g1g) — Yo(g) 
satisfies 


¥1(g13 gh) = polgigh) — po(gh) 
= Yo(g18) — YolZ) + Polh) — Polh) 


= 9i(gi;g), heHy,. 


There consequently exists a function w2(g,;y) on the compact group 
G,/H, such that y2(g,; pi(g)) = ¥1(g1; g); the reader will verify easily, 
that the function y, is continuous on G,/H,, and in the ‘‘parameter” g, 
as well. Now put 


y(g1) = | y2(g1; y) dy 
G;/H, 


(the integration being with respect to the Haar measure of the compact 


group G,/H,). 
If hy ¢ Hy, we have y,(h1: 8) = polg) — Yolg) = o(A1), and thus 
w(h,) = $(h;), so that y(h,) is a continuous extension of ¢ to the whole 


group G,. If g1, g2 € G,, we have 
W1(21825 8) = Yo(81828) — Pols) = Yr(13 828) + Yil¥e23 g), 
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and thus 
W2(81225 Pilg) = Yr(813 PilS2g)) + Yr(¥2; Pil), 
or 
yo(g1823 7) = Y2(813 Ps (82) 7) + yile2sy), ye Gs/A1. 


Integrating this last identity with respect to y, and using the invariance of 
the Haar measure (cf. Lemma 0.65) we find that y(gig2) = y(g1) + (22). 

Since y extends @, p is not identically zero. By Theorem 1.4.14, pis C”; 
and thus, by Theorem 1.3.12, y determines a non-trivial Lie homomor- 
phism y,, of the Lie algebra A of G, into the Lie algebra Ao of the additive 
Lie group of reals. Since A is also the Lie algebra of G (cf. Theorem I.2.11), 
A is simple; and thus the ideal y,,'(0) of A must be zero, so that y, is an 
isomorphism. Since [A, 4’] = 0 if A, A’ € Ao, this is impossible. We have 
now a contradiction to our earlier assumption that not every h, is of finite 
order; and our lemma is completely proved. Q.E.D. 

We may now state the following theorem, which, while it still leaves 
room for improvement, is reasonably decisive. 


3. Theorem. Let G be a compact connected Lie group. Then G is iso- 
morphic to a factor group G*/H*, where G* is a compact connected Lie 
group locally isomorphic to G, and H* is a finite subgroup of G*, such 
that h*g* = g*h* if g* e G* and h* e H*. Moreover, G* isa direct prod- 
uct of finitely many groups chosen from the following list (repetitions al- 
lowed): C, the multiplicative group of complex numbers of modulus 1; 
andUA,.n 2 1;UB,.n 2 2:U0C,,n > 3.UD,,n = 49U Le UE Ore 
UF,; and UG; where these last groups are the simply connected compact 
groups whose Lie algebras are 


HAS LB He LD 
HES?, HE}, HES, LF,, and HG; respectively, 
in the notation introduced in Theorems 1.21 and 1.36. 


Proof. By Lemma 1, and using the fact that if two simply connected Lie 
groups have the same Lie algebra they are isomorphic (cf. Corollary L374) 
we see that the simply connected covering group G, of G has the form of 
a Kronecker product E” x Gy, where E” is the additive group of an n- 
dimensional Euclidean space and Gy is a finite Cartesian product of groups 
UA,, UB,, etc. Moreover, G is the factor group G = G,/H of G, by a 
subgroup H consisting exclusively of isolated points / such that gih = he, 
for each g, €G,. 
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Let us now consider an element go € Go of the form go = exp (Ao), 
where A) € Ay, Ay being the Lie algebra of Gy. We have exp (9) go 
exp (—%9) = exp (exp (%) Ap exp (—¥0)) for each ¥9 € Ag, and thus if gog 
= ggo for each ge Gp we have exp (tv) Ay exp (— 9) = Ay for each 
¥ € A, and each real ¢; differentiating and using Definition I.3.7, we find 
that [%), 49] = 0 for each v9 € Ag. Since Ay is the direct sum of simple Lie 
algebras, it follows that A) = 0 and go = e. Since (cf. Lemma I.4.11) 
every Zo in a small neighborhood U of the element e of Gp has the form 
exp (Ap), it follows that U contains no element gy # e such that 29 = gyg 
for each gE Go. 

If we now make use of the relationship G, = E" x G, to write each 
he H&G, ash = [v(A), ho(A)], where v(h) € E" and hy € Go, it follows 
that the range of the homomorphism h — ho(h) must be a subgroup of Go 
containing only isolated points. Since Gp is a Cartesian product of groups 
to which Lemma 2 applies, Gp is compact, and thus the range of h > ho(h) 
must be finite. Thus, if H, is the subgroup {h € H|ho(h) = e} of H, the fac- 
tor group H/H, is finite. We have H, = {[v(H;), e]}, and if we call the 
subgroup v(H,) of E" by the name V,, and put J” = E”/V,, then the reader 
will easily verify that G,/H, is isomorphic in a natural way to G* = T" x 
x Gy. Moreover, G = G,/H is isomorphic in a natural way to the factor 
group of G* = G,/H, by its finite subgroup H* = A/A,. 

Let p* be the natural homomorphism of G* onto G*/H* = G. Using 
the fact that G is compact, and arguing in exactly the same way as in the 
first paragraph of the proof of Lemma 2, we find that G* contains a com- 
pact subset K* such that p*(K*) = G. But then it is easily seen that G* 
< K*H*, so that since H* is finite, G* must be compact. Plainly, then, 
since G* = T”" x Go, J" must also be compact. 

To complete the present proof, it only remains for us to show that T” 
is isomorphic to the m-fold Cartesian product of circle groups: 7” = C x 
x C x --» x C. This we do as follows. Since T” = E”/V, is compact, it is 
impossible that V, should lie entirely in an x — 1 dimensional subspace of 
E". Hence V, contains n linearly independent vectors v,, ..., v,. Any vec- 
tor v € E" can be written in the form 


v= 0,04 + OCD -- Lie 


We shall first prove that all the coefficients ¢; must be rational. Suppose, 
to proceed by contradiction, that 7, is irrational. Then, by forming 
2v, 3v, ..., and subtracting off suitable integral linear combinations of 
V1, ---,U,, we would find an infinite set of distinct elements of V,, all 
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having the form (1), where 0 < t; < 1, which, since V, contains only iso- 
lated points, is impossible. Thus we may write t; = p;/qi, where p; and q; 
are integral; and using the same argument once more, the reader will 
verify without difficulty that, even if we allow v to range over all V,, the 
denominators g; are bounded below, so that each v € V; may be written 
in the form (1) with t; = p,/Q, Q fixed once and for all, and p; integral. 

Let w,,...,u, be a second linearly independent set of vectors in V, ; 
write 


with #7 integral, and put 
det (y5 01+) Uni Urs s00s Op) = O74] det ()]. 


Theréevidentlyexists u,. ..., 0, forwhitch det (u,, ...,5:0)...... 2, )tawes 
on its smallest value, and then, as is easily verified, det (w',, ..., Wn; 
U,,...,U,) 1S a Non-negative integer for each linearly independent set 
W15 ++-> W, Of vectors in V,. Let we V,, and write w = ¢t,u, + -*+ + t,Uy. 
If t; 4 0 and ¢, is not an integer, there exists w’ = tu, +--+ + thu, 
with 0 < # < 1 and ¢; £ 0. But then, putting w, = w’, w. = u2, ws 
= 55.5305 Wy = Upy We have det (W}.....5 Wa) Ua. eee 
contradiction. It follows that every element we V, can be written as an 
integral linear combination of the vectors u,,..., u,, So that V, is iden- 
tical with the set of all integral linear combinations of these vectors. If we 
NOW USE U4, ..., U, aS basis-vectors for E”, we see easily T” = E"/V, is iso- 
morphic to the n-fold Cartesian product of the group C of real numbers 
modulo integers with itself; and our proof is complete. Q.E.D. 


Index 


Ada 66 
Adjoint of an operator 6 
Adjoint representation 94 
A(n) 58-59 
Analytic functions of an operator 
Automorphisms: 
Canonical factorization 181 
Diagonalization 198 
Jordan canonical form 194 


10-11 


Baker-Hausdorff theorem (see Campbell- 
Baker Hausdorff theorem) 
Bilinear form 1 


Campbell-Baker-Hausdorff theorem 68 
Cartan criterion 98-99 
Cartan subalgebra 95 
isomorphisms 138 
Casimir operator 144 
Chromosome 120 
Classical algebras: 
models 123-125 
realforms 184-201 
Classical groups 81-85 
Closed subgroups 77 
Commutative algebra 77 
Compact groups 220-226 
Complexification 87 
Component of identity 38 
Conjugations: 
definition 173 
equivalence 176 
positive 176 
in Algebras of type A,-1 184-187 
in Algebras of type By, Cn, Dm 188- 
193 


207-213 
205-207 
202-205 

in F, 213-214 

inG, 201-202 
Connected group 37 
Coordinates: 

definition 20 

for functions 21 

for tangent vectors 25 
Covering group 42 
Covering space 14-19 


in Eg 
in E, 
in Eg 


Derivative of a curve 29-30 
Diagonalization 4 
Differential equations 32 


Dynkin diagram 120-121 


Eigenspace 5 
Eigenvalue: 

definition 45 

analytic dependence 10 
Eigenvector 5 
Exceptional algebras: 122 
models 126-136 

real forms 201-220 
Exponential function 60 


Factor algebra (see Quotient algebra) 
Factor group (see Quotient group) 
Fundamental group: 

definition 14 

of a covering space 16 

ofa Lie group 42 


Germ 44 
GL() 58-59 


227 


228 


Hermitian form 1 
Hermitian operator 7 
Homeomorphism 22 
Homomorphism: 
of Lie algebras 55 
differentiability 64 
induced by group homomorphism 
56 
of Lie groups 38 
defined by local homomorphism 39 
induced by algebra homomorphism 
70 
of fundamental groups 14 
Homotopy 13 


Ideal: 
definitions 73, 88 
induced by invariant subgroups 74 
Implicit function theorem 12, 28-29 
Inner automorphism 138 
Integrability conditions 56 
Invariant subgroup 73 
Invariant subspace 142 
Invariant measure 19 
Irreducible invariant subspace 143 
Isomorphism: 
of Lie groups 38 
induced by algebraisomorphism 71 
induced by local isomorphism 41 
induced by mapping of roots 108 
of Lie algebras 55 


Jacobian 27 


Lie algebra 55, 86 
Lie bracket’ 
definition 50 
induced in a subalgebra 72 
Lie group 37 
Local homomorphism 38 
Local isomorphism: 
definition 38 
inducing global isomorphism 41 
induced by algebra isomorphism 71 
Local subgroup 44 
Logarithmic coordinate system 64. 


Manifold 20 


INDEX 


Natural bilinear form 94 
Neighbors 114 

Nilpotent algebra 88, 92 
Non-singular bilinear form 2 
Non-singular subspace 3 


O(n) (Orthogonal group) 83 


Positive definite form 4 
Positive definite operator 8 
Product manifold 32 


Quotient algebra: 

definition 74 

determined by quotient group 75 
Quotient group: 

definition 43, 75 

determining quotient algebra 75 


Radical 160 
Radical splitting theorem 160-163 
Regular map 34 
Representations: 
definition 87 
equivalence 146 
Root space 94 
Roots: 
definition 94 
positive 106 
simple set 105 


Semi-direct product of groups 165 


Semi-direct sum of algebras 159, 163 
Semi-simple algebra: 
definition 93 
characterized by natural bilinear form 
94 


characterized as a direct sum of simple 
algebras 99 

characterized by root structure 122 
Signature 5 
Simple algebra: 

definition 93 

characterized by root structure 115 

models 123-136 

realforms 215 
Simply connected space 13, 16 
Singular bilinear form 2 
Skew-symmetric bilinear form 2 


SL(n) (Special linear group) 81 
Solvable algebra 88 
Sp(n) (Symplectic group) 84 
Special linear group (see SL{n)) 
Spectrum 5 
Subalgebra 72 
Subgroup: 

definition 44 

induced by subalgebra 72 
Submanifold 34 
Symmetric bilinear form 1 
Symplectic group (see Sp(n)) 
Tangent vector: 

definition 23 


INDEX 229 


coordinates 25 

on submanifold 35 
Topological group 19 
Total commutativity 196 


Unitary space 6 
Vector field 31 


Weight space 87, 90 
Weight vector 87 
Weights 87, 88, 146 
Weyl group 140 
Weyl reflection 140 


512.897 Lb 
|H3764 
Hausn Velv1 
Lie i ras 
512.897 
H37624 A714 
A 5) Melvin 
s ps, Li lgeb 


DAVIS MEMORIAL LIBRARY 


Notes on Mathematics and its Applications 


General Editors: Jacob T. Schwartz, Courant Institute of Mathematical 
Sciences, and Maurice Lévy, Université de Paris 


Algebraic Numbers and Algebraic Functions, E+ Artin 
Collected Works of Hidehiko Yamabe, R. P. Boas 

A First Course in Functional Analysis, M. Davis 
Lectures on Modern Mathematics, M. Davis 
Singularities of Smooth Maps, J. Eells, Jnr. 


Advanced Ordinary Differential Equations, 
K. O. Friedrichs 


Special Topics in Fluid Dynamics, K. 0. Friedrichs 

Lie Groups; Lie Algebras, M. Hausner and J. T. Schwartz 
Homotopy Theory and Duality, P. Hilton 

Lectures on Advanced Numerical Analysis, F’. John 


Stability Techniques for Continuous Linear Systems, 
A. M. Krall 


An Introduction to Computer Programming, H. Mullish 
W* Algebras, J. T. Schwartz 
Exercises in Fortran, A, Silverman 


Nonlinear Elasticity, J. J. Stoker 


Additional volumes in preparation 


GORDON AND BREACH S 150 FIFTH AVENUE 
SCIENCE PUBLISHERS EB NEW YORK, N.Y. 100%} 


